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Abstract In this paper, a semi-analytical method is used to investigate the effects of stratification condi-
tions on the boundary layer MHD Oldroyd-B nanofluid flow passed through an exponentially stretching

sheet. Thermal radiation, viscous dissipation, as well as thermophoretic velocity effects are taken into

account. Microorganism theory is also considered to analyze the suspended nanoparticles through bio-
convection. The consequences of several features regarding Heat and mass transfer have been addressed.

Using suitable transformations, the dimensionless equations obtained and solved by homotopy analysis

method (HAM). The behavior of all profiles is described graphically and numerically by using an appro-
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priate set of input parameters. With increasing thermal stratification parameter and Deborah numbers

with respect to the relaxation time of heat flux, the Nusselt number increases and decreases respectively.

Mass flux decrease by increasing the concentration stratification parameter. The comparison with exist-

ing literature reveals a high level of agreement.

MSC: 76B70

Keywords: Bioconvection, Exponentially stretching sheet, Oldroyd-B nanofluid, stratification condi-

tions, thermal radiation, thermophoretic

1. Introduction

The viscosity law of Newton is violated by the majority of working fluids in engineering
and industrial mechanisms. Such fluids are known as non-Newtonian fluids. Toothpastes,
blood with low shear rates, salad cream, paper pulp, polymer solutions, chocolate pudding,
paints are examples of such fluids as stated by Irgens [1]. A well-known Navier-Stokes
theory fails to sufficiently explain the non-Newtonian materials properties, detail can be
seen in Chhabra [2]. Many existing models for analyzing the behavior of non-Newtonian
fluids were proposed by considering one of the three types of models: integral, differential,
and rate [3–6]. One type of these non-Newtonian fluids that exhibits both relaxation and
retardation are called Oldroyd-B fluids proposed by Oldroyd [7]. Unlike other polymeric
materials, the typical relationship between shear rate and shear stress in an easy shear
flow cannot adequately describethe Oldroyd-B fluids. However, in the past few years, the
Oldroyd-B fluid has gained considerable attention among several fluids of rate type, as
it includes the classical Newtonian fluid and the Maxwell fluid as special cases. Due to
the credibility of its applications, extensive research on the Oldroyd-B fluid flow has been
conducted and is still ongoing. Lu et al. [8] studied the influence of nonlinear thermal
radiation and homogeneousheterogeneous reaction on three-dimensional MHD Oldroyd-
B fluid flow. Zhang et al. [9] investigated on the unsteady double diffusion Cattaneo-
Christov Oldroyd-B fluid thin film flow with viscous dissipation and chemical reaction
effects. Tlili et al. [10] proposed a mathematical model for the Oldroyd-B nanofluid over
a stretching cylinder with activation energy and second order slip in bioconvection. Some
studies can be found in the references [11, 12].

In heat transfer, conventional fluids with low thermal conductivities, such as oil, water,
and ethylene glycol, cannot solve cooling rate problems. Addition of ultrafine nanoparti-
cles to conventional fluids can improve their thermal conductivities. As a result, nanofluids
have been demonstrated to be the primary source for increasing the thermal conductivity
of conventional fluids. Because of their intriguing properties, nanofluids are useful in a
wide range of technological and engineering applications. Choi and Eastman [13] were the
first to coined the term nanofluid and demonstrated how adding nanoparticles to conven-
tional fluids improved their thermal conductivity properties. Buongiorno [14] introduced
a model that incorporates Brownian motion and thermophoresis mechanisms to evaluates
the consensuses of thermal conductivity of nanofluids. Kumar et al. [15] studied the in-
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fluence of viscous dissipation and joule heating characteristics of an Oldroyd-B nanofluid
flow in three dimensions with thermal radiation effects. Irfan et al. [16] investigated on
the flow of an Oldroyd-B nanofluid with variable thermal conductivity and implement
thermal and solutal stratifications conditions. Khan et al. [17] considered using motile
organisms to study bioconvection flow in an Oldroyd-B nanofluid and an efficient Prandtl
method. Some studies on nanofluids flow are included in the references [18–20, 22].

There are substantial body literature on the fluid flow through a stretching sheet with
a velocity (linear) proportional to the difference from the set roots. Furthermore, it has
been clearly demonstrated that realistically stretching a plastic sheet is not always linear.
Sajid and Hayat [23] analyzed the flow induced by an exponentially stretching surface with
thermal radiation effects. Gireesha et al. [24] make use of Saffman flow model to explore
on the dusty fluid flow with heat transfer through an exponentially stretching surface
considering the role of a magnetic field. Shafiq et al. [25] used a statistical approach
to investigate the mixed convective boundary layer third-grade fluid flow through an
exponentially stretching surface. Nadeem et al. [26] investigated on the transportation
of slip influence on micropolar nanofluid flow over an exponentially stretching surface.

Stratification is a natural occurrence of layer formation caused by temperature vari-
ations, varying fluids densities, and concentration differences. Physically, there is great
interest in investigating the effects of thermally and solutely stratifications on the convec-
tive flow of nanofluids. However, stratification also occurs in waterways, lakes, thermal
storage systems, oceans, and surface reservoirs. Cheng [27] investigated on the natural
convection fluid flow with implementation of mass and thermal stratifications over a sat-
urated porous vertically wavy surface using power-law. Koriko et al. [28] investigated the
effects of radiation and stratification conditions on micropolar fluid flow along a vertical
surface. Daniel et al. [29] studied the stratified convective MHD nanofluid flow. Tlili et
al. [30] examined an analytical solution for 3D Maxwell nanofluid flow considering the
effects of radiation and chemical reactions under double stratification conditions. Mallawi
et al. [31] investigated the effects of radiation and double-stratification on non-Newtonian
liquid convective flow with Cattaneo-Christov double-flux in a Riga plate. Under stratifi-
cation, Waqas et al. [32] studied the effect of thermo-solutal Robin conditions in thermally
radiative MHD nanofluids flow.

The term bioconvection refers to pattern-forming macroscopic convective particles
movements formed in the suspension of swimming microorganisms as a result of varia-
tions in the density gradient. The swimming of collective motile microorganisms changes
the density of the base fluids, which affects macroscopic particles motion. When com-
pared to motile microorganisms, nanoparticles are not self-driven, and their movement is
caused by Brownian motion and the thermophoresis effect. Bioconvection in nanofluids
is expected to be possible withlow nanoparticle concentration, but it will not be capable
of providing a significant increase in base fluid viscosity. Bhatti and Michaelides [33]
investigated thermo-bioconvection nanofluid flow with activation energy effects through a
Riga plate. Farooq et al. [34] investigate the thermally radioactive Carreau nanofluid flow
using modified Cattaneo-Christov model and exponentially spatial heat source. Waqas et
al. [35] investigated the Oldroyd-B nanofluid flow through a rotating disk using numerical
simulations with bioconvection and nonlinear radiation. Awais et al. [36] uses a numerical
approach to investigate mass and heat transfer and the effects of variable conductivities
on MHD nanofluid flow rheology with bioconvective theory. Khan et al. [37] studied the
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effects of bioconvection and partial slip on the Oldroyd-B nanofluid flow induced by a
convectively heated surface.

Furthermore, no attempts have been made to date, to the best of the author’s knowl-
edge, to explore the free convective boundary layer flow of three-dimensional Oldroyd-B
nanofluid over an exponentially stretching sheet with the application of stratification con-
ditions and bioconvection. The goal of this paper is to use a semi-analytical approach
to investigate the effects of stratification conditions on the Oldroyd-B nanofluid flow and
heat transfer characteristics through an exponentially stretching sheet. The suspended
nanoparticles caused by bioconvection are analyzed using microorganism theory. The in-
fluences of thermophoretic, radiation, viscous dissipation, and chemical reactions are con-
sidered. The homotopy analysis method (HAM) used to obtained the solutions. Initially,
Liao [38–40] demonstrated this method which does have a quick convergent solutions and
several advantages over other existing methods. Because of its fast convergence, it has
piqued the interest of a number of researchers in this field, like used in the references
[41–45].The obtained results with all related parameters across all the profiles are de-
picted graphically. An important component of the developed model is the verification of
the results obtained through the correlation of the previously published material in the
literature. Prestigious consistency has indeed been achieved in this regard.

2. Formulation of the Problem

Consider the steady, incompressible, three-dimensional Oldroyd-B nanofluid flow with
bioconvection and stratification conditions through an exponentially stretching surface.
The flow is bounded by z ⩾ 0. Moreover, the effects of viscous dissipation, thermal
radiation, heat suction/injection, chemical reaction, and thermophoretic velocity on the
heat and mass transfer characteristics are also taken into account. The fluid is electrically
conducted along the z-axis in the presence of a uniform magnetic field of strength B0 is
applied in the z-direction and with the assumption that the Reynolds number is very

small in order to ignore the induced magnetic field effect. Let uw = Urefe
( x+y

l ) be the

fluid velocity in the x direction and vw = Vrefe
( x+y

l ) be the fluid velocity in y direction
along the sheet. Taking ambient temperature T∞, ambient concentration C∞, ambient
density of microorganisms N∞, see the geometry of the problem in Figure 1.
The constitutive equations of Oldroyd-B fluid model [8] are given by

divV = 0, (2.1)

ρ
dV

dt
= divV (2.2)

Here, the Cauchy stress tensor T and extra stress tensor S are given as

T = −ρI+ S, (2.3)

S = α1
DS

Dt
= µ

(
A1 + α2

DA1

Dt

)
, (2.4)

with D
Dt as the covariant differentiation and α1 and α2 respectively as fluid relaxation

and retardation time. The first Rivilin-Ericksen tensor A1 is defined as

A1 = gradV + (gradV)T , (2.5)
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Figure 1. Schematic diagram of the problem.

where T is the transpose of a matrix and the velocity field V is represented by

V = [u(x, y, z), v(x, y, z), w(x, y, z)] . (2.6)

The derivative D
Dt is given

Dai
Dt

=
∂ai
∂t

+ urai,r − ui,rar. (2.7)

The energy equation in the vector form are defined as

ρCp(V.∇T) = ∇.q −∇qr +Q∗(T − T∞), (2.8)

where Q∗ is the heat reaction and q is the heat flux and defined by the Cattaneo-Christov
model given by

q + α3

[
∂q

∂t
+V.∇q − q.∇+ (∇.V)q

]
= ∇(kT ), (2.9)

where α3 is the thermal relaxation time, k is the thermal conductivity and T is the
temperature. The governing equations [10, 25, 46] are

wz + vy + ux = 0, (2.10)

wuz + vuy + uux + α1

[
u2uxx + v2uyy + w2uzz + 2uvuxy + 2uwuxz + 2vwuyz

]
= νf

[
uzz + α2

(
uuxzz + vuyzz + wuzzz − uxuzz − uzwzz − uyvzz

)]
+

σB2
0

ρf

(
− u− α1wuz

)
, (2.11)
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wvz + vvy + uux + α1

[
u2vxx + v2vyy + w2vzz + 2uvvxy + 2uwvxz + 2vwvyz

]
= νf

[
vzz + α2

(
uvxzz + vvyzz + wvzzz − vxwzz − vzwzz − vyvzz

)]
+

σB2
0

ρf

(
− v − α1wvz

)
, (2.12)

wTz + vTy + uTx + α3

[
w2Tzz + v2Tyy + u2Txx + 2uvTxy + 2vwTyz + 2uwTxz

+

(
uux + vuy + w uz

)
Tx +

(
uwx + vwy + wwz

)
Tz +

(
uvx + vvy + wvz

)
Ty

]
= αfTzz+τ

[
DBCzTz +

DT

T∞

(
Tz

)2]
+

16σ∗T 3
∞

3k∗(ρcp)f
Tzz +

Q1

(ρcp)f
(T − T∞)

+
µf

(ρcp)f

[(
uz

)2

+

(
vz

)2]
, (2.13)

wCz + vCy + uCx+ = DBCzz +
DT

T∞
Tzz −

(
VT (C − C∞)

)
z
− kr(C − C∞),

(2.14)

wNz + vNy + uNx +
bWc

(Cw − C∞)

(
NCz

)
z

= DNNzz, (2.15)

with initial boundary conditions

u = uw = Urefe

(
x+y

l

)
, u = vw = Vrefe

(
x+y

l

)
, w = 0, T = Tw = Tref + a1e

(
x+y
2l

)
,

C = Cw = Cref + a2e

(
x+y
2l

)
, N = Nw = Nref + a3e

(
x+y
2l

)
at z = 0, (2.16)

u → 0, v → 0, w = 0, T → T∞ = Tref + b1e

(
x+y
2l

)
, C → C∞ = Cref + b2e

(
x+y
2l

)
,

N → N∞ = Nref + b3e

(
x+y
2l

)
as z → ∞ (2.17)

with (u,v,w) as the velocities on (x,y,z) axes respectively, temperature T , concentration C,
gyrotactic microorganism N , wall temperature Tw, wall concentration Cw, wall gyrotactic
microorganism Nw, DB , DT and DN are the diffusion coefficient of Brownian motion and
thermophoresis and microorganism respectively, α1, α2, α3 are fluid relaxation time,
retardation time and thermal relaxation time, τ is heat capacitance ratio, ρf is density of
the fluid, αf thermal diffusivity, kf and σ are thermal and electrical conductivity of the
fluid, µf is the dynamic viscosity, νf kinematic viscosity, Q1 heat generation/absorption
coefficient, B0 magnetic field, (ρcp)f heat capacitance of the fluid, kr 1st order chemical
reaction dimensional parameter, b chemotaxis, Wc speed of gyrotactic cell.

The thermophoretic velocity of particle colloidal is expressed as

VT =
−kt
Tref

∂T

∂z
(2.18)

with the thermophoretic coefficient and temperature reference given by kt and Tref . The

term,
16σ∗T 3

∞
3k∗(ρcp)f

∂2T
∂z2 and Q1

(ρcp)f
(T − T∞) in equation 2.13 are representing the thermal
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radiation term by using the Rosseland approximation for radiation and heat genera-
tion/absorption respectively. Using the similarity transformation as in [45]

u = Urefe

(
x+y

l

)
f ′(ζ), v = Urefe

(
x+y

l

)
h′(ζ), w = −

(νfUref

2l

) 1
2 (f + h+ ζ

(
f ′ + h′)

)
e

(
x+y
2l

)
,

T = T∞ + Trefe

(
x+y
2l

)
θ(ζ), C = C∞ + Crefe

(
x+y
2l

)
ϕ(ζ), N = N∞ +Nrefe

(
x+y
2l

)
χ(ζ),

(2.19)

with f and h are velocities(dimensionless) along x and y axes respectively, θ, ϕ, χ are
temperature, concentration and microorganism field (dimensionless) respectively, Uref ,
Vref , are reference velocities on x and y axes respectively, Tref , Cref , Nref are reference
temperature, concentration and microorganism respectively.

f ′′′ + ff ′′ + hf ′′ − 2h′f ′ − 2f ′2 − β1

[
(4 + ζ2)(f ′3 + h′2f ′ + 2h′f ′2)

+ (5ζ + ζ2)(f ′2f ′′ + h′2f ′′ + h′f ′f ′′) + (f2f ′ + 2hff ′ + 2ff ′2 − 12ff ′′

− 12f ′f ′′ − h2f ′ − 12hf ′′) + ζ(2h′ff ′ − 4ff ′′′ + 2hf ′2 + 2hh′f ′ − 4hf ′′′ − 12h′f ′′)

+ 4ζ2(f ′f ′′′ + hf ′′′)

]
+ β2

(
6f ′f ′′′ + 8h′f ′′′ − ff ′′′ − hf ′′′ − 2h′′′f ′ + 3f ′′2

+ 3h′′f ′′ + ζ(f ′f ′′′ + h′f ′′′)

)
−M2

(
f ′ − β1(ff

′′ + hf ′′ + ζ(f ′f ′′ + h′f ′′))
)
= 0,

(2.20)

h′′′ − f ′h′2h′2 + fh′′ + hh′′ − β1

[
4f ′2h′ + hh′′′ + fh′′′ + 8fh′2 + h′3 − 6fh′h′′

− 6f ′hh′′ + 6hh′h′′′ζ
(
f ′2h′′ − h′2h′′ + h′h′′′ − f ′h′′′ − 2f ′hh′′′ − 2hh′h′′′ − 2fh′h′′′

− 2ff ′h′′′ + f ′hh′′′ + 2f ′h′h′′′)+ ζ2
(
f ′2h′′′ − h′2h′′′ − 4fh′h′′′

]
+ β2

(
8h′′′f ′ + 8h′h′′′

− fh′′′ − hh′′′ − 2h′f ′′′ − 2h′f ′′′ + 3h′′f ′′ + 3h′′2ζ(f ′h′′′ + h′h′′′)

)
−M2

(
h′ − β1(fh

′′ + hh′′ + ζf ′h′′ + ζh′h′′)
)
= 0, (2.21)(

1 +
4

3
Rd

)
θ′′ + Pr

[
fθ′ + hθ′ − f ′θ − h′θ

]
− β3Pr

[
3f ′2θ + 3h′2θ − 3h′2θ′ + 3f ′h′θ

− f2θ′′ − 2fhθ′′ − 3h′fθ′ − 3hh′θ′ − 5ff ′θ′ − ff ′′θ − hf ′′θ − fh′′θ − hh′′θ

− hf ′θ′ + 2ff ′θ′ + 2hf ′θ + ζ
(
f ′2θ′′ + 3h′2θ′ − 4fh′θ′′ − 4hf ′θ′′ − 2f ′h′θ′′ − fh′′θ′

+ fh′′θ
)
+ ζ2

(
f ′2θ′′ − 2h′2θ′′

)]
+ Pr

[
Nbϕ′θ′ +Ntθ′

2

+ Ec(f ′′2 + h′′2)
]

+ Pr
[
Qθ − s1(f

′ + h′)
]
= 0, (2.22)

ϕ′′ + Sc(f + h)ϕ′ − Sc
[
δrϕ

′ + τ(θ′′ + θ′ϕ′)
]
+

Nt

Nb
θ′′ − Scs2(f

′ + h′) = 0, (2.23)
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χ′′+Scb(f+h)χ′−Scb(f
′+h′)χ−Pe

[
ϕχ+(χ+δn)ϕ

′′]−Scbs3(f
′+h′) = 0, (2.24)

with the boundary conditions

f ′(0) = 1, f(0) = 0, h′(0) = α, θ(0) = 1− s1, ϕ(0) = 1− s2, χ(0) = 1− s3,

f ′ → 0, h → 0, θ → 0, ϕ → 0, χ → 0, asζ → ∞, (2.25)

with α as velocity ratio parameter, Deborah numbers β1 in terms of relaxation, β2 re-
tardation time, and β3 heat flux relaxation time, M magnetic field parameter, Q is heat
generation/absorption parameter(non-dimensional), Rd is the radiation parameter, Pr
Prandtl number, Nt thermophoretic parameter, Ec Eckert number, Nb Brownian motion
parameter, δr reaction parameter, Sc is the Schmidt number, Pe Peclet number, Scb
Schmidt number of bio-convection, δn is the bioconvection constant, s1, s2, s3 are the
thermal, concentration, microorganism stratification parameters respectively, quantities
defined by

β1 =
α1uw

2l
, β2 =

α2uw

2l
, β3 =

α3uw

2l
, P r =

νf
αf

, α =
Vref

Uref
, M2 =

2lσB2
0

(ρcp)fuw
,

P r =
µfcp
kf

, δr =
2lkr
uw

, Ec =
U2
ref

cp(Tw − T∞)
, Q =

2lQ1

(ρcp)fuw
, Rd =

4σ∗T 3
∞

k∗kf
, (2.26)

Sc =
νf
DB

, P e =
bWc

DN
, Scb =

νf
DN

, δn =
N∞

Nw −N∞
, Nb =

τDB(Cw − C∞)

αf
,

Nb =
τDT (Tw − T∞)

T∞αf
, s1 =

a1
b1

, s2 =
a2
b2

, s3 =
a3
b3

.

The Nusselt, Sherwood and Density numbers computation given below

Nux =
qh

kf (Tw − T∞)
, Shx =

qm
DB(Cw − C∞)

, Nnx =
qn

DN (Nw −N∞)
, (2.27)

where qh, qm, qn are heat, mass and microorganism fluxes respectively

qh = −kf

(
1 +

16σT 3
∞

3kfk∗

)
∂T

∂z
|z=0, qm = −DB

∂C

∂z
|z=0, qn = −DN

∂N

∂z
|z=0, (2.28)

The dimensionless numbers final expressions are given by

Ra
− 1

2
x Nux = −

(
1

1− s1

)(
1 +

4

3
Rd

)
θ′(0), Ra

− 1
2

x Shx = −
(

1

1− s2

)
ϕ′(0),

Ra
− 1

2
x Nnx = −

(
1

1− s3

)
χ′(0), (2.29)

with Reynolds number

Rax =
Urefe

(
x+y

l

)
νf

.
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3. Solution Methodology

The Homotopy analysis method (HAM) was chosen to solved the system of equations
2.20 − 2.24 as it has an advantage over other techniques. Liao [38–40] proposed this
techniques as a strong semi-analytical method. It is frequently applicable, even when
there exist a relatively restricted parameters and / or otherwise(one of key requirement
for perturbation techniques). It is capable of solving nonlinear problems (both strongly
and weakly linearity). It provides variety of choices of choosing the initial functions of
the solutions and flexibility in deciding the operators (linear). Moreover, itgives an easy
way for making sure that, the series solutions convergence.
Choosing the initial guesses and the solutions’ linear operators f(ζ),h(ζ),θ(ζ), ϕ(ζ) and
χ(ζ) as

f0(ζ) = 1− e−ζ , h0(ζ) = α(1− e−ζ), θ0(ζ) = (1− s1)e
−ζ ,

ϕ0(ζ) = (1− s2)e
−ζ , χ0(ζ) = (1− s3)e

−ζ . (3.1)

and

L̄f [f ] = f ′′′ − f ′, L̄h[h] = h′′′ − h′, L̄θ[θ] = θ′′ − θ,

L̄ϕ[ϕ] = ϕ′′ − ϕ, L̄χ[χ] = χ′′ − χ, (3.2)

fulfilling the following properties

L̄f (B1 +B2e
ζ +B3e

−ζ) = 0, L̄f (B4 +B5e
ζ +B6e

−ζ) = 0, L̄θ(B7e
ζ +B8e

−ζ) = 0,

L̄ϕ(B9e
ζ +B10e

−ζ) = 0, L̄χ(B11e
ζ +B12e

−ζ) = 0 (3.3)

with Bi(i = 1, ..., 12, ) arbitrary constants. Problems’ equivalent zeroth order form is

(1− ϱ)L̄f [f(ζ; ϱ)− f0(ζ)] = ϱh̄f N̄f [f(ζ, ϱ), h(ζ, ϱ), θ(ζ, ϱ), ϕ(ζ, ϱ), χ(ζ, ϱ)], (3.4)

(1− ϱ)L̄h[h(ζ; ϱ)− h0(ζ)] = ϱh̄hN̄h[h(ζ, ϱ), f(ζ, ϱ), θ(ζ, ϱ), ϕ(ζ, ϱ), χ(ζ, ϱ)], (3.5)

(1− ϱ)L̄θ[θ(ζ; ϱ)− θ0(ζ)] = ϱh̄θN̄θ[θ(ζ, ϱ), f(ζ, ϱ), h(ζ, ϱ), ϕ(ζ, ϱ)], (3.6)

(1− ϱ)L̄ϕ[ϕ(ζ, ϱ)− ϕ0(ζ)] = ϱh̄ϕN̄ϕ[ϕ(ζ, ϱ), θ(ζ, ϱ), f(ζ, ϱ), h(ζ, ϱ)], (3.7)

(1− ϱ)L̄χ[χ(ζ, ϱ)− χ0(ζ)] = ϱhχN̄χ[χ(ζ, ϱ), ϕ(ζ, ϱ), f(ζ, ϱ), h(ζ, ϱ)], (3.8)

with the embedding parameter ϱ ∈ [0, 1], and operators (nonlinear) N̄f , N̄h, N̄θ, N̄ϕ and
N̄χ obtained their expressions through equations 2.20 to 2.24.
The m order deformation expressions are given as

L̄f [fm(ζ, ϱ)− ηmfm−1(ζ)] = h̄fRf,m(ζ), (3.9)

L̄h[hm(ζ, ϱ)− ηmhm−1(ζ)] = h̄hRh,m(ζ), (3.10)

L̄θ[θm(ζ, ϱ)− ηmθm−1(ζ)] = h̄θRθ,m(ζ), (3.11)

L̄ϕ[ϕm(ζ, ϱ)− ηmϕm−1(ζ)] = h̄ϕRϕ,m(ζ), (3.12)

L̄χ[χm(ζ, ϱ)− ηmχm−1(ζ)] = h̄χRχ,m(ζ), (3.13)

ηm =

{
1, if m > 1

0, if m ≤ 1,
(3.14)
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Table 1. Convergent solutions for some order approximations.

order of approximations −f ′′(0) −h′′(0) −θ′(0) −ϕ′(0) −χ′(0)
1 0.92593 0.15545 0.67333 0.44933 0.59596
5 0.93095 0.16071 0.62041 0.35816 0.59583
10 0.93106 0.16088 0.61353 0.35541 0.59575
15 0.93103 0.16089 0.61214 0.35486 0.59575
25 0.93103 0.16089 0.61177 0.35471 0.59575
30 0.93103 0.16089 0.61163 0.35465 0.59575
35 0.93103 0.16089 0.61163 0.35465 0.59575

the expressions of Rm
f , Rm

h , Rm
θ , Rm

ϕ , Rm
χ is computed through equations 2.20 to 2.24.

The general solutions are

fm(ζ) = f∗
m(ζ) +B1 +B2e

ζ +B3e
−ζ , (3.15)

hm(ζ) = h∗
m(ζ) +B4 +B5e

ζ +B6e
−ζ , (3.16)

θm(ζ) = θ∗m(ζ) +B7e
ζ +B8e

−ζ , (3.17)

ϕm(ζ) = ϕ∗
m(ζ) +B9e

ζ +B10e
−ζ , (3.18)

χm(ζ) = χ∗
m(ζ) +B11e

ζ +B12e
−ζ , (3.19)

with the special solutions f∗
m, h∗

m, θ∗m, ϕ∗
m, χ∗

m.

3.1. Analysis of Convergence of the solutions

Clearly, the convergence control parameter h̄ is appeared in the series solutions ob-
tained by the homotopy analysis method. This parameter governs the HAM solution’s
convergence rate of approximation as Liao pointed out. Convergent solutions with the
values of the following parameters s1 = s2 = s3 = δr = δn = 0.1;β1 = β2 = Q = 0.2;β3 =
M = Scb = α = Rd = 0.3;Ec = 0.6;Nb = τ = 0.5;Nt = 0.4;Pr = Pe = 0.7 for some
order approximations given in Table 1. Figures 2 and 3 displayed the h̄-curves plots with
convergence regions obtained as −1.0 ⩽ h̄f ⩽ 0, −1.2 ⩽ h̄h ⩽ 0.8, −1.1 ⩽ h̄θ ⩽ 0.1,
−1.25 ⩽ h̄ϕ ⩽ 0.26, and −1.2 ⩽ h̄χ ⩽ 0.8.

4. Results and Discussion

Through Figures 434, this segment discusses important characteristics of non-dimensional
parameters on velocities, temperature, concentration and microorganisms profiles, and
heat-mass and density transport rates. Figure 4 depicted the effect of Deborah number
with respect to relaxation time β1 on velocity profile along the x direction. Deborah
number and relaxation time are inextricably linked. As an outcome, a longer relaxation
time results in a higher Deborah number, which is induced by fluid flow resistance with
velocity decrease. In contrast, both β1 and Deborah number with respect to retardation
time β2 have opposite effect on the x directions velocity. According to the meaning of β2,
it is related directly to the retardation time and identified as delay response on the applied
force or elasticity delay. Figure 5 depicts that the velocity increases as the parameter β2

increases. The effect of β1 on the y direction’s velocity profile is demonstrated in Figure
6. As β1 increases, the velocity and boundary layer thins along this direction. It is seen as
important as a result of a slower process of recovery being observed towards greater time
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Figure 2. h̄-curve of f(ζ), θ(ζ) and ϕ(ζ).

Figure 3. h̄-curve of h(ζ) and χ(ζ).
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of relaxation, which results in a slower thickening of the boundary layers. The influences
of β2 on y direction’s velocity profile shown in Figure 7. When β2 is increased in this case,
the y direction’s velocity and boundary layer thickness improved. Figure 8 depicts that,
x direction’s velocity as decreasing velocity function for magnetic field parameter M . A
Lorentz force produced via induced circumferential magnetic field opposes the flow rate
along this direction, as a result of this the velocity is decreases. Figure 9 and 10 depicts
the role of velocity ratio parameter α on the velocity along x and y directions respec-
tively. It demonstrates that for larger α, the boundary layer thickens in the x−directionx
direction’s velocity, whereas for smaller α, the boundary layer thins in the y− direction’s
velocity.

Figure 11 shows the role of β1 on temperature profile. Because the fluid temperature
is proportional to relaxation time, the greater β1 causes in the temperature increasing
and, thus, the boundary layer (thermal) thickening. Role of β2 on temperature profile
is shown in Figure 12. This has been discovered that as β2 increases, the temperature
decreases. Figure 13 depicts the temperature variation as a function of M , demonstrating
how an electric current in the applied magnetic field creates a Lorentz forces. This forces
withstands the fluid’s motion, resulting in the production of extra heat, which raises tem-
perature and boundary layer thickens. Figure 14 depicts the behavior of thermophoretic
parameter Nt on the temperature profile. When Nt is increased, temperature enhanced
and the boundary layer (thermal) thickens. Figure 15 depicts the effect of Brownian
motion parameter Nb on θ. When the value of Nb increases, both temperature and the
boundary layer (thermal) thickens. Physically, Under thermophoretic force participation,
nanoparticles adjacent to the heated boundary are driven toward the colder material
at ambient temperature. As a result, the thermal-layer is expected to thicken as the
thermophoretic element occurs. Furthermore, as Nb increases, the irregular motion of
material elements improves. The role of thermal radiation parameter Rd on temperature
profile is shown in Figure 16. The upsurge in temperature is observed as the values of
Rd increment. Because when the values Rd are high, further heat is transported to the
nanofluid. Figure 17 depicts the influence of the Pr on temperature profile. As Pr in-
creases, the temperature decreases. Normally, greater Pr have lower diffusivity (thermal),
while smaller Pr have greater diffusivity (thermal). This decrease in thermal diffusivity
results in temperature decrease and the boundary layer (thermal) thickens. Figure 18
depicts the variation of temperature profile for various values of Eckert number Ec. The
Ec define the connection between flow kinetic energy and the heat enthalpy difference.
As a result, increasing the Ec causes an increase in kinetic energy. Furthermore, it is well
understood that temperature refers to kinetic energy average. Because of this, the fluid’s
temperature rises as Ec increases. The effect of heat generation/absorption parameter
Q on temperature profile is shown in Figure 19. It demonstrates that as the value of Q
increases, so does the temperature. It occurs as a result of an increase in the values of
Q, which implies that more heat energy is supplied to the flow, causing the temperature
to rise. Figure 20 depicts that as thermal stratification parameter s1 increases, so does
the temperature. Because of the stratification implications, the critical temperature of
fluid along the sheets and away from sheets may decrease, resulting in a thinner thermal
boundary layer and a weakened the flow temperature. It further shows that an increase
in free-stream temperature or even a decline in nanofluid surface temperature. In actu-
ality, stratification has an influence on nanofluid temperature because it raises ambient
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temperature or causes a decrease in surface temperature. These activity is frequently
observed when heat transfers out of a warmer region to a cooler region.

Figure 21 depicts the role of chemical reaction parameter δr on the concentration
profile. It shows that the concentration decreases as the chemical reaction parameter
δr increases, whereas the velocities, and the temperature are unaffected by δr. Figure
22 shows that the concentration decreases as Brownian motion parameter Nb increases.
Figure 23 shows the concentration variation for different Nt. The concentration and the
boundary layer thickness are both intensifying when the values of Nt increases. Figure 24
shows that as the Schmidt number Sc increases, concentration decrease rapidly, inferring
that less diffusion happens through use of mass transfer. This is because, the higher values
of Sc correlated with a decline in chemical molecular diffusing, while smaller values of
Sc produce a much concentration drop from the surface. Sc has a physical relationship
that is inversely proportional to mass diffusivity. Lower mass diffusivity results from
higher Sc. larger value of Sc indicates a lower mass diffusivity. The concentration of the
nanoparticle decreases due to the lower mass diffusivity. Figure 25 depicts the variation
in concentration by increasing the values of mass stratification parameter s2. The figure
shows that as s2 values increase, the concentration decreases. Because the fluid closer
to the sheet’s boundary, its concentration may be lower than that of the surrounding
medium. Figure 26 depicts the effect of Peclet number Pe on the motile density profile.
It has been observed that as the values of Pe increase, than the motile density decreases.
As a result, the density of motile microorganisms decrease the speed and/or diffusivity
of microorganisms does. However,lower microorganism concentrations in the boundary
layer, as well as an increase in the motile microorganism mass transfer rate, will result
as an outcome. As shown in Figure 27, increased the Schmidt number of bioconvection
Scb affect the motile density to decrease. As shown in Figure 28, the motile density
decreases as the values bioconvection constant δn increase. Figure 29 indicates that
greater s3 values decrease the motile density. However, gyrotaxis to the current analysis of
bioconvection in a stratified system, could provide additional insight into this interesting
trend phenomenon. The method’s consistency has been confirmed by
comparing it to the results reported in Khan et al. [17], Table 2 displayed the result. The
numerical results for Nusselt number Nu and Sherwood number Sh forvariousphysical
parametersare shown in Table 3. Nu rise when β2, Rd, s1, and Pr increase, while it falls
down when β1, Q, M , and Ec increase. However, the table shows that as the parameters
Rd, Sc, Q, and β2 increase, Sh is also increases, and as β1, s2, and δr increase, Sh
decreases. The microorganism transfer rate increases for some values of some parameters,
as shown in Table 4. Figure 31 gives influence of β1 and α on Nu. Observations shows
that Nu rises with the escalating values of α. Increasing β1, on the other hand, exhibit
opposite trend. Figure 32 show the role of Pr and β3 on the Nu. Observations shows
that Nu rises with escalating values of Pr. Increasing the values of β3 on the other hand
exhibit the opposite trend, this shows similar outcomes with the result obtained in figure
16 of [8]. Figure 33 depicts the influence of Nb and Sc on Sh. According to this graph,
Sh increase for Nb and Sc which shows similar result with figure 13 of [11]. Nn varied in
relation for different values of s3 and δn. Figure 34 shows that Nn increases by increasing
δn while by increasing s3 shows the opposite pattern.
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Figure 4. Influence of β1 on f ′(ζ).

Figure 5. Influence of β2 on f ′(ζ).
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Figure 6. Influence of β1 on h′(ζ).

Figure 7. Influence of β2 on h′(ζ).
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Figure 8. Influence of M on f ′(ζ).

Figure 9. Influence of α on f ′(ζ).
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Figure 10. Influence of α on h′(ζ).

Figure 11. Influence of β1 on θ(ζ).
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Figure 12. Influence of β2 on θ(ζ).

Figure 13. Influence of M on θ(ζ).
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Figure 14. Influence of Nt on θ(ζ).

Figure 15. Influence of Nb on θ(ζ).
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Figure 16. Influence of Rd on θ(ζ).

Figure 17. Influence of Pr on θ(ζ).

Publications

c⃝ 2022 The authors. Published by

TaCS-CoE, KMUTT

https://doi.org/10.58715/bangmodjmcs.2022.8.6

Bangmod J-MCS 2022

https://doi.org/10.58715/bangmodjmcs.2022.8.6


SEMI-ANALYTICAL INVESTIGATION ON MHD OLDROYD-B NANOFLUID FLOW ... 85

Figure 18. Influence of Ec on θ(ζ).

Figure 19. Influence of Q on θ(ζ).
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Figure 20. Influence of s1 on θ(ζ).

Figure 21. Influence of δr on ϕ(ζ).

Publications

c⃝ 2022 The authors. Published by

TaCS-CoE, KMUTT

https://doi.org/10.58715/bangmodjmcs.2022.8.6

Bangmod J-MCS 2022

https://doi.org/10.58715/bangmodjmcs.2022.8.6


SEMI-ANALYTICAL INVESTIGATION ON MHD OLDROYD-B NANOFLUID FLOW ... 87

Figure 22. Influence of Nb on ϕ(ζ).

Figure 23. Influence of Nt on ϕ(ζ).
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Figure 24. Influence of Rd on ϕ(ζ).

Figure 25. Influence of Sc on ϕ(ζ).
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Figure 26. Influence of s2 on ϕ(ζ).

Figure 27. Influence of Pe on χ(ζ).
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Figure 28. Influence of Scb on χ(ζ).

Figure 29. Influence of δn on χ(ζ).
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Figure 30. Influence of s3 on χ(ζ).

Table 2. Agreement of −θ′(0) and −ϕ′(0) for some values of Nb and
Nt with published work.

Parameters Khan et al. [17] present Khan et al. [17] present
Nb Nt −θ′(0) −θ′(0) −ϕ′(0) −ϕ′(0)
0.5 0.3 0.701844 0.701844 0.570216 0.570301
0.6 0.3 0.682779 0.681999 0.647005 0.647012
1.0 0.3 0.664968 0.665001 0.707544 0.707541
0.3 0.0 0.702259 0.702258 0.570572 0.570576
0.3 0.5 0.701844 0.701901 0.570216 0.570209
0.3 1.0 0.701326 0.701330 0.569771 0.569698

5. Conclusion

The focused of this research was the study of an Oldroyd-B nanofluid flow through
an exponentially stretching sheet with thermal, mass, and microorganism stratifications
conditions. The effect of thermal radiation, chemical reactions and viscousdissipation
among others are taken into account. The problem was solved by HAM and the results
are visualized graphically and numerically. The influence of the input parameters on heat
and mass transfer was investigated. The following findings have been made:

• The impacts of β2 are quite opposite to the impact of β1 on both the velocities
along x and y directions.

• Thermal boundary layer thickens and the temperature decreases as Pr, β2 and
s1 increases and enhances for Q, Rd and Ec. In industrial processes, the Prandtl
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Figure 31. Plot of β1 and α versus Nu.

Figure 32. Plot of β3 and Pr versus Nu.
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Figure 33. Plot of Nb and Sc versus Sh.

Figure 34. Plot of s1 and δn versus Nn.
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Table 3. Values are computed of −θ′(0) and −ϕ′(0) for various values
of β1, β2, P r, Ec, M, Rd, s1, s2 δr, Sc, Q.

β1 β2 Pr Ec M Rd s1 s2 δr Sc Q −θ′(0) −ϕ′(0)
0.2 0.2 0.7 0.3 0.4 0.3 0.1 0.1 0.2 0.7 0.2 0.684548 0.390173
0.3 0.680576 0.389555
0.4 0.676604 0.388937

0.4 0.686748 0.390507
0.6 0.688948 0.390840
0.8 0.691148 0.391174

2.7 1.138070 0.365571
4.7 1.567560 0.340969
6.7 1.973020 0.316367

0.4 0.679220 0.390416
0.5 0.673891 0.390658
0.6 0.668563 0.390900

0.5 0.684243 0.390126
0.6 0.683921 0.390077
0.7 0.683583 0.390026

0.5 0.789676 0.391093
0.7 0.887814 0.392013
0.9 0.979412 0.392933

0.2 0.778430 0.389825
0.3 0.799898 0.394955
0.4 0.828521 0.400084

0.2 0.684548 0.333981
0.3 0.684548 0.325225
0.4 0.684548 0.535773

0.4 0.684548 0.382572
0.6 0.684548 0.375009
0.8 0.684548 0.367485

0.9 0.684548 0.406819
1.1 0.684548 0.423423
1.3 0.684548 0.439986

0.5 0.668840 0.390898
0.8 0.653070 0.391622
1.1 0.637238 0.392346

number is often used to regulate the heat transfer rate [47]. The appropriate
Prandtl number value is critical for controlling the rate of heat transfer in engi-
neering and industrial processes.

• The concentration decreases as s2, δr and Sc increases and the related boundary
layers.

• The heat transfer rate increases for larger β2, s1 and Pr while it reduces by
increasing β1 and Q.

• The mass transfer rate displays a decreasing behavior for higher values of s2 and
δr
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Table 4. Values are computed of −χ′(0) for various values of Pe, Scb, s3, δn.

Pe Scb s3 δn −χ′(0)
0.6 0.6 0.3 0.1 0.542835
0.8 0.573228
1 0.603722

0.9 0.573111
1.2 0.603300
1.5 0.633403

0.5 0.776957
0.7 1.005330
0.9 2.147210

0.5 0.546859
0.9 0.562954
1.4 0.575025

• The microorganism transfer rate decreases as the values of s3 and Pe increases.
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