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1. INTRODUCTION

In 2011, Aoyama and Kohsaka [2] introduced the class of a-nonexpansive mappings in
Banach spaces as follows: Let E be a Banach space and let C' be a nonempty subset of
E. A mapping ¢ : C — E is said to be a-nonexpansive for some real number 0 < o < 1
if

llow — vl < allop — vl +allev — pl| + (1 = 2a) | = v||,

for all p,v € C. Clearly, 0-nonexpansive maps are exactly nonexpansive maps. This
mapping was generalized and extanded by many authors in several directions; see for
instance [3, 4] and references therein.

One of the most interesting iteration processes is the viscosity approximation method
introduced by Moudafi [5]. In 2004, Xu [6] studied such method for a nonexpansive map-
ping in a Hilbert space and introduced an iterative scheme for finding the set of fixed
points of a nonexpansive mapping in a Hilbert space. Over the past few decades, the
convergence theorem was extended and improved in many directions (see [7], [8]) due to
its applications are desirable and can be used in real-world applications. So, many au-
thors have been trying to construct new iterations to prove strong convergence theorems
for nonexpansive semigroups; see for instance [9-11] and references therein. Especially,
in 2008, Song and Xu [12] introduced the following implicit and explicit viscosity iter-
ative schemes Very recently, Song et al. [13] proved a strong convergence theorem of
the Halpern iteration for an a-nonexpansive semigroup in Hilbert spaces under suitable
conditions as the following schemes. Moreover, they also proved some strong convergence
theorems of Halperns iteration defined by a such iterative method for a family {¢,} of
a-nonexpansive mappings.

In 2021, Suanoom and Khuangsatung [16] , we introduced a new class of nonexpansive
type of mapping namely, AK-generalized nonexpansive mapping, which is more general
than an a-nonexpansive mapping in Hilbert spaces as follow.

Definition 1.1. Let C be a nonempty closed convex subset of a Hilbert space H. A
mapping ¢ : C — C is said to satisfy condition (AK) (or AK-generalized nonexpansive)
for some real numbers aq, g, az, ay with max{ay, as, as,as} < 1 if

llpp = wvl] < arllpop = pll + azllov — vl + asllon — V]| + caller — pl|
+ (1 — 4max{ay, ag, as,aq})||p — vl (1.1)
for all p,v e C.

Notice that the class of AK-generalized nonexpansive mappings covers several well-
known mappings. For example, every a-nonexpansive mappings is an AK-generalized
nonexpansive mapping and also 0-nonexpansive maps are exactly nonexpansive maps.
Hence we have the following diagram.

The following example shows that the reverse implication does not hold.

Example 1.2. [14] Let X = {(0,0),(2,0)(0,4), (4,0), (4,5), (5,4)} be a subset of R? with
dictionary order. Define a inner product (X, (-,-) = ||-,- ). by ||p1, pa|| = (Jp1| + |p1])%
Then (X, (-,-)) is a Hilbert space. Define a mapping ¢ : X — X by

90(0’0) = (070)7 @(270) = (070)» 90(074) = (070)7
90(47 0) = (270)7 (»0(475) = (470)7 90(574> = (074)'
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Then, we have ¢ is not an a-nonexpansive mapping but, ¢ is an AK-generalized nonex-
pansive.

Example 1.3. [16] Let X = [0,2] be a nonempty closed convex subset of a Hilbert space
(H=R,{-,-) =||). Suppose that ¢ : [0,2] — [0,2] be given by pu = sin u + cos p, for
all u € [0,2]. Then ¢ is an AK-generalized nonexpansive.

In this paper, we introduce a new class of nonexpansive type of mapping namely,
CAK-generalized nonexpansive mapping, which is more general than an AK-generalized
nonexpansive mapping and a-nonexpansive mapping. Then, we obtain the proposition of
the approximation method for an CAK-generalized nonexpansive in Hilbert spaces.

2. PRELIMINARIES

Throughout this article, let H be a real Hilbert space with inner product (-,-) and
norm || - ||. Let C be a nonempty closed convex subset of H. Let ¢ : C — C be a
nonlinear mapping. A point p € C is called a fized point of ¢ if ou = pu. The set of fixed
points of ¢ is the set F(p) := {p € C : ou = p}. The mapping ¢ : C — C' is said to be
nonexpansive if ||ou — pv|| < ||u — v|| for any pu,v € C. In 1965, Browder [1] shown that
if a nonexpansive mapping ¢ : H — H of a Hilbert space H into itself is asymptotically
regular and has at least one fixed point then, for any p € H, a weak limit of a weakly
convergent subsequence of the sequence of successive approximations " u is a fixed point
of v. And, let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C
be a nonempty closed convex subset of H. Recall that the (nearest point) projection Po
from H onto C assigns to each p € H, there exists the unique point Pox € C satisfying
the property

— P, = mi —v|.
I = Poz|| = min n — v
For any € H and v € C. Then, Pop = v if and only if there holds the inequality
(—v,v—w)>0,Yw e C.

In a real Hilbert space H, it is well known that H satisfies Opial’s condition, i.e., for any
sequence {pu,} with g, — p, the inequality

lim inf||p, — p|| < lm inf||p, —v|,
n—oo n—oo

holds for every v € H with v # pu.

Lemma 2.1. [15] Let {s,} be a sequence of nonnegative real numbers satisfying
Spi1 < (1 - an)sn + 6n7vn €N,
where a, is a sequence in (0,1) and {4, } is a sequence such that
oo 6 oo
1 ay, = 00, (2) limsup — < 0 or On| < .
()3 e =, 2) limsup £ <00r 3 o
Then, lim s, =0.
n— oo
Lemma 2.2. Let H be a real Hilbert space. Then
i+ vl < llull® + 20w, o+ v),
for all u,v € H.
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Now, we introduce the main definitions follow:

Definition 2.3. Let C' be a nonempty closed convex subset of a Hilbert space H. A
mapping ¢, x : C — C is said to satisfy condition (CAK) (or common AK-generalized
nonexpansive) for some real numbers a1, ag, s,y with max{aq, as, ag,as} < 1if

o = xv|| < aallop — pll + ol lxv — v + asllep — v + asl[xv — p]
+ (1 — 4dmax{ay, az, az, aq})||u — v, (2.1)

for all u,v € C.

Now, we introduce the definitions follow on the results of Song et al. [13].
Let E be a Banach space. An (one-parameter) CAK-generalized nonexpansive semigroup
is a family ¢ = {¢(t) : t > 0} of mappings D(¢) = (,o( D(¢(t)) and range R(yp) such
that
(1): @(0)u = p for all 1 € D(p);
(2): p(t+s)z = @(t)p(s)z for all t,s > 0 and x € D(p);
(3): for each ¢t > 0, T(¢) is an CAK-generalized nonexpansive mapping.

Example 2.4. Let X = [0,2] be a nonempty closed convex subset of a Hilbert space
(H=R,(-,-) =|1)- Suppose that ¢, x : [0,2] — [0, 2] be given by pu =3"H, xu=5"H,
for all € [0,2]. Now, for any ¢,s > 0 and p € D(p);

(1) p(0)z =30 =p, x(0)z=>5"%=yp

(2) @t +s)z =370 = 3737V = o(t)p(s)
o(t+s)z =50y = 57057y = o(t)p(s)p ;

(3) for each ¢t > 0, ¢(t) is an CAK-generalized nonexpansive mapping, that is,

lon —@r|l = [37% =57

= e =57

= %|(3_w 5N+ B3 -5Y)+z—z+y—y
= %|3_1—x—5_y+y+3_m—y—5_y+x\
=BT =)~ (57— y) + (3 —y) ~ (5 )]

IN

1 1 1 1
S3TT — |+ S5 —y+ 237 — g+ <[5 —
L a4 25T gl + 23—yl 4 25—
So37" -2+ a5V —y[ + as[37F —

+oy|57Y — x|+ (1 — dmax{ay, az, as,aqs})|z — y|
= a||Tz — zf| + a2|[Ty — yl| + asl|Tx — y|| + a4|[Tz — y||

+ (1 — 4max{ay, as, az, aqs})||x — y||,
where a1 = ag = ag = ay < %
Let ¢ = {¢(t) : t > 0} stants for one-parameter CAK-generalized nonexpansive semi-
group and F(p) = [\, F(¢(t)). We give the concept of the uniformly asymptotically
regular as the following definitions.

— cs © 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.7

e PUbDlications TaCS-CoE, KMUTT Bangmod J-MCS 2022


https://doi.org/10.58715/bangmodjmcs.2022.8.7

104 C. Suanoom, B. Tanut, T. Grace

3. MAIN RESULTS

In this section, we first study some properties of CAK-generalized nonexpansive map-
ping in Hilbert space.

Proposition 3.1. Let C' be a nonempty closed convex subset of a Hilbert space H and
©,x : C = C be an CAK-generalized nonexpansive mapping with F(o(\x) # 0. Then
F(eNx) is closed convex and ||op — p|| < || — || for all p € C and p € F(p()x)-

Proof. Since @, x are an CAK-generalized nonexpansive mapping, for all y € C and
pEF(ex)
llen —pll = llow — xpll
< o||Tx — af| + az|lxp — pl| + asllep — pl| + aallxp — |
+ (1 — 4max{aq, ag, as,aqs})||p — pl|
< ax(llep = pll + [lp — pll) + asllep — pl| + aallp — pl]

+(1—4max{041,a27a3,044})||/¢—pH, (3'1)
and so
1 —2max{ay, as, a3, ag}
llop —pl| < T = e = pll <[l —pl|- (32)
(651 a3
Likewise,
xe = pll = llxe — epll < llep — xull < llu—pl|. (3.3)

Let p,qg € F(p(x), (0 <A <1)and set w= Ap+ (1 — A)g. Using the Parallelogram
Law, we get

Ww—p PW—DP 1 . 27} 2 1 2

l—— 5 I+ gl =l = Sllw = plI" + S llew = pl]
< lw —pll?,

w—q $PW—q2 1 . 2_} 2 1 2

152 = EE)2 4w — gl = Sl - all? + Sllow - gl
< lw — gl?

By (3.2) imply that

w + pw w—p pw—p 1
192 g2 = 1252+ R < o — P - 1l — ol
1
= (1= Allp = glf* = §llw — gl P,
w + pw w—q pw—q 1
192 gl = 1+ 2R < o — gl = 1w — gl P

1
= Nllp = qll* = Jllw = wl*.

Suppose that w # pw. Then, we have

||w+<pw

2

w + pw

—olP < =Nl =l 17

—ql? < X?|lp—qll*.
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So, we obtain that

w + pw
2

w + pw
—pll+1] 5 —qll <A =Nllp—dqll +Mlp—dqll = |lp — ql|,

llp—all < |

which is a contradiction and so w = ¢w. Vice versa, w = xw. Thus F(¢[)x) is convex.
Now, we show F(p()x) is closed. Suppose that {u,} € F(eo()x) with lim, o0 ptn, = f,
it follows from (3.2) that ||pn — ou|| = ||tn — || = 0 as n — oo and hence lim,, o0 ftn, =
o = p, and by (3.3) xu = p. Thus F(p[)x) is closed. |

Proposition 3.2. Let C' be a nonempty subset of a Hilbert space H and ® : C' — C be
an CAK-generalized nonexpansive mapping. Then, for all x,y € C :

(1 +a; + ag)
| I St e A | PP
[ —xvl < (0= —ay) [ — opl]
(1+ as + az — 4max{ay, @z, a3, as})
+ ||z — yl|
(1 — Qg — Oé4>
(]. + (651 + 0[3)
< —|p— + -V 3.4
(1o —ay) [ = opll + llp — vl (3.4)
and
(1+ a2+ )
v —ull < 0= —a) v —xv||
(1+ a1+ ag —4dmax{aq, a2, as, aq})
+ |z —yl|
(1 — Q1 — 043)
(1 + as + a4)
< v —xvll+llp—vI. (3.5)

(1 — (X1 —013)

Proof. In first case, we get

o= xvll < llw—enull + llop — xv|l
<l —eull + arllop — pll + czllxv — v|| + asllop — vl
+ aallxv — pll + (1 — 4max{ai, az, ag, as})||p — V||
< e = enll + aallop — pll + collxv — pll + azllp — v|| + asllop — pll
+as|p— vl + aulxv — pll + (1 — dmax{on, az, a3, aa}) [ — v||

This implies that
(1 —az —as)llp—xvl < A+ a1+ a3)lp — opl + azllv — xv|l

+ (1 + az + az — dmax{a, az, as,as})||lz — y|.

. G © 2022 The authors. Published by https://doi.org/10458715/bangmodjmcs.2022.8.7
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From 2as + ag + oy < dmax{ay, as, as, s}, we get

(14 a1 + as)
vyl < A P, —
[ —xv| < (1= — ) [ — opll
(14 az + az — 4max{ay, ag, a3, a4})
||z — ]|
(1 — Qg — 044)
(14 a1 + as)
< = pll + [l = (3.6)

(1—az—ay)
Likewise,
v = eull < |lv—xvll + lIxv — oull
< v —xvl + aallop — pll + collxv — v + asllep — vl
+ aullxv — pfl + (1 — dmax{as, a2, a3, aa}) [0 — V||
< v —xvl + aallop — vl + aally — pl| + aollxv — vl + asllop — v
+ aullxv —v| + aallv — pfl + (1 — dmax{ar, as, az, as})|p — V||

Since 2ay + a3 + a4 < dmax{ay, @z, a3, aq}, we have

(14 s+ ay)
v — < >~ = 77
v —pull < (1= — o)

(1 + aq + Qy — 4max{a1,042,a3,044})

[l = xv|

(1—6!1—043) ||J)—y||
(]. —+ (6%) —+ Oé4)
< = vl + e v (37)
The complete proof. [ |

Theorem 3.3. Let H be a nonempty closed convex subset of a Hilbert space H and
o, x : C = C be an CAK-generalized nonexpansive mapping. If a sequence {u,} in C
converges weakly to pn € C and limy, o0 ||tn — ©ltn|] = 0 = limpy o0 ||ptn — Xiinl|, then
= p = Xp.
Proof. Since {u,} is weakly convergent, we have {u,} is bounded. Since

lpnll < llopn = pnll + il (Ixtnll < lxpn = pnll + [l
we get {¢un}, {xpn} are a bounded. This implies that

lotn — xull < lletn — pnll + [0 — xpl]

(1+a1+a3) .
lotn — pnll (1o —ay) [t — pnll + 1l — v 5(3.6). (3.8)
Thus,
limsup [l — xpl| < limsup [, — pll, (3.9)
n—oo n—oo
limsup || xpn — xpl| < limsup [|p, — p. (3.10)
n—oo n—oo
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And so,
limsup [[ppn — pl| < limsup [[pn — plf, (3.11)
n—oo n—oo

limsup [[xpn — @p| < limsup || — p. (3.12)
n—oo n—oo

Thus, by the properties of a Hilbert space H, we have

[t = w1l = 1| — o1) + (o0 — )|

= |lpn — ppll® + llpp — pl® + 2{un — op, op — 1)
< (it = el + lorn — ) + lop = pll? + 2{un — op, o — p).
Since {p, } weakly converges to z € C, it follows that

limsup [|pn — [|* < limsup ||@pn — ull* + llop — pll* + 2lim sup(u, — ou, o — 1)
n— 00 n—00 n—oo

< limsup [[opn — opll + llop — pll* + 2(u — pp, op — )

n— oo

< limsup || pn — pl|* = [lop — plf?
n—oo

respectively, and hence |lop — p||> < 0. In the same way ||xu — pf|?> < 0. The complete
proof. [ |
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