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Abstract The main goal of this work is to establish some new comparison theorems for oscillation of
solutions to the third order nonlinear differential equations with neutral terms of the form

n "
[T(t) {(I(t) + Zpi(t)x(m(t))>
i=1

are presented. We give several Theorems and related examples to illustrate the main results.

i

+q(t)z? (o(t)) = 0,
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1. INTRODUCTION

This work is concerned with oscillation behavior of a class of third order nonlinear
neutral differential equation

"nq

r(t) || «(t) + Zpi(t)x(m(t)) +q(t)z"(a(t)) =0, (E)

where n > 0 is an integer, ¢(¢t), o(¢), pi(t) and 7;(t) are continuous differentiable on
[to, +00). Throughout this paper it always assume the following conditions hold:
(C1) v is a quotient of odd positive integers, r(t),¢q(t) > 0, 0 < p;(t) < a; < oo for
i=1,2,..n
(C3) mioo=oom, ni(t) >N\ >0fori=1,2,...,n;and lim o(t) = o0, o(t) < t;

t—+o0
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and, moreover

lim R(t) =00, R(1) :/t rl%(s)ds. (1.1)

t—o0

We set

t)+ Zpi(t)z(m(t))~ (1.2)

By a solution to (E), we mean a function z(t) in C?[T},, 00) for which a(t)(Z”(t))” is in
C![T,,0) and (E) is satisfied on some interval [T}, 00), where T}, > to. We consider only
solutions z(t) for which sup{|x(¢)| : ¢ > T} > 0 for all T > T,. A solution of (E) is
called oscillatory if it has arbitrarily large zeros on [T}, c0) and otherwise, it is said to be
non-oscillatory. The equation itself is called oscillatory if all its solutions are oscillatory.

Of late, much attention is being paid in the research activities related to oscillation and
asymptotic behavior of various types of differential equations. As a result innumerable
research papers [1-8] as well as several monographs [1, 6] had been published and the
references quoted therein.

Recently, C. Zhang et al. [13] studied the oscillatory behavior of the following second
order differential equation

(r(®O1Z' (O (1) + a(®)lx(o(t)* 2 (o(t) =0
where z(t) is defined in (1.2), under the assumption of (1.1) and T. Li et al. [9] also studied
the above equation in the case of lim;_,~, R(t) < co. In third order, B. Baculikovd et al.
[2], E. Thandapani et al. [12] and J. Dzurina et al. [5] were studied several oscillation
results for equation
(rOE"@)") +g(B)a(o(8) =0,

by the condition of (1.1). B. Baculikovd and J. Dzurina [3] investigated oscillatory theo-
rems of above neutral equation if v = 1 via comparison principle.

In this work, we improve and extend the main results of [3] and use the techniques in
[13] to obtain criteria of (E). In the sequel, all inequalities are assumed to hold eventually,
that is, for all ¢ large enough. Without loss of generality, we can deal only with the positive
solutions of (E).

2. MAIN RESULTS

For our further reference, let us denote

Q(t) = min{q(t),q(m(t)), .., q(n. (1))} (2.1)
Rilt,th] = R(t) — R(t1) 2.2
RQ [t, tl] = R1 [8, tl] ds (23)

t1

To obtain sufficient conditions for the oscillation of solutions to (E), we need the the
following lemmas.

Lemma 2.1. Let v > 1. Assume u; >0 fori=1,2,....n . Then
(Zm) <(n+1)"" 1Zu (2.4)
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Proof. Consider a function g(u) = u”. Since g’ > 0 for u > 0, function g(u) is convex,
hence using Jensen’s inequality, we obtain (2.4). |

We now give oscillation results when (1.1) holds.

Theorem 2.2. Let nz( y>t fori=1,2,..,n and v > 1. Assume that

/tl/ 1/7 / Qs ds " dudy = oo (2.5)

and the first order delay differential equation
W) 4 QB (Rolo(t).ta))”
(n+1) (1+Z’Ll z 7 )

is oscillatory, then every non-oscillatory solution of (E) satisfies lim;—, o z(t) = 0.

w(o(t)) =0 (2.6)

Proof. Assume, for sake of contradiction, x(¢) has an eventually positive solution of (E)
on [tg,00). Then from (C7) and (C3) the corresponding function Z(t) satisfies

Z(o(t) = [x(d(t))+Zpi(0(t))x(m(0(t)))1

[x(a(t)) + Z a; x(m(o(t)))l

1 X O
- <n+1>lx <f’<t>>+§aix<a<m<t>>>]. (2.7)

On the other hand, it follows from (E) that

(r)(2"®)") + a2 (o(1)) = 0, (28)

which yields,

0 = 3t (O (20w 0)) + 3 et ) (1)

IA

> Z%(“ i<t>>(Z"<m<t>>)”) £Y O (otnl). (29

/ L

+ )+ Za q(ni(t))a” (o (mi(t))) <0

(r (27 @)") + 3% () (270

+min{q(t), g(n(8)), .- a(mn(t))} [w”(a(t)) +> a] x”(a(m(b‘)))] <0
i=1
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(r (2" ”) +Z ( ) (Z" (mit )>)7),+(nf(1t))”127(0<t)) <0, (210

where Q(t) defined in (2.1). Assumption of (1.1), there exists following cases

Zt)>0, Z'(t)>0, Z"(t)>0, and (r(t)(Z"(t)") <0, (2.11)
or

Z(t)>0, Z'(t)<0, Z"(t)>0, and (r(t)(Z"(t))") <0, (2.12)

for t > t1, t; is large enough. Assume (2.11) holds. Since Z(t) > 0 and y(t) =
r(t)(Z"(t))Y > 0 is decreasing, we obtain

! ¢ 1 " ¥11/~ 1/~ ! ds _ /)y
202 [ e @ s =y [ =y wmin)

Integrate above from ¢ to ¢, yields

Z() > /tyl/v(s)Rl[s,tl]ds > g1 (8) /t Rils,t1] ds.

That is,
a(t) K N

2(0() = y(o(t) ( | msal ds> = Yo (1) (Ralo(t). 1)) (213)

Combining (2.13) together with (2.10), we get that y(t) is a positive solution of
Sal o)y QW ;

(y(t) + Z i?/(%(ﬂ)) + W(Rz[ﬂ(t),h]) y(o(t)) <0. (2.14)

Let us denote
wlt) =0+ 3 Sy o). (2,15

Since y(t) decreasing and n;(t) > t that

< (1 + Cﬁ) y(t)
i=1 "

Using latter inequality into (2.14), which yields

Q(1) (Ralo(t), 151])7 wlo
T (a0 =

it follows from Theorem 1 in [11], we get w(t) is a positive solution which contradicts to
(2.6).

w'(t) +
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Assume (2.12) hold. Since Z(t) > 0 and Z'(t) < 0, then there exists tli}m Z(t)=¢>0.
oo
We claim that £ = 0. If £ > 0 , then an integration of (2.10) from ¢ to oo leads to

(2"t +Z*rm 2" > lwwzv<<>>ds

n+1)r—1

I >
W‘m_l/t Q(s) ds. (2.16)
Since y(t) = r(t)(Z"(t))" decreasing and 7;(t) > ¢, then
oo (14355 ) 2 @ or + 3o oo,

Which in view of (2.16) provides,
—1
) / Q(s)ds
¢

(00 > mHW*G+;

n —1/y oo 1/v
VA g
Z//(t) > 7”771 (1 + ; C;\Z) Tl/’ly(t) [/t Q(s) ds] .

(n+1)

Integrating again from ¢ to co, we have

[

a.
7

>

1/~

w0z g (0 55) [ |[eoe] e

Integrating from ¢; to ¢, we obtain

e o) I Al AR

This contradicts ( .5) and hence ¢ = 0.
|

Corollary 2.3. Let n;(t) > t fori = 1,2,...n and v > 1. Assume that (2.5) holds.
Further, assume that

lim inf t Q(s)(Rz[o(s),t1])7 ds > M (1 + z”: ﬂ) (2.17)

t—o0 o’(t) e
then every non-oscillatory solution x(t) of (E) satisfies tlim z(t) = 0.
— 00
Proof. Tt follows from Theorem 2.1.1 in [10] that the associated delay differential equation
(2.6) also has a positive solution, which contradicts the oscillatory nature of (2.6). ]

Example 2.4. Consider,

(t)+1(t 3—)+1(t+ =) W+1(t )=0 t>1 (2.18)
nTy 9/ T3ty gtV TR = '
where r(t) =1, v=1, q(t) =1/6, o(t) =t —m, p1(t) = 1/2, p2(t) =1/3, 1 =t — 37/2
and ny = t+ 7/2. It is not hard to verify all conditions of Corollary 2.3 are satisfied.
Hence, every non-oscillatory solution of (2.18) satisfies limy_,oo x(t) = 0.
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Theorem 2.5. Let o(t) < n;(t) <t fori=1,2,...n and (2.5) holds. Assume that the
first order delay differential equation
Ralo(t),t1])”
w'(t) + o f(lt))w—l ( 2[075 : j,])q
(1 +> o al ) )

=1 """

w(n™ (o(1)) =0, (2.19)

where n(t) = min{n;(t),i = 1,2,...,n} and n=1(t) is inverse function of n(t), is oscillatory,
then every non-oscillatory solution of (E) satisfies lims o 2(t) = 0.
Proof. Assume, for sake of contradiction, x(¢) has an eventually positive solution of (E)

on [tp,00). Then using the same arguments as in the proof of Theorem 2.2, we assume
that (2.11) holds, y(t) = r(¢)(Z"(t))Y > 0 satisfies (2.14). Let us denote w(t) = y(t) +

S i—jy(m(t)) Since y(t) decreasing and n;(¢t) < t that

wlt) =y + 3 55 (2.20)

Substituting (2.20) into (2.14), it follows from Theorem 1 in [11], we get w(t) is a positive
solution which contradicts to (2.19). Next, Assume (2.12) holds, we get lim; o, 2(t) = 0.
|

Corollary 2.6. Let o(t) <n;(t) <t fori=1,2,...,n andy > 1. Assume that (2.5) hold.
Further, assume that

t .
1iggf/71(g(t)) Q(s)(Ra[o(s), t1])" ds > % (1+ ; “—) (2.21)
then every non-oscillatory solution x(t) of (E) satisfies tliglo x(t) = 0.

Proof. Tt follows from Theorem 2.1.1 in [10] that the associated delay differential equation
(2.6) also has a positive solution, which contradicts the oscillatory nature of (2.19). 1
Remark. If vy =1 and n =1, then all the above results are reduce to [7].

Example 2.7. Consider,

2t

e
+ t—5x3(t/2) =0 t>1, (2.22)

3
. 1 1 1

where r(t) = €t, v = 3, q(t) = e /t5, o(t) = t/2, p1(t) = 1/3, p2(t) = 1/5, 1 = t/2 and
o = 2t/3. It is not hard to verify all conditions of Corollary 2.6 are satisfied. Hence,
every non-oscillatory solution of (2.22) satisfies limy_, oo z(t) = 0.
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