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1. INTRODUCTION

Ideals in topological spaces are introduced by Vaidyanathaswamy/[13]. Further Noiri[4]
and many others[3, 5, 12] developed the concept of ideals in topological spaces. Several
ideals and the ideal topologies on the same topological space (X,7) are considered in
[12]. Various types of open sets are defined and many topological properties were studied.
In 1990, D. Jankovi¢ and T.R. Hamlett[5] introduced the notion of Z-open sets in ideal
topological spaces and studied their properties. Julian Dontchev [3] introduced and dis-
cussed the concept of pre-Z-open sets in 1999. Hatir and Noiri introduced|[4] the notion
of a-Z-open, semi-Z-open and (§-Z-open in ideal topological spaces and further discussed
their properties. Some collection of such open sets, such as semi-Z-open sets, do not form
a topology on X.

A collection of subsets of a topological space (X, T) with certain properties is defined
as an ideal and a topology 77 is developed on X so that the members of Z become closed
sets in the topology Tz. A collection G of subsets of a topological space (X,7) with
certain properties is defined as a grill[2] and a topology Tg is developed on X in [11].
From the construction, the topology 7¢g induced by a grill G may seem to have some dual
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properties of the ideal topology 7z. A. Kandil et al.[0] proved that the two topologies Tz
and Tg are same if Z is defined as the collection of all subsets which are not in G. But in
this paper we define a new topology 7p on X called the dual-ideal topology and study
its properties.

In Section 2 we recall some definitions and results from the literature; in Section 3 we
define a topology Tp called dual-ideal topology and discuss some properties and results.
In Section 4, we discuss the subspace topologies, product topologies, dual-ideal topologies
and their compositions.

2. PRELIMINARIES
Let us start with the definition of an ideal in a topological space.

Definition 2.1. [19] Let X be any set. A nonempty collection T of subsets of X satisfying
the following

i. IfA,Be€TZ, then AUB¢cT.
. If A€ T and B C A, then B € T.

is called an ideal T on X. If T is an ideal on a topological space (X, T), then the triplet
(X, T,Z) is called an ideal topological space or ideal space.

The collection Z(X) of all subsets of X and the collection {f} are some trivial examples
of ideals. We call {{} as the empty ideal. We note that the empty ideal is not an empty
set; it is the collection containing only one element, namely the empty set.

A closure operator on a set X is a function on £(X) taking A to A satisfying the
following conditions:

L 0=0 -
ii. For each A, AC A
iii. A=4 o
iv. For any A and B, AUB =AU B.
These four conditions are called Kuratowski closure axioms [7]. If “— is a closure op-

erator on a set X, F is the family of all subsets A of X for which A = A, and if 7 is
the family of complements of members of F, then 7 is a topology on X and A is the
T-closure of A for each subset A of X. This topology is called the topology generated by
the closure operator “ — 7.

Throughout this paper X will denote a topological space, 7 will denote a topology on
X and 7 denote an ideal on X, unless otherwise specified. Members of 7 are called T-open
sets. If (X,7T) is a topological space and z € X, T (z) denote the set {U € T/x € U},
the collection of all open sets containing x.

Definition 2.2. [5] Let A be a subset of (X, T). Define
A* ={reX /UNAET for everyU € T(x)}.

(Z,7)

Let A= AU A*(I,T . Then “—71is a Kuratowsk:i closure operator which gives a topology
on X called the topology generated by I and denoted by Tz. Members of this topology is
called an Tz-open sets.

This topology 7Tz is usually finer than 7. Now let us see the definition of a grill in a
topological space.
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Definition 2.3. [/1] Let X be any set. A nonempty collection G of subsets of X satisfying
the following
i. 0¢G.
. If A€ G and AC B, then B€G.
1. If AUB € G, then either A€ G or B € G.

18 called a grill on X.

Definition 2.4. [11] Let (X, T) be a topological space and G be a grill on X. Let A C X.
Define

P5(A)={xeX /UNA€EG for every U € T(z)}.
Let (A) = AUDP(A). Then “9” is a Kuratowski closure operator which gives a topology
on X called the topology induced by a grill G and denoted by Tg. Members of this topology
is called an Tg-open sets.

A lot of theory in ideal topological spaces is developed using grills (See for example
[1, 10]). But A. Kandil et al. proved that the two concepts coincide (See Theorems 2.1,
2.2, Corollary 2.3 and Remark 2.10 of [0]).

3. DUAL-IDEAL TOPOLOGICAL SPACES

It is easy to prove that the collection {U — I /U € T and I € T} is a basis for the
topology 7z. The basis elements are formed by removing members of Z from members of
T. In this paper we are going to define a basis by adjoining members of Z with members
of 7 and study the topology Tp generated by this basis. Further the members of Z are
closed in Tz; but in the topology 7p members of Z will be open. These are some of the
reasons to call the topology 7p as dual-ideal topology.

Definition 3.1. Let (X, T,Z) be an ideal topological space. The topology Tp generated by
the basis TUZ on X is called the dual-ideal topology with respect to the ideal T. Members
of this topology are called D-open sets with respect to the ideal T and their complements
are called D-closed sets with respect to the ideal L.

Remark 3.2. The collection Z={VUI/V € T,I € I} of subsets of X is also a basis
for the same topology Tp. When there is no ambiguity we simply write D-open instead of
writing D-open with respect to the ideal T.

The following properties can be proved easily.
e Members of Z and members of 7 are D-open.
e If 7 is the empty ideal, then T = Tp.
e The topology Tp is strictly finer than 7 whenever Z contains a non open set.
e The concept of D-openness and Tz-openness are independent to each other as
seen below.

Let X = {1,2,3}, T = {0, X,{1},{1,2}}, Z = {0,{1},{3},{1,3}}. Then
Tr = {0,X,{1},{2},{1,2},{2,3}} and the D-open sets with respect to Z are
{0, X, {1}, {3},{1,2},{1,3}}. It is clear that {2} is Tz-open but not D-open and
also {3} is D-open but not Tr-open.

e If 7; and Z, are ideals on (X, T) such that 7y C Zy, then Tp, C Tp,.

Theorem 3.3. Let {Z1} and {Z2} be ideals on (X,T). Let T =11 NZy. Then
To = Tp, N Tp,.
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Proof. Considering the bases Z={VUI/V €T, I €I}, % ={VUI/VeT,IcT}
and By = {VUI/V € T,I € Iy} for Tp, Tp, and Tp,, as T C Z; and Z C Ty, we see
that Tp C Tp, and Tp C Tp,. Therefore Tp C Tp, N Tp,.

On the other hand, let A € Tp, N Tp, and let © € A. Since #; and HBs are the
bases of Tp, and Tp, respectively, there exist V1,Va € T, I1 € Z; and Iy € T such that
reViUl CAandxeVoUl, CA Let V=V, UV, and I = I N I5. Thus there exist
V €T and I € T such that x € VUI C A. Therefore A € Tp and hence Tp = Tp, N Tp,.

[ |

Let {Z,} be a collection of ideals on a topological space (X, T). In [12], it is proved that
the intersection of topologies generated by ideals is larger than the topology generated
by the intersection of ideals and an example is given to prove the occurrence of strict
inequality. This is not so in the case of dual-ideal topologies. In fact, in the dual-
ideal topological theory, the intersection of topologies generated by ideals is equal to the
topology generated by the intersection of ideals as seen in the following theorem.

Theorem 3.4. Let {Z,} be a collection of ideals on (X,T). Let T = NZ,. Then the
dual-ideal topology Tp with respect to T on X and the intersection of dual-ideal topologies
Tp,, with respect to Z, on X are the same. That is,

Tp = ﬂTDQ.

Proof. Let % and %, be bases for Tp and Tp,_ as described in Remark 3.2. Let A € Tp.
As T C7,, we have Tp C Tp,, for every o and hence A € NTp, .

To prove the another inequality, let A € NTp,, and let x € A. Then A € Tp,, for every
a. Since A, is the basis of Tp_, there exist U, € T and I, € T such that z € U,UI, C A.
Let U = UU, and I = NI,. Thus there exist U € T and [ € Z such that x e UUI C A
and hence A € Tp. Therefore Tp = NTp,,. |

The union of a chain of ideals is always an ideal, but the union of an arbitrary collection
of ideals need not be an ideal. If {Z,} is a collection of ideals on X, then the collection
P(X) of all subsets of X is an ideal containing all members of all the ideals Z,; so, the
family % of all ideals on X containing all members of all Z,’s is nonempty and hence
the intersection of all ideals in % is the smallest ideal containing all members of all these
ideals Z,,. So, for any collection of ideals there exists a smallest ideal containing all these
ideals.

In [12] it is proved that, if {Z,} is a collection of ideals and if Z is the smallest ideal
containing all Z,,’s, then Z is the collection of all sets formed by taking the union of finitely
many members from UZ,.

Theorem 3.5. Let {Z,} be a collection of ideals on (X, T). Let T be the smallest ideal
containing all Z,’s. Let Tp, be the dual-ideal topology with respect to Z, and Tp be the
dual-ideal topology with respect to Z. Let Ty be the smallest topology containing oll Tp,,’s.

Then Tp = Tp.

Proof. As {Z,} is a collection of ideals and 7 is the smallest ideal containing Z,,’s, Z, C T
and hence 7p, C Tp for all a. As Ty is the smallest topology containing all 7p s,
To € Tp.

On the other hand, let us assume that A € Tp and z € A. As T UZ is a basis for the
topology Tp, there exists B € T UZ such that x € B C A.
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If B €T, then B € Tp, for all . Thus we see that there is an open set B in Tp_ such
that x € B C A and hence A € Tp, for all a. Therefore A € Ty.

If B¢ T,then B €T and hence B=K;UKyU---UK,, where K; € Z,,. As K; € Z,,,
we have K is open in Tp, and hence K; is open in 7. As K; is open in Ty, B € To. Thus
we see that there exists an open set B in Ty such that x € B C A. Therefore A € Ty. In
both cases, we proved that 7p = 7.

|

It is well known that the union of a collection of topologies need not be a topology.
Even if the collection of topologies is a chain, the union need not be a topology. However
if {Tp,_} is a chain of topologies, which are dual-ideal topologies generated by a chain of
ideals, then the union is a topology as seen in the following corollary.

Corollary 3.6. Let {Z,} be a chain of ideals. Let To = UTp, and T = UZ,. Then
Tp = To and hence Ty is a topology.

4. SUBSPACES AND PRODUCT SPACES

If 7 is an ideal on a set X and if Y C X, then Zy = {ANY / A € I} is an ideal
on Y. Let (X,7) be a topological space. Let Y C X and Z be an ideal on X. Then
(Y, Ty) is a subspace. From the ideal Zy and the topology Ty, we construct the dual-
ideal topology (Ty)p, on Y. On the other hand, using the ideal Z and T, we form the
dual-ideal topology Tp on X; as Y is a subset of X, we have the subspace topology (7p)y
on Y. In the following theorem we prove that these two topologies (7p)y and (Ty )p, on
Y are same.

Theorem 4.1. Let (X,T,Z) be an ideal topological space, Y C X. Then the subspace
topology (Tp)y of the dual-ideal topology Tp on'Y and the dual-ideal topology (Ty )p, of
the subspace topology on'Y are the same. That is, (Tp)y = (Ty)py -

Proof. Let TUZ and Ty UZy be bases for Tp and (7y)p, as described in Definition 3.1.
Let A € (Tp)y and let x € A. Then A=UNY for some U € Tp in X. Asz € A, we
have r € UNY. Since x € U and U € Tp, there exist B € 7 UZ such that x € B C U.

If Be T, thenlet V= BNY. Thus there exists V € Ty UZy such that x € V C A.
Therefore A € (Ty)p, -

If B¢ T,then BeZ. Let J=BNY. Clearly J € Zy. Thus there exists J € Ty UZy
such that x € J C A. Therefore A € (Ty)p, . In both cases, A € (Ty)p, -

To prove the other inequality, let A € (Ty)p, and let z € A. Then there exists
B € Ty UZy such that x € B C A.

If B € Ty, there exists V, € T such that B = V, NY. Let W = L;Vx. Clearly

A=WnNY for an open set W in Tp in X. Hence A € (Tp)y.

If B ¢ Ty, then B € Zy. Thus there exists I € Z such that B =INY. Clearly I is
open in Tp. Thus there exists B € (7p)y such that x € B C A and hence A € (Tp)y. In
both cases A € (Tp)y. Therefore (Tp)y = (Ty)p, - |

If @ and £ are collections of subsets of sets X and Y, then the collection &/ x & =
{Ax B/ Aec o, B e A} is called the product of & and . If Z; and Z, are ideals on
X1 and X5, then 77 X Zy need not be an ideal on X; x X5. However we can associate
an ideal 7y ® 7o on X X Y in a natural way. The ideal Z; ® Z is defined as the smallest
ideal containing 77 x Zy which can be obtained as the intersection of all ideals containing
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Ty x Iy. If {%,} is a collection of subsets of X, then the collection of all ideals containing
{%,} is nonempty as Z(X) is one such ideal, and the intersection of all such ideals is the
smallest ideal containing {%,}. We can construct the ideal using the following lemma.

Lemma 4.2. Let € be a collection of subsets of X and let 2 be the collection of all
subsets of all members of €. If J is the collection of all subsets of X formed by taking
the union of finitely many members from P, then J is an ideal.

As the proof is routine we skip the proof.

Let (X1,71) and (X3, T2) be topological spaces and let Z; and Z, be ideals on X; and
Xs. Using the ideals Z; and Z,, one can construct the dual-ideal topologies ’7'1731 on X3
and 7'2D2 on Xo. Let '7'17)1 X 7'292 be the product topology on X7 X X5 obtained in the
classical sense. Now 77 x 75 is the product topology on X7 x X5. Using the ideal Z; ® 75,
one can construct the dual-ideal topology (71 X T2)p, xp, on X1 x X3. In the following
theorem we prove that (7; X T3)p, xp, i$ contained in ’Tlpl X 75D2.

Theorem 4.3. Let (X1,71,7Z1) and (X2, T2,Z2) be two ideal topological spaces. Then the
dual-ideal topology (T1 X Ta)p,xD, 0f the product topology on X X Y is contained in the
product topology Ti,, X Tap, of the dual-ideal topology on X XY . That is, (TiXT2)pyxDs C
Tip, X Top, -

Proof. Let Bxxy be the basis for (T; X T2)p, xp, as described in Remark 3.2. That is,
PBx «y consists of the sets of the form U U I such that U € 71 x Ta and I € 71 ® Z,. Let
A€ (T1 X Ta)p,xp, and let (z,y) € A. Then there exist U € Ty x Ta and I € 7; ® T
such that (z,y) e UUI C A. Since I € 7; ® Ty, we have I = K; U Ko U --- U K,, where
K; CA; x B; and A; € T, B; € Is.

If (z,y) ¢ I, then (x,y) € U. Since U € T1 x T3 and (z,y) € U, there exist V; € Ty
and V5 € T such that (z,y) € Vi x Vo C U. Then we have V; € 71D1 and V5 € TQDZ such
that (z,y) € V4 x V5 C A. Therefore A € Tip, X T2p,-

If (z,y) € I, then (x,y) € K1UKyU---UK,, where K; C A; x B; and A; € I;, B; € I,.
Without loss of generality we assume that (z,y) € K;. Then z € A; and y € B;. Let
us take Wy = {z} and Wy = {y}. As W, and W5 are in Z; and Z, we have W; and
Ws are open in lel and 7—2D2. Thus there exist W7 and W5 in 7'11,1 and TQD2 such that
(z,y) € Wi x Wy C A and hence A € Ti, X T2p,. In both cases, A € Ti,, X Tap, -
Therefore, (71 X T2)p,xD, < TlDl X EDz. [ |

The following example shows that strict inequality may hold in the above theorem.

Example 4.4. Let X1 = {1,2}, Xy = {1,3}; let T = {0, X1,{2}}, T2 = {0, X2} be
topologies on X1 and Xo. Let Ty = {0,{1}}, Zo = {0}. Then Z; and I are ideals on X;
and Xo. Then

Tin, = {0.X1,{1},{2}}
T2, {0, X}
(Ti x T2)pixp, = {0, X1 x X2,{(2,1),(2,3)}}
Tin, X Tap, {0, X1 x X5, {(1,1),(1,3)},{(2,1),(2,3)}}.

Thus (71 X 7§)D1><D2 - 7191 X ,T?DQ'
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Now we have three ways to form new topologies, namely, finding subspace topology,
product of topologies and dual-ideal topologies. We denote these operations by the sym-
bols S, P and D. If (X,7) is a topological space and Y C X, then by S(X,7T,Y) we
mean the subspace topological space (Y, Ty) induced by Y on (X, 7). If (X;,71) and
(X2, T2) are topological spaces, then by P((X1,71), (X2, 72)) we mean the product topo-
logical space (X1 X Xo,T; x T2). If (X, 7T) is a topological space and Z be an ideal on X,
then by D(X,7T,Z) we mean the topological space (X, Tp).

Let (X1,71) and (X2, T2) be topological spaces and let Z; and Zy be ideals on them.
Then 77 X T is the product topology on X; X X5 and 77 ®Z is an ideal on X7 x X5. Using
this ideal we form the dual-ideal topology (71 X T2)p,xp, on X7 x Xo; we denote this
space as DP ignoring the arguments. On the other hand, we can compute the product
topology (T1)p, X (T2)p, on X7 x Xs; we denote this space as PD. Similarly we can give
meanings to SP,SD,SPD,DPS,.... With this notation Theorems 4.1 and 4.3 can be
stated as DP C PD and SD = DS. The classical theory of topology it is proved that
SP = PS (See Theorem 16.3 in [9]).

We have six different permutations, SPD,SDP, DPS, DSP, PSD,PDS, of the three
operators S, P, D, and thirty different two permutations of these six triplets giving the
relationship between them like SPD C PDS,PDS C SPD,SDP C SPD and so on.
Now we see all the thirty relations one by one.

In the following theorems we omit the arguments which can be easily understood. For
example, we write SPD = PDS instead of writing,

Let Z; and Z» be ideals on (X7, 7;1) and (X3, 72). Let Y7 and Y> be subsets
of X1 and X5. Then the topologies (Ti,, X T2p, )vixy, and (Tiy, ), X
(7-2Y2)D2Y on Y] X Y5 are same.

2

The theorems which we are going to prove now, with the notations explained above,
can be consolidated as

PDS =SPD=PSD D2>SDP=DPS=DSP
Theorem 4.5. PDS = SPD.
Proof. We have to prove that

(7—1Y1)D1Y1 X (75y2)D2Y2 = (Tip, X T2p, )vixvs-

Let 71 UZy, T2 UZs, lel UZy,, and 7'2Y2 UZs,, be bases for 7'11,1, 7-2D2, (7-1Y1)D1Y1 and
(7-2y2)D2Y2 respectively as described in Definition 3.1. Let W € (’7'1y1)ply1 X (7'2y2)172y2
and let (z,y) € W. Then there exist open sets U and V' are in (7-1Y1)'D1Y1 and (EYZ)Dzyz
such that

(x,y) eUxV CW.
Since x € U and U € (lel)plyl, there exists By € Tiy, UTy,, such that z € By C U.
Similarly, there exists Bz € Tay, UZs,, such that y € B C V.

If By € Tiy, and By € Tay,, then there exist open sets G1 € 71 and G2 € Tz such that
By = GyNY; and By = Go NY,. Clearly G; and G2 are open in 7'1731 and 7'2D2. Let
O = (G1 x G2) N (Y1 x Y3). Thus there exists an open set O in (71, X T2p, )v;xy, such
that (z,y) € O C W and hence W € (Tip, X Tap,)vixvs-

If B € Ilyl and By € Iyy,, there exist I} € Z; and I € Z, such that B; = I; NY; and
By = I, NY5. Then I; and Is are open in Tlvl and 7§D2. Let O = (I x L) N (Y1 x Y3).
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Then there exists an open set O in (71, X Ta2p,)vixy, such that (z,y) € O C W and
hence W € (Tip, X Tap, )vixvs-

If B; € ﬂyl and By € Iyy,, there exist V; € 7 and Iy € Iy such that By = V1 NY; and
By = I, NY5. Then V7 and I are open in Tlﬁl and TQDZ. Let O = (V1 x I) N (Y7 x Y>).
Then there exists an open set O in (71, X T2p,)vixy, such that (z,y) € O C W and
hence W € (Tip, X T2p, )vixvs-

If B; € Ilyl and By € Tay,, then an argument similar to the above case holds. In all
cases, we proved that

(ﬂYI)Dlyl X (Eyz)Dzyz - (71D1 X E’DZ)Y1XY2'

To prove the other inequality, let us assume that W € (Ti,, X Tap,)vixy, and let
(z,y) € W. Then there exists W1 € Ti, x Tap, such that W = Wi N (Y1 x Y3). Since
(z,y) € W, we have (z,y) € W1. Thus there exist U, € Ti, and V, € Ta,, such that
(z,y) € Uy x V,, C W;. Since x € U, and U, € Tip, , there exists By € T UZ; such that
x € By C U,. Similarly, there exists By € T UZy such that y € By C V.

If Bi € 71 and By € 75, then let G = By N Yy, Go = By NY,;. Therefore Gy
and Go are open in 7'1Y1 and 7'2y2 and hence GG; and G5 are open in (7-1Y1)D1y and
(Tay, )D2y2 . Thus there exist two open sets G and G in (71, )D1Y1 and (Tz,, )D2y2 such
that (x,y) € G1 x G2 C W and hence W € (Ti,, )Dlvl X (7'2Y2)DQY2.

If By € 71 and Bg € 1o, then let J, = By NY7, Jo = BoNY5. Therefore J; and J, are
in Z,, and 7y, and hence J; and J; are open in (lel )DIY1 and (’TQY2 )D2Y2. Thus there
exist two open sets J; and Jp in (T1y, )p,, and (7ay,)p,, suchthat (z,y) € JixJo CW

1 2
and hence W € (7]},1)171’,1 X (Tay, )D2y2'

If By € 71 and By € Io, then let G; = B1NY7, Jo = BoNYs5. Therefore Gy € 7'1),1 and
Jo € Iy, and hence G and J» are open in (71, )D1Y1 and (7’2Y2)DQY2. Thus there exist
two open sets G1 and Jz in (Tiy, )p,, and (72, )p,, such that (z,y) € G1 x Jo C W

1 2
and hence W € (7]‘,1)91},1 X (Tay, )D2Y2.

If By € Z; and By € T, then an argument similar to the above case holds. In all cases,
we proved that

W e (7—1Y1 )Dlyl X (EYQ )D2Y2'
Therefore
(7—1Y1)D1Y1 x (7—2Y2)D2Y2 = (7—1731 X 7—2172)3’1 XY+

Theorem 4.6. SPD = PSD.

Proof. We have to prove that
(71D1 X 7-2D2)Y1 xYy = (7-1171 )Y1 x (EDZ)YT

Let W € (Tip, X T2p,)vixy, and let (z,y) € W. Then, there exists W1 € Ti, X Tap,
such that W = W7 N (Y1 x Ya). Since (z,y) € Wi, there exist U, € Tip, and Vy € Top,,
such that (z,y) € Uy x V,, C W;. Let G1 = U, NY; and Gy = V,, NY5. Thus there exist
open sets G and Gg in (71, )y; and (Tz2p, )y, such that (z,y) € Gi x G2 C W and hence
We (7—1D1 )Yl X (7—2D2)Y2'

On the other hand, let us assume that W € (Ti, )v; X (T2p, )y, and let (z,y) € W.
Then there exist U, € (Tip, )y, and V, € (Tap,)y, such that (z,y) € U, x V,, € W.
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Since Uy € (Tip, )y, and Vy, € (Tap, )y, there exist G € Ti, and H, € Ta,, such that
U, =G,NY,and Vy = HyNY,. Let G =UG, and H = UH,,. Clearly G and H are
in Tip, and Tap,. Let O = (G x H) N (Y1 x Y2). Since G x H is open in Ti, X Tap,,
O € (Tip, X Tap,)vixY,- Thus there exists an open set O € (Ti,, X T2p, )y xv, such that
(z,y) € O C W and hence W € (Tip, X Tap,)vixy,. Therefore

(7-1131 X 7—2D2)Y1 xYs = (7—1D1 )Yl X (7—2D2)Y2'

Theorem 4.7. SDP C PSD.
Proof. We have to prove that
(Ti X T2)DyxD2)vixys = (Tip, )i X (T2p, )vs

Let W € ((Ti XT2)Dy xDs ) vy x v, and let (z,y) € W. Then there exists W1 € (T1X72) D, xD»
such that W = Wy N (Y7 x Y3). Since Wy € (T1 X T2)p,xp, and by Theorem 4.3, we
have Wi € Tip, X Top,. Since (z,y) € Wy, there exist U; € Tip, and Vi € Tap, such
that (z,y) e Uy x V1 CWq. Let U=U1NY; and V =V, NYs3. Then U € (711,1)1/1 and
Ve (75D2)y2. Since Uy x Vi C Wy, we have (U1 NY7) x (ViNY;) =U xV C W. Thus we
get open sets U € (Tip, )yv; and V € (Tz2p, )y, such that (z,y) € U x V.C W and hence
W € (Tip,)vi X (T2p,)v,- Therefore

((7—1 X 7—2)D1><D2)Y1><Y2 c (7-1D1 )Yl X (7-2732 )YQ

The following example shows that strict inequality may hold in the above theorem.

Example 4.8. Let X; = {1,2,3}, X5 = {1,2,4}, Y7 = {1,3} and Y2 = {1,2}; let
Ti=1{0,X1,{1},{1,2}}, Ta = {0, X2, {1}} be topologies on X1 and X5. Let Z; = {0,{3}},
Iy ={0,{4}}; then Iy and Iy are ideals on X1 and Xs. Then

_ Q?Yl 5/2’{(1’1)7(172)’(371)}
(T X To)oixa)vixys = { X{(l,n,<3,1>},{<1,1>7<1,2>},{<1,1>}}
Q)ayl X Y27{(17 )a(1’2)7(3a1)7(372)}a
~ {(1,1), (1,2), (3, D)}, {(1.1), (3, 1), (3,2)},
Tio ) X (Ten )2 = (1), 3 DL AL, (1L} {(3,1), (3.2},

(L)} {3.1)).

Thus ((7-1 X 7-2)D1><D2)Y1><Y2 - (7—1731 )Yl X (7—2D2)Y2
Theorem 4.9. SDP = DSP.

Proof. From Theorem 4.1, it follows that

((7—]‘~ X E)Dl XDz)Y1XY2 = ((7?[ X B)Yl XYQ)DlYI XD2Y2 .

Theorem 4.10. DSP = DPS.
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Proof. In the classical theory of topology it is proved that SP = PSS (See Theorem 16.3
n [9]). That is

(7-1 X 7-2)Y1><Y2 == 7—1y1 X 7-2y2 (4.1)
From this it follows that

(Ty X T2)vixv2)D1y, xDay, = (Thy, X Tay, ) D1, x5y, -
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