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1. INTRODUCTION

Fixed point theorem is a branch of function analysis. Today, mathematicians con-
tinually study and research in this field to devise new knowledge of the theorem. It is
very important in other fields as an important basis for the development of basic science.
Fixed point theorem is one of the most widely applied fields, especially to the study of
Existence and Uniqueness of solution of various equations, especially fractional differential
equations and boundary value problem.

Let (E,d) be a complete metric space and F : E — E be a mapping. If there exists
k € (0,1) such that for all y,v € E, d(Fu,Fv) < kd(p,v), then F is said to be a
contractive mapping.

In 1922, Polish mathematician Banach [1] demonstrated a crucial finding relating to
a contraction mapping, known as the Banach contraction principle. It is one of the
fundamental results in metric fixed point theory.Because of its significance and ease of
use, various authors have attained. The Banach contraction principle has numerous
intriguing extensions (see [2—10] and the references therein). The result was extended by
S.B. Nadler [11] to the context of set valued contraction.

In 2013,[12] N. Hussain, E. Kanwal, P. Salimi and F. Akbar show the existence and
uniqueness of a fixed point for certain c-admissible contraction mapping investigated the
existence and uniqueness.

In 2018, [13] A. Hussain, T. Kanwal, M.Adeel, S.Radenovic, In order to demonstrate
the presence of the optimal proximity point outcomes in the context of b-metric spaces, it
is important to integrate the aforementioned notions in a more general approach for set
valued and single valued mappings. Supplying, the authors demonstrate some of the best
proximity point results using the concept of a graph with b-metric space. Some cement
Examples are provided to show how the outcomes were achieved. Moreover,the authors
investigated the existence of the solution of non-linear fractional differential equation with
Caputo derivative.

In 2020, [14] P. Borisut, P. Kumam, I. Ahmed, K. Sitthithakerngkiet study and con-
sider the positive solution of fractional differential equation with nonlocal multi-point
conditions of the form:

RLDGyp(t) + g() f(t, u(t)) = 0t € (0, 1),

p®)(0) =0, (1) = Zﬂi rLDGLp(n:),
i=1

where g € (n—1,n), n > 2, p, € (n—1,n), ¢ >p;, mneN k=0,1,---,n—2
O<m<mn< <k 3 <0,0<k<1, RL’D&, RLDgi are the Riemann-Liouville
fractional derivative of order ¢, p;, g : (0,1) — RT is continuous functions and f :
[0,1] x C([0,1], E) — E, E be Banach space. The main tools for finding positive solutions
of the above problem are the Guo-Krasnoselskii fixed point theorem and Boyd-Wong fixed
point theorem.

Inspired by the above paper in [12-14], the objection of this paper is to improve the
situation. We consider the existence and uniqueness of a fixed point in rectangular metric
space for

(d(f1a, fvr) + DT < (i, ), v) + 1
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Our results generalize and existend on the topic. We will consider the existence of the
solution of non-linear Caputo fractional differential equation with non-local integral con-
ditions.

W) =0, u(T) =7 7 u(s)ds -

where ¢ € (n —1,n), n € N, k = 0,1,....,n — 2 and “D? is the Caputo fractional
derivatives, f : J x C(J,B) — B, B be rectangular metric space and 7 < Z. In Section
2, we present some known results and introduce some conditions to be used in the next
section. The main results formulated and proved in Section 3, also a Caputo derivative
of fractional order is presented to demonstrate the applications for guarantee of the main
results.

{Cun(t) = f(t,u(t), t € J =10,T]

2. BACKGROUND MATERIALS

We present notations, definitions, and background information in this part that will
be utilized throughout the paper.

Definition 2.1. [15] Let B be a nonempty set, and let d: B x B — [0, 00) be a mapping
such that for all u, v € B and all distinct points r, s € B, each distinct from p and v
1) d(u,v) =0 if and only if p = v

2) d(p,v) = d(v, p)
3) d(p,v) < d(u, s) +d(s,7) + d(r,v) (rectangular inequality).
(

Then B,d) is called a rectangular or generalized metric space(g.m.s).

Definition 2.2. [16] Let f : B — Band o : BxB — RT. We say that f is an a-admissible
mapping if a(u,v) <1 implies a(fy, fv) < 1,u,v € B.

Definition 2.3. [17]. Let f : (0,00) — R be a function and ¢ > 0. The Riemann-Liouville
fractional integral of orders ¢ is defined by

I .
Lo f(t) = m/o (t—s)"""f(s)ds
provided that the integral exists. The Caputo fractional derivative of order ¢ is defined
by
C g 1 ! 1 r(n)
D )= ——— t—s)" I Y (s)d
b0 = ey [ = s

provided that the right side is point wise defined on (0, o), where n = [¢]+1, ¢ € (n—1,n),
and I" denotes the gamma function. If ¢ = n, then CDg+f(t) = f(1).

Lemma 2.4. [13]. Let ¢ € (n—1,n). If f € C™([a,b]), then
riTg. (“DUf)(t) = f(t) + o+ it + cot? + -+ cpqt" !

for some ¢; € R, i =0,1,2,--- ,n — 1, where n is the smallest integer greater than or
equal to q.

© 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.3

TGS

Publications TaCS-CoE, KMUTT Bangmod J-MCS 2022


https://doi.org/10.58715/bangmodjmcs.2022.8.3

30 B. Piyachat, G.Thanatporn

3. MAIN RESULTS

In this section we study the existence of solutions for the integral boundary value
problem of non-linear fractional differential equation. (1.1).By the fixed point theorem
from the theorem to prove the following.

Theorem 3.1. Let (B,d) be a complete rectangular metric space and F : B — B be an
a-admissible mapping. Suppose that there exists a function 6 : [0,00) — (0,1] such that,
0(t,) — 1 implies t, — 0, for any bounded sequence t,, of R and

< 0(d(u,v))d(p,v) + k. (3.1

for all p,v € B where k > 1. Suppose that either

(a)F is continuous, or

(b) if pn, is a sequence in B such that p, — p, a(fin, tins1) > 1 for all n, then a(p, Fu) >
1, then F has a fixed point.

(a(Fm, Fv) + n)“(“’f“)a("’f”)

Proof. Let g € B such that a(ug, Fuo) > 1. Define a sequence p,, € B by p, = Flin—1 =
FPlUp_o9 == F"ug for all n € N. If p, .1 = pp, for some n € N, then p = p, is a fixed
point for F and the result is proved. Hence, we suppose that p,+1 # u, for all n € N.
Since F is an a-admissible mapping and «(pg, Fpo) > 1, we deduce that

a(ﬂhﬂ@) = a(‘Fﬂm‘Fﬂl) >1
= a(Fpo, F’uo) > 1.
By continuing this process, we get a(un, Fp,) > 1. By the inequality (3.1), we have
a(pn—1,Fpn—1)o(pin,Fpn)
d(Fpin—1,Fpin) + £ < (d(}—ﬂn—l;}—ﬂn) +"“)

> e(d(ﬂn—la Mn)) : d(:un—lv Mn) + K,

A

then
d(pns pnt1) < g(d(ﬂn—lvﬂn)> “d(ptn—1, fin) (3.2)

which implies d(pn, pint1) < d(pin—1, tn). It follows that the sequence {d(un, pins1)} is
decreasing. Thus, there exists ¢* € RT such that lim d(py, finr1) = ¢*. We will prove
n—oo

¢* =0. From (3.2), we have

d(ﬂna Mn+1) S 9<d(,u/n+1a ,U/n)) : d(//fnfly ,U/n)

0(d(pnsr ) <1

&

(//"ru /”'n-{-l)
d(fin—1, tin)

IN

which implies lim H(d(,un,l, un)) = 1. Using the function’s attribute 6, we conclude
n—oo
that lm d(g,, 1) = 0. and we have,
n—oo

a(pn—1,Fpn—1)a(pn+1,F fnt1)
d(pn—1, Fpint1) + £ < (d(}—/‘nflv}-ﬂwrl) + ﬂ)
< 9<d(ﬂn—17ﬂn+1)) “d(pn—1, pns1) + K
then
d(pin, pnt2) < Q(d(,un,l,perl)) ~d(fn—1, fny1) (3.3)
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which implies d(pn, nt2) < d(pin—1, pin—2). It follows that the sequence {d(pn, pint2)} is
decreasing. Thus, there exists d* € RT such that lim d(u,, pny1) = d*. We will prove
n— oo

d* = 0. From (3.3), we have

d(/‘naﬂn+2) < g(d(ﬂn—l,ﬂrwl))'d(ﬂn—laﬂn—i—l)

d(ﬂn ) Nn+2)

< 9 d n—1ilsMn S ]-
d(,un—hﬂn+l) = ( (M 1y M +1))

which implies lim G(d(un_l,un+1)) = 1. Using the function’s attribute 6, As a result,
n—oo
we say lim d(un, tint1) = 0. Next, we will prove that u, is a Cauchy sequence. Con-
n—oo

trarily, assume that p, is not a Cauchy sequence. Then there is € > 0 and sequences
m(k) and n(k) such that, Vk € I, we have n(k) > m(k) > k, d(fin): fim(r)) > € and
d(fn (k) ,Um(k)q) < e. By the rectangular inequality, we derive that.

€ d(:un(k)v Nm(k))
d(fn(k)s Bm(k)—1) + d(Hmk) =15 Bmk)—2) T At k) =2, Bm(k))

€.

IN A IA

Taking lim as £ — 400 in the above inequality, we get
klggo d(ﬂn(k)v Nm(k)) =¢&. (3.4)
Again, by the rectangular inequality, we find that
(k) +1> Bm()+1) < A(fn(k)+15 Hnk)) + An(k)s Bmk)) + A(Bm (k) B (k)+1)

and

d(fn(kys Bmk)) < d(Hn(k)s Bnk)+1) T AEn) 115 L) +1) + A k) £15 Hm(k))-
Taking the lim as k — +o00, together with above inequality, we deduce that

A d(pn )15 (k) +1) = € (3.5)

From equation (3.1), (3.4) and (3.5), we have

IN

(k) s F Hn (k) (Hm (k) s F Hm(k))
AP (k)+15 Hm(k)+1) + 5 )

(d(}_ﬂn(k), Fon(k)) + K

IN

H(d(un(k), ﬂm(k))) A (k) Bm(k)) + K-
Hence,

AP (k) +1> Bom(k)+1)
d(fin (k) s Hom (k)
Letting t — +o0 in the above inequality, we get

That is, lim d(gn(k), tm(k)) = 0 < €, which is a contradiction. Hence p, is a Cauchy
n—o0

< e(d(ﬂn(k)num(k))> < 1.

sequence. Since B is complete, then there is w € B such that u, — w.
From (a) if F is continuous, then Fw = lim Fu, = lim p,41 = w. So, w is a fixed
n—oo n—oo

point of F.
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Next, suppose that (b) of theorem 3.1, them a(w, Fw) > 1. and inequality (3.1), we
have

a(w, Fw)-o(pnt1,F pint1)
A(Fw, i) + 5 < (d(Fw, Fringa) + )

< 0(dw, ) - dw, ) + 5

A

That is, d(Fw, pint1) < 9(d(w,un+1)) - d(w, tips1)- In summary li_>m d(w, int1) = 0.

Similarly, we get

d(]:Qwv ,un-‘rQ) tkK

IN

) a(Fw,F2w)-a(pinyo,Flini2)
(d(]: W, fint2) + ’f)

< 9(d(fw,un+2)) ~d(Fw, piny2) + K-
So, lim d(Fw, pint2) =0, and we have
n—oo
d(Fw,w) = d(Fw, pnt2) + d(pint2, fin+1) + d(finy1, w).
Letting n — oo in the above inequality, we get d(Fw,w) = 0, that is, w = Fw. [ |
To prove the existence of solution to (1.1), we need the following auxiliary lemma.
Lemma 3.2. Let u € C([0,T)]) the linear fractional boundary value problem.
“Dip(t) = y(t), t€[0,7]
T
p®0) =0, w(T) =7 [y p(s)ds,

whereg € (n—1,n), neN, k=0,1,...,.n—2
has a unique solution

(3.6)

T
ut) = / G(t, s)y(s)ds,
where

(t=8)T" ' (n—=TT)T" ' T (g+ 1) +nt" (T'r—sT—q)(T—5) " ifo<s<t<T
G(t,s) =

o (n*T;j)lT"*lF(qH)
A ifo<t<s<T.

Proof. From Lemma (2.4), we have

1 t
p(t) = 7/ (t—s)7y(s)ds + co + crt +eat® + -+ cuat"
I'(q) Jo
By the first condition in (1.1), we have
Co = C1 :CQZ-“CH,Q:O.
So,
1 ! 1 1
w(t :—/ t— )T y(s)ds + cp_1t" ",
()= g7 [, (= 97w
and

en1 = %(T /OT 1u(s)ds — ﬁ /OT(T — )1y (s)ds ).
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Thus,

W0 = g [ = s

+;7;—:11(T /OTM(S)ds - ﬁ /OT(T— S)q’ly(S)dS)

/oT pt)dt = ﬁ /oT /Ot(t —5)17 y(s)dsdt
T T Ty
+(T/0 p(s)dsr(lq)/o (T*S)qfly(s)‘is)/o ;T—tdt

T n T T -
/0 u(s)ds = =TT (F(ql—i— 0 /0 (T — s)%y(s)ds — nFT(q)/O (T —s)? 1y(s)ds).

Hence,

Let B = C(J,R), so that B is a Banach space and define the operator F : B — B by

T
Fult) = / G(t, ) f (s, (5))ds, (3.7)

then the problem (1.1) has solution if and only if the operator F has solution. In the
next step, we show the existence of solutions with Theorem 3.3.

Theorem 3.3. Suppose that

(i) There exists po € C(J,R) and function v : RxR — R such that u(uo(t), Fuo) >0

forallt € J=10,T] where F : C(J,R) — C(J,R) is defined by the operator (3.7).

(ii) For eacht € J and p,v € C(J,R), u(u(t),v(t)) > 0 implies u(Fu(t), Fr(t)) > 0.

(#ii) For eacht € J, if {un} is a sequence in C(J,R) such that i, — p in C(J,R) and
w(pn(t), pns1(t)) >0 for alln € N, then u(py,(t), u(t)) > 0 for all n € N.

Then, problem (1.1) has at least one solution.

Proof. Let B = C(J,R) is a rectangular metric space endowed with norm

dluv) = |[u=v|| = sup |ut)=v(t)]
t€[0,T]
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for all u,v € B, we present the operator F has a fixed point. We divide the proof into
two steps as follows:
step 1. show that F is a—admissible. Also define
alp,v) > 1 if w(p(t),v(t) >0, ted (3.8)
From Theorem 3.3 (i) and (é¢) there exists po € C(J,R) such that u(uo, Fio), for all
w,v € C(J,R) get that
ar) =1 = ulu(t),v(t) = 0
= u(Fu(t),Fr(t) >0
= aFu,Fr)>1.
Hence F is a-admissible.
step 2. F continuous. Let {p,} be a sequence in B and ¢t € J. From (3.1),we have

Pt = Fu)| +r < ([Fnle) = Futo)] +0) 7T

< 0 = pO)) - [ln®) = 0(0)] +
[ Frun®) = Fut)] < 0(|n(®) = p0)]) - [un(t) = ue)].
So,
[ Fpnt)y = Fut)]| < 00 |pn = sa] )+ {100 = ]| (3.9)

Since 6 is increasing function and 6 : [0,00) — (0, 1], hence 0 < 0(||un, — u||) < 1. From
(3.9), [1Fpn — Full< [[pn — pl| for {pun} € B and that is |, (t) — p(t)|— 0.

Hence, ‘]—'un(t) - fu(t)‘ — 0, as n — oo. Consequently F is continuous.
Moreover, from all conditions of Theorem 3.3 satisfied. We have the there exists
1o € C(J,R) and equation (3.9), we get that
apin, fint1) 21 = u(pn(t), pint1(t)) = 0
= u(,un—l(t)a ,un(t)) > 0

= u(po(t), pi(t)) =0
= u(po(t), Fro(t)) = 0
= alpo, Fuo) > 1.

As a result, the requirements of Theorem 3.1 are met. Thus, we draw the conclusion that
w* € C(J,R) exists and Fu* = p*. Hence p* is a solution of the problem (1.1). |

4. CONCLUSION

We prove and consider the existence of a solution to a non-linear fractional differential
equation with a non-local integral condition by finding new conditions of a fixed point in
rectangular metric space for certain a-admissible condition mapping.
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