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1. Introduction

A fixed point result proposed by Banach [2] laid the groundwork for metric fixed point
theory. According to Banach, if the self-map €, defined over a complete metric space (X, p),
satisfies the contraction inequality, that is, if there exists a constant x € [0,1) such that
0(Q2¢,9Q¢) < ko(&,¢) for all £, ¢ € X, then it has a unique fixed point. Kannan [8], who con-
sidered the contraction o(Q¢, Q¢) < k[o(&, Q) + 0(¢, QC), for all £, ¢ € X, where k € [0, %)
shows this result has a new fixed point. This result has a new fixed point. The Banach
contraction principle has since been extended in a number of ways (see [25],[12],[27], and
numerous others for additional information). However, the creation of new spaces and the
associated fixed point theorem is one of the current advancements in the field of non-linear
functional analysis. Nakano [19] introduced modular space as a metric space generalization,
and Koshi [13] and Yamamuro [28] went on to study it in great detail. Additionally, Chistyakov
[3, 4] introduced the idea of modular metric spaces in 2008 and constructed a novel struc-
ture employing the attributes of modular spaces. The physical interpretation of Chistyakov's
recently developed modular is one of its main motivations. Specifically, a metric defined on
a non-empty set indicates the distance between any two locations in the set, while a modular
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within a set connects the elements to a non-negative, occasionally indefinitely valued field of
velocities. Mongkolkeha et al. [16] studied and proved new fixed point existence theorems for
contraction mappings in modular metric spaces. Hardy-Rogers contractions have fixed points,
as demonstrated by Surajit et al. [30], who also provided numerical examples to back up their
conclusions. Additionally, [29] demonstrates that a new class of generalized F-contraction
has fixed points, and the results are subsequently used to solve existence problems for inte-
gral equations. A mixed G-monotone mapping on a modular metric space with a graph was
created by Yogita and Shishir [31], who also provided fixed point theorems for this novel class
of mappings. Additionally, fixed point theorems for such contractions were introduced, along
with generalized presic type w-contractive mappings and highly w-contractive mappings in
a modular metric space [1]. Additionally, in order to eliminate the possibility of triangle in-
equality and non-zero self-distance discrepancies, [5] invented the concept of partial modular
metrics and gave certain fixed point theorems for four self-maps. The Uniform Limit Theorem
for Metric Modular Spaces and Baire's Theorem are two well-known metric space conclusions
that were established by Somaye et al. [7]. They also defined Hausdorff topology on modular
spaces with metric. In addition, Rahimpoor [23] shows several fixed point theorems for partial
order sets in modular metric spaces using the mixed monotone mapping feature. A few fixed
point outcomes of modular metric spaces with cyclic weak ¢-contractions that are w-compact
and w-complete, respectively, were also reported in [24]. Additionally, three pairs of weakly
commuting self-maps that share a single fixed point [20] extended the concept of weakly
commuting mappings in modular metric spaces to the context of modular w®-metric spaces.
Furthermore, Doru and Ariana [6] showed that several types of convex contractions have fixed
points in the setting of JS-metric spaces. Moreover, [21] introduced the notion of new hybrid
generalized weakly contractive mappings in a complete metric spaces and prove the existence
and unique common fixed point for this mappings. In addition, [26] introduced the notion
of generalized weakly quasi contractive operators in metric-like space and investigates the
existence and uniqueness of these operators’ fixed points.

We note from the literature that there is a lack of focus on fixed point results of modular
contraction types and associated applications. This article establishes fixed point conclusions
of several kinds of modular contraction inequality in light of this gap. An example is provided
to bolster the theories developed by the findings reported here. In particular, the work of
Karapinar et. al [10] is considered in modular metric space.

2. Preliminaries

First, we provide an overview of the basic concepts in both modular metric spaces and
modular spaces (for further information, see [14, 17, 3, 4]).

Definition 2.1. Suppose that X is a vector space over R(or C). A modular is a functional
p: X = [0, 00] such that for arbitrary &, ¢ € X, the following three requirements are met:

p(§) =¢ = =0
plag) = p(§) V scalar a with |a| = 1;
plag + BC) < p(€) + p(¢) whenever a, >0 and a+ 5 =1.

(A1)
(A2)
(A3)
Moreover, Chistyakov [3] claimed that if condition (A 3) is replaced by p(a + 5¢) <
p°(&) + p°(C), for o, >0, &® + 5° = 1 with s € (0, 1], the modular p will thus be referred
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to as s-convex modular, and if s = 1, it will be referred to as a convex modular. If p is a
modular in X, then the set defined by X, = {{£ € X : p(A() — 0} as A — 0T is called a
modular space. X, is a vector subspace of X. Hence, it can be equipped with an F-norm
defined by setting ||, || = inf{\ > 0: p(%) < A}, € € X,..
In addition, if p is convex, then the modular space X, coincides with X;‘ ={£e X A=
A(€) > 0 such that p(A§) < oo} and the functional ||&,] = inf{\ > 0 : p(%) < 1}, is an
ordinary norm on X which is equivalence to ||£,[| (see [18]).

The function w : (0,00) x X x X — [0, oo] will be expressed as wy (&, () = w(A, &, ¢) for
all A > 0 and &, ¢ € X due to the disparity of the inputs.

Definition 2.2. [3, Definition 2.1] Consider the nonempty set X. For any &,(,v € X, a
function w : (0,00) x X x X — [0, 00] is considered a metric modular on X, if the following
conditions hold:

(i) wa(€,¢) =0 for all A > 0 if and only if £ = ¢;
(i) wa(§,¢) = wa(¢,§) for all X > 0;
(i) W+ (8 ) < wa(§,7) +wu(v, C) forall A, > 0.

According to Chistyakov [3], suppose we only have condition (i') in place of condition
(i) wa(&, &) = 0 for all A > 0, then w is said to be a (metric) pseudomodular on X. The
main property of a (pseudo) modular w on a set X is the following: given &, ¢ € X, the
function 0 < A — wx(&,¢) € [0,00] is non-increasing on (0,00). In fact, if 0 < p <
A, then (i), (i) and (ii) imply wx(&,¢) < wr—p(§,6) + wu(€, ) = wu(&¢). Thus, at
every point where A > 0, the right limit wx0(&, ¢) := limc_o+ wate(&, ) and the left limit
wx—0(&,¢) : lim_0+ wr—c(&,¢) exist in [0, 0] and the two inequalities that follow are true:
wrt0(&, €) < wa(& €) < wa—o(& Q).

If we replaced pseudomodular with modular, the same claim remains true. The metric
space X, is modular if w is metric modular in X. By the property of modular and metric
spaces, the following are defined.

Definition 2.3. [16, Definition 2.4] Consider the modular metric space X,:

(i) Convergence of a sequence (&j)jen in X,, is defined as j — oo for all A > 0if wy (&, &) —
0;

(i) The Cauchy sequence (&)jen in X, is defined as wy(&x, &) — O, as k,j — oo for
all A > 0;

(iii) If a convergent sequence of A always has a limit that belongs to A, then A is a closed
subset of X;

(iv) To be considered complete, a subset A of X, must have a convergent Cauchy sequence
in A with a limit in A.

Let a function av: X x X — [0,1). A mapping A : X — X is a-orbital admissible ([22])
if a(&, A\E) is greater than or equal to 1 implies a(AE, A2€) > 1, for all £ € X,

a-orbital admissible mapping A is called triangular a-orbital admissible ([22]) whenever
a(€,¢) > 1 and a(¢,A¢) > 1 implies (&, AC) > 1, for every £, ¢ € X.
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Lemma 2.4. [9, Theorem 1.2] Suppose that for a triangular «-orbital admissible mapping
N:X—=X,3& e X sta(éo,No) > 1. Then (), &) > 1,V j, k € N, where the sequence
{¢;} is defined by &1 = NEj, j € N.

In order to formulate and prove theorems in this article, we consider the following notations:
8jp(wa, 2, &) = sup{wx (Yo, Q&) < j k €N, k > jo},

where jo € N, and _
§(wa, Q, &) = sup{wx (Yo, QX&) : j, k € N},

Let us consider the orbit of an element {, by an operator Q : X, — X, using the symbol
Oa(&) = {¥& :j € N}

3. Main Results

Motivated by the notions of a Reich-Istratescu-type contraction introduced in [10], in this
section we establish the conditions for the existence and uniqueness of a fixed point for convex
contraction type mapping in modular metric spaces.

Definition 3.1. Let (X,,w)) be a modular metric space and « : X, x X, — [0, 00)
be a function. A mapping Q : X, — X, is a hybrid-interpolative Reich-Istratescu-type
contraction in the case there exist n; € [0,1), for i =1,2,3,4,5 and § > 0, x € (0,1) such
that,

o€, Q%€ Q%) < kI (6,€) (31)

where

K[mwa(Q€, QO + mowa (Q€, Q%) + nawa (¢, 20N
+10awx(QC, Q20 + nswa (QC, Q2 + dwa (¢, Q6N >
if A >0, withY > mi+0<1,6C€ X, E#C,
INEQ) =
rlwa (€, Q0™ - wA(Q€, Q€)™ - wa (¢, Q)™

wx (¢, %)™ - wa (¢, Q%)™ - wa (¢, Q6)°]
ifA=0,withY>  mi+6=1¢¢eX,\ Fa(X.),

Theorem 3.2. Let (X,,wy) be a complete modular metric space, Q : X, — X, be an
operator. Suppose that the following conditions are satisfied:

(i) Q is a hybrid-interpolative Reich-Istratescu-type contraction;
(ii) Q is a-admissible;
(iii) there exists & € X,, such that a(&, Q&) > 1,

for all distinct £, € Oq(&). Then the mapping Q2 has an approximate fixed point property.

Proof. Let & € X, be arbitrary point. Then, by Property (iii), a(&o, Q&) > 1. Again, for
& € X, we have a(&1,Q61) > 1. In general, o(§j, 2€;) > 1, for all j € N. Starting from this
point { € X,,, we define the sequence {£,} in X, as follows:

& = Q&,
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& =04 =%, ...,
é.n - an—l - Q"ﬁo-

If there is some n € N satisfying that £, = £,41, then &, is a fixed point of T, and the
proof finishes here. On the contrary case, suppose that &, # £,.1 for all n € N. Now, using
Property (i), we have two cases:
CASE 1: When X\ > 0, we have

wa(€2,€3) = wa (%60, D261) < o, &1)wr (360, R261)
< K[mwa (R0, Q61)* + mwa (8o, 2260)* + nswa (&1, 261)
+ 10 (Q61, Q€ + 115wa (1, R60)* + wa (61, 20) >
= kmwa(é, &) + nwa(&1, &) + nswa (&, &)
+awa (€1, &)™ + mswa (€1, &)™ + dwa (&2, &)
= Kl(n + m2 + 03 + na + ns)wa(Er, )N + dwa(2, &)
< K[(1 = O)w(6r &) + dwn (&2 &) (32)

Using powers of A, inequality (3.2), gives

wA(€2, &) < KL = Swa(€r, &)™ + wMwa (&2, &)™ (33)
Therefore (3.3) yields
(1= r*0)wa(€2, €3)" < KA1 = d)wa(6r, &)™ (34)

Thus, from (3.4) we get

K1 = 9)
wr(&, &) < 1- )wk(fl &)
<H —= 5) wx (€1, &) (3.5)

Hence (3.5) becomes

1

A A X
wxr(&2,&3) < (/@1 i;) w(§1, &2)
1 /\ — lﬂ)‘(s

cCrw (5]_ 52) where ¢ = m

Similarly,

wx(£3, &) = WA, Q&) < (&, L)wa (P&, Q%%)
< K[mwa(Q61, Q) + nwa (€1, Q26)* + nswa (&2, 26)
+ (R, QP&) + 15w (%, 26)* + dwn (&, Q&)Y
= r[mwa(&, &) + mwa (&2, &) + mwa (&2, &)
(&

+ nawa (€2, &) + mswa(&a, E3)) + dwa (&3, &P
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= K[(m + 12 + 13 + N4 + 15)wa (€2, &) + dwa (&3, §4)A]%

< K[(1 = )wa(E, &) + dwa (&3, &)

Using powers of A inequality (3.6), gives

wa(&s, &) < EML = )wa(&2, &) + KMowa (&3, &)

Therefore (3.7) yield
(1— £0)wa(€s, &) < kM1 = S)wa(é2, &)
Thus, from (3.8) we get

A1 - 9)

wr(€s, &) < - )wx(&  &3)
A A
< <H1—:A<55) wa(&2, &)
Hence (3.9) becomes
A Ag\
wx(€3. &) < /<;1 — :A(g ) wx(&2.€3)

Inductively,
1yi-1 .
wr(§. 1) < BV wi (&, &), where j > 2.

Clearly, ¢ =

3.7)

(3.8)

(3.10)

(3.11)

=28 < 1. Hence ¢ € (0,1). So, by taking limit as j — oo in (3.11) gives

lim wx(&,&+1) = 0. According to this definition, there exists jo € N such that for every
j—00

e >0,

wr (Do, WHeo) = wa(Veo, QVE) < ¢, for all j > J..

Let &€ = &, so for every € > 0, we see that there exists £ € Oq (&) such that wy (&, Q) < e

CASE 2: When A = 0, we have

wa(&2, &) = wa (%6, Q%¢1) < oo, £1)wa (%, Q261)
< Klwa (R, Q&)™ - wr (o, R2E)™ - wi (&1, Q6)™
W (Q6r, Q%&)™ - wa (Qer, Q%)™ - wi (&1, Q)°]

= Klwa(€1, &)™ - wa(€1, §2)™ - w1, &)™
wx (&, &)™ - wa (&1, &)™ - wa(é2, &)
= klwa(&1, 52)(771+n2+n3+n4+n5) - wa(& §3)5]

< wlwx(é, &)Y wa (&, &),

(3.12)
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thus inequality (3.12), gives
wx(&2, &)1 < kwa (&, &) (3.13)

Therefore (3.13) yields

wr(2.€3) < KT wy (61, &) (3.14)
Similarly,

wx (&3, &) = wA(Q%€1, Q%8) < a&r, L)wa (261, Q%6)
< Kwa (e, Q&)™ - wA(Q&, V&)™ - wa(&, Q&)™
wA(Q&, Q26)™ - wA(Qe, D261)™ - wa(&2, 26)°)
= Klwa(62, &)™ - wa(€2,63)™ - wa(62,63)™
cwa (€, &)™ wa(&, &)™ - wa(63, &)’
= Klwa(&, &) MR L ) (65, 64)°]

< Klwa(&. &) wa(&. &)°]. (3.15)

Thus inequality (3.15), gives
wA(&3,£)1 7Y < kwy (&, &) (3.16)

Therefore (3.16) yields

wi(€3, &) < "iﬁ(ﬂ)\(&v&)

1 1
< KO=Y [H(l“”w/\(ﬁl, &)

1

— k(5 w1, &),

Inductively,
1 yi-1 .
wA(§, &) < KT Wy (6, &), where j > 2. (3.17)

So, by taking limit as j — oo in (3.17) gives lim wx (&, &+1) = 0. According to this definition,
j—o00
there exists j. € N such that for every € > 0,

wa (o, YTen) = wa(Veo, Q&) < ¢, for all j > ji.

Let £ = /&, so for every € > 0, we see that there exists £ € Oq (&) such that wy (&, Q€) < e.
|

Theorem 3.3. Suppose (X, wy) is a complete modular metric space, Q : X, — X, is a
self-map. Suppose that the following conditions are satisfied:

(i) Q is a triangular a-admissible;
(ii) there is & € X, such that a(&o, Q&) > 1,

(i) Q is hybrid-interpolative Reich-Istritescu-type contraction;
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(iv) Q2 is continuous.

After that, the sequence {QV&} converges to a point ¢ € X,,. Additionally, ¢ is a distinct
fixed point of Q.

Proof. Let & € X, be arbitrary point. Then as in the previous result, the sequence {&;}
converges to the point & € X,,. Since Q is triangular a-admissible, then by Lemma 2.4, it
follows that (&, &) > 1, for all j, k € N, k > j. Also, from the previous result, for each
€, /\ > 0, there exists jo € N such that wy (12, §J+3) < €, for all j > j.. Consequently, for

5 >0 there eXIStSJ . such that w 2 (§J+2 &i3) < VJ >j . Now,
wr(§j+2, Ekr2) = W a (§v2, §3) Fwa (§3, §a) + o+ w2 (Ehrs Ekr2)
T k=) k= T T k—j

:e,forallj,kzj%.
—J

This implies that the sequence {Q&} is Cauchy. There is a point £ € X such that & — ¢
as j — oo according to the completeness of (X, wy). Also, since Q2 is continuous, it is clear
that

wa (€, Q%) :J,irgowx(fﬁz,ﬂ%) :J.'Lrgom(ﬂzijymé) =0, (3.18)

for all A > 0. Thus, Q%¢ = £. Hence, € is a fixed point of Q2.

Consider £ and ¢ as two fixed points of Q for uniqueness. Using Property (iii), we have two
cases:

CASE 1: When A\ > 0 we see that

wA(€,C) = wa(Q%€,Q%C) < (€, Qwa(Q%€, Q%)
< K[mwa (€, Q0 + mwa (Q€, Q%)
+ 3w (¢, Q) + nawa (¢, 2%¢)
+ 15w (2, 26)* + dwi (¢, Q6N S
(& O + mwa(& O + mwa (¢ O
(«

O + m5wa(C €N + dwa (¢, €)M (3.19)

Using powers of X inequality (3.19), gives

= K[mwa

+ Nawy

wA(€, O < R mwa (€, O + mowa (€, €)Y + m3wa (¢, O
+ mawa (€, O™ + mswa(C, )N + dwa (¢ €)Y
= & mwa (&, ) + nswa (€, O + dwa (€, €)Y
= & (m + 15 + 0w (€, O (3.20)

Thus, inequality (3.20) becomes

(1= K (1 + s + 6))wa(£,¢) 0, (3.21)
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so, inequality (3.21) yields wx(&,¢) < 0. Hence wy(&,¢) = 0, for all A > 0 and this implies
that £ = (. Hence, £ is the unique fixed point of 2 and the proof is complete.
CASE 2: When X\ > 0, we see that

wa(€, €)= w22, Q%C) < al(€, Qwa (%€, Q%C)
< Klwa(Q€, Q)™ - wa(QE, Q)™
- wa(C,Q20)™ - wA(Q¢, Q3¢)™
- wx (€, %)™ - wa(¢, Q28)°]
= KwA(§, Q)™ - wa(& )™ - wa(C,. Q)P
WA (€, Q)™ - wA(C, €)™ - wa(€, €)°]

< K[wa(€, Q)™ - wa(€, €)™ - wa(&, €)°]
< Klwa(€, )M, (3.22)

Thus, inequality (3.22), becomes

wx (&, C)(l—(m+ns+5)) <k, (3.23)
hence, inequality (3.23) gives

wa(§,¢) < gU-(mamsto), (3.24)

letting k — oo in inequality (3.24), yields wy (&, ¢) < 0, hence wy (&, ¢) =0, for all A > 0 and
this implies that £ = (. Hence, £ is the unique fixed point of Q and the proof is complete. 1

Corollary 3.4. Let (X,,wy) be a complete modular metric space, Q : X, — X, be an
operator. Suppose that the following conditions are satisfied:

(i) Q is a triangular c-admissible;
(ii) there is & € X, such that a(&, Q&) > 1,
(iii) there are n1,m2,m3,m5 € [0,1), withmy + 12 +m3 + 15 < 1, k € (0,1) such that

(&, Qwa (%, Q%¢) < Kmwa(Q€, Q) + mawa(Q€, Q%¢)
+ 13wa (¢, QC) + mswa (¢, Q%¢)],
for all ¢, ¢ € Oq(&), A > 0;

(iv) Q2 is continuous.

After that, the sequence {SQU&y} converges to a point ¢ € X,,. Additionally, ¢ is a distinct
fixed point of 2.

Proof. Setting 17, = 6 = 0 in Theorem 3.3, the result follows immediately. |

Corollary 3.5. Let (X,,w)) be a complete modular metric space, Q : X, — X, be an
operator. Suppose that the following conditions are satisfied:

(i) Q is a triangular a-admissible;



92 S. Yahaya and M.S. Shagari

(ii) there is & € X,, such that a(&, Q&) > 1;
(i) m1,m2,m4,0 € [0,1), withny + 12 + na + 6 < 1, such that
a(&, Qwa(2%¢, °C) < klmwa(Q€, Q) + nwa (€, %)
+ nawx (2, Q3¢) + mewa (¢, QE)),
for all €,¢ € Oa(&), A > 0;

(iv) Q2 is continuous.

After that, the sequence {SQV&y} converges to a point & € X,,. Additionally, ¢ is a distinct
fixed point of 2.

Corollary 3.6. Let (X,,w)) be a complete modular metric space, Q : X, — X, be an
operator. Suppose that the following conditions are satisfied:

(i) Q is a triangular c-admissible;
(ii) there is & € X, such that a(&, Q&) > 1,
(iii) there are n1,m2,m3,m5 € [0,1), withmy +m2 + 13 + 15 < 1, k € (0,1) such that
(€, Qa (%€, Q%) < Klwa(2€, 0)™ - wa (€, Q%€)™ - wa(¢, Q)™ - wa(Q, Q%€)™],
for all £, ¢ € Oq(&), A =0;

(iv) Q is continuous.

After that, the sequence {QV&} converges to a point € € X,,. Additionally, ¢ is a distinct
fixed point of 2.

Proof. Setting 74 = § = 0 in Theorem 3.3, the result follows immediately. |

Corollary 3.7. Let (X,,w)) be a complete modular metric space, Q : X, — X, be an
operator. Suppose that the following conditions are satisfied:

(i) Q is a triangular a-admissible;
(i) there is & € X, such that a(&y, Q&) > 1,
(iii) m,m2,m4,0 €[0,1), withmy + 12+ 12+ 06 <1, k € (0,1) such that
a8, Quwa(Q%, Q%() < Klwa(Q€, Q)™ - wx (A8, Q%)™ - wx (A, Q%)™ - wi (¢, 2%)°],
for all €, € Oa(&o), A = 0;

(iv) Q is continuous.

After that, the sequence {SQV&y} converges to a point £ € X,,. Additionally, ¢ is a distinct
fixed point of 2.
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Other important corollaries can be obtained by considering particular cases of modular
metric spaces and by varying the constant n; € [0,1), for i = 1,2,3,4,5 and 6 > 0. An
example is constructed in this section to bolster the assumptions of Theorem 3.3.

Example 3.8. Let X, = [0, 1] endowed with the metric wy : X, x X, — [0, 00| defined by

e ife=c
wi(§.€) =

0 otherwise.

Forall &, ¢ € X, with £ < ¢ and A > 0. Clearly, (X, w,) is a complete modular metric space.

Choose
1 if& Cel0, 0],

a(§,¢) =
3 otherwise.
DefineQ:Xw—>XwasQf:%forallfeXwandtakem:%,7722%,1732%,774:11—6,
N5 =0 = 3% Then ny + 10 + 13 + n4 + 15 + 6 < 1. Furthermore,
Q2 792
WA(Q2£’Q2C) — | € 3 C‘
¢
oA
-4 k=g
18\ 18\
E=<l =<l 1€ ¢]
18X + 36\ + 36\
=< E=¢ L E=¢, [E=¢
BT W T W -y W 7)Y
CE=d =< 1E=¢1E=¢ | 1E=(]
T W T Wy WL PV W VYN
_E=d = =<l 1E=d L 1E=¢ 1=
I8N T 36h  7an | 14axn | 288 T 288)
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1 9 1 2 1
+ EWA(QC Q°¢) + 3*20-1)\(9(:9 §)+ EWA(C, Q)
< mwa(Q€, Q) + mawa (Q€, Q) + nzwa (¢, )
+ 0awx(QC, Q2¢) + 75w (QC, Q%) + dwa (¢, QE).
This indicates that Q meets every requirement of Theorem 3.2. Because of this, Q has a
unique fixed point £ = 0.

4. Conclusion

In connection with modular metric spaces, this study has established types of contractions
and related Theorems of fixed points. Theorem 3.2 dealt with the requirements for the
existence of an approximate fixed point, while the existence and uniqueness of the fixed point
for the specified operator were established by Theorem 3.3. The hypothesis of the primary
finding is supported by Example 3.8. Moreover, several relevant findings in the literature have
been found to be improved by the notion in these studies.
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