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1. INTRODUCTION

The concept of fuzzy sets was introduced initially by Zadeh[17] in 1965. George and
Veeramani [3] modified the concept of fuzzy topological spaces induced by fuzzy metric
introduced by Kramosil and Michalek [3] and Grabiec[5] and proved the contraction prin-
ciple in the setting of fuzzy metric spaces. Many authors,for example,[2, 5, 6, 9, 10, 12,

, 16] have proved fixed and common fixed point theorems in fuzzy metric spaces.

We donote R, R" and N for the sets of real numbers, non-negative real numbers and
natural numbers respectively.Now, we give the following preliminaries.

Definition 1.1([14]). A binary operation x* : [0,1] x [0,1] — [0, 1] is a continuous
t-norm if it satisfies the following conditions:

(1) * is associative and commutative,
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(2) * is continuous,
(3) ax1=uaforall a €[0,1],
(4) a*xb < cxd whenever a < ¢ and b < d, for each a,b,¢,d € [0,1].

Two typical examples of a continuous t-norm are a * b = ab and a * b = min{a, b}.
We use the following definition due to George and Veeramani [3].
Definition 1.2([3]). A 3-tuple (X, M, x) is called a fuzzy metric space if X is an arbitrary
(non-empty) set, * is a continuous t-norm and M is a fuzzy set on X2 x (0, 00), satisfying
the following conditions for each z,y,z € X and ¢,s > 0,

(1) M(z,y,t) >0,

(2) M(z,y,t) =1 if and only if z =y,

(3) M(I7y7 ) (y,z t)

(4) M(z,y,t)* M(y,z,5) < M(z,z,t+s),
(5) M(z,y,.): (0,00) — [0,1] is continuous.

Let (X, M, *) be a fuzzy metric space. For t > 0, the open ball B(z,r,t) with center
z € X and radius 0 < r < 1 is defined by
B(z,rt)={ye X : M(z,y,t) > 1—r}.

If (X, M, %) is a fuzzy metric space, let 7 be the set of all A C X with z € A if and

only if there exist ¢ > 0 and 0 < r < 1 such that B(x,r,t) C A. Then 7 is a topology on
X (induced by the fuzzy metric M). This topology is Hausdorff and first countable.
A sequence {z,} in X converges to z if and only if M (z,,z,t) — 1 as n — oo, for each
t > 0. It is called a G-Cauchy sequence in the sense of [3] if limy, oo M (Zn, Tntp,t) = 1,
for all ¢ > 0 and each p € A/. The fuzzy metric space (X, M, *) is said to be G-complete
if every G-Cauchy sequence is convergent.

Example 1.3. Let X = R. Put a*b = ab or min{a,b} for all a,b € [0,1]. For all
z,y € X,define M(z,y,t) = for t > 0 and M(z,y,0) = 0.Then (X, M, x) is a
fuzzy metric space.

Example 1.4. Let X = R. Put a*b = ab for all a,b € [0,1]. For all z,y € X ,define
M(z,y,t) =€~ (z,9,0) = 0. Then (X, M, %) is a fuzzy metric space.
Lemma 1.5.[5] Let (X, M, %) be a fuzzy metric space. Then M (z,y,t) is non-decreasing
with respect to t, for all z,y in X.

Definition 1.6. Let (X, M, x) be a fuzzy metric space. Then M is said to be
continuous on X2 x (0,00) if limy, oo M (Zpn, Yn,tn) = M (z,y,t), whenever a sequence

_t
t+|z—yl

{(%n, Yn, tn)} in X2x (0, 00) converges to a point (z,y,t) € X?x(0,00). i.e. lim, oo M(2p,x,t)

and lim,, oo M(z,y,t,) = M(x,y,t).

Lemma 1.7.([11]) Let (X, M, %) be a fuzzy metric space. Then M is a continuous func-
tion on X2 x (0, 00).

Definition 1.8.([10]) Let (z, M, *) be a fuzzy metric space and f, S : X — X. The pair
(f,S) is said to be compatible if lim,, o, M (fSxy, Sfx,,t) =1 for every ¢t > 0, whenever
there exists a sequence {z,} in X such that fz, — z and Sz,, — z as n — oo for some
zeX .

Definition 1.9.([7])Let X be a non-empty set and f,S : X — X.The pair (f,S) is said
to be weakly compatible if fSu = S fu whenever fu = Su for u € X.

Samet et.al ([13]) introduced the notion of a- admissible mappings as follows
Definition 1.10. ([13]) Let X be a non empty set, T': X — X and

a: X x X — R be mappings. Then T is called a- admissible if for all z,y € X, we have
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az,y) > 1 implies a(Tz, Ty) > 1.

Some interesting examples of such mappings are given in ([13]).

Gopal and Vetro [1]defined the following

Definition 1.11. Let (X, M, *) be a fuzzy metric space. The map T : X — X is a-
admissible if there exists a function o : X x X x (0,00) — R* such that a(z,y,t) > 1
implies a(Tx, Ty,t) > 1 for all z,y € X and for all ¢ > 0.

Theorem 1.12.(Theorem 3.6, [1]) Let (X, M, %) be a G-complete fuzzy

metric space. Let T: X — X and a: X x X x (0,00) — R* be satisfying

(Da(z,y,t) (W - 1) < ¢ (m — 1), Vz,y € X and Vt > 0,

where ¢ : RT — RT is right continuous and ¢(r) < r,Vr > 0,

(#4) T is a-admissible,

(#it) there exists zg € X such that a(zg, Tzo,t) > 1,Vt > 0,

(iv) if {z,} is a sequence in X such that a(z,,zn41,t) > 1,Vn € N and V¢ > 0 and
Ty — x, then a(z,,z,t) > 1,Yn € N and Vt > 0.

Then T has a fixed point in X.

In this paper, we introduce a-admissible condition for two pairs of maps in fuzzy metric
spaces as follows

Definition 1.13.Let (X, M, *) be a fuzzy metric space and f,¢,5,T : X — X be map-
pings and o : X x X x (0,00) — RT be a function. We say that the pair(f,g) sat-
isfies c-admissible condition with respect to the pair (S,7T) if «(Sz,Ty,t) > 1 implies
a(fz,gy,t) > 1 and a(Tx, Sy,t) > 1 implies a(gz, fy,t) > 1 Va,y € X and V¢ > 0.
Recently Abbas et al. [1] introduced the new concepts in a partially ordered set as follows
Definition 1.14.([1]) Let (X, <) be a partially ordered set and f,g: X — X.

(i) f is said to be a dominating map if x < fz.

(ii) f is said to be a weak annihilator of g if fgz < «.

Using these concepts, we now prove a unique common fixed point theorem for four maps
with « -admissible condtion in partially ordered fuzzy metric spaces.

2. MAIN RESULTS

Theorem 2.1: Let (X, M, x, %) be a partially ordered G- complete fuzzy metric space
and f,9,9,T: X — X and a: X x X x (0,00) = R™ be a function satisfying
(2.1.1) f and g are dominating maps and f and g are weak annihilators of T' and S
respectively,
(21.2) f(X) € T(X), g(X) € 5(X),

for all comparable elements x,y € X,V ¢t > 0, where

m(z,y,t) = min{M (Sx, Ty, t), M(fx, Sz, t), M(gy, Ty,t)} and

P, 0,01 RT — RT are such that 1) is monotonically increasing and continuous
and ¢ and ¢ are upper and lower semi continuous respectively with satisfying the
folowing condition

(A) - (t) — o(t) + (t) > 0 for all t > 0

(2.1.4) (f,g) is a-admissible w.r.to (S, T),
(2.1.5) a(Szq, fr1,t) > 1 and afxy,Sz1,t) > 1 for some z; € X and Vi > 0,
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(2.1.6)(a) S is continuous,the pair (f,S) is compatible and the pair (g, T) is weakly com-
patible and we assume a(Syan, Y2n—1,t) > 1, a(2z,y2n-1,t) > 1, a(yzn, Tz,t) > 1
and a(z,z,t) > 1Vn € N and Vt > 0 whenever there exists {y,} in X such that
a(Yn,Yns1,t) > 1 and a(ynt1,Yn,t) > 1¥n € N and for all ¢ > 0 and y,, — 2 for
some z € X.

(or)

(2.1.6)(b) T is continuous,the pair (g, T) is compatible and the pair (f,.5) is weakly com-
patible and we assume @ (y2n, Tyan—1,t) > 1, a(yon, 2,t) > 1, a(Sz,yan—1,t) > 1
and a(z,z,t) > 1 ¥n € N and Vt > 0 whenever there exists {y,} in X such that
a(Yn, Yns1,t) > 1 and a(ynt1,Yn,t) > 1¥n € N and for all ¢ > 0 and y,, — z for
some z € X.

(2.1.7) if for a non-decreasing sequence {x,} in X with z,, < y,,Vn € N and y,, — 2
implies z, < z,¥n € N.
Then f,g,S and T have a common fixed point in X .
(2.1.8) Further if we assume that a(u,v,t) > 1V ¢t > 0 whenever u and v are common
fixed points of f,g,S and T and the set of common fixed points of f,g,S and T
is well ordered then f,g,S and T have unique common fixed point in X.
Proof. From (2.1.5), there exists x1 € X such that a(Sz1, fz1,t) > 1 and o fx1, Sx1,t) >
1,Vt>0.

From (2.1.2), we define the sequences {z,,} and {y,} as

Yon+1 = [Tont1 = TTont2, Yont2 = 9Tan+2 = STants, n=10,1,2,---

Now

a(Szy, fr1,t) > 1 = a(thTxg, t) > 1 from definition of {y,}
a(fxy,gxe,t) > 1, from (2.1.4), i.e aly,yz,t) > 1
a(Txy, Sws,t) > 1 from definition of {y,}
( >

= a(gwe, fxs, t) > 1, from (2.1.4), i.e a(ys2,ys,t) > 1.

Continuing in this way, we have

a(Yn,Ynt1,t) =1, YneN and Vi >0 (2.1)
Similarly by using a(fx1,Sz1,t) > 1, we can show that

(Yns1,Yn,t) > 1, YVneN and Vi >0 (2.2)
From(2.1.1), we have

Tont+1 =X fTong1 = T2ont2 X fT%on42 = Tonta
Tont2 = gTont2 = STanys = 9S%Ton43 = Tants. Thus

Ty =X Tpa1, VN EN (2.3)

Case (i): Suppose Y2, = Yom+1 for some m.

Assume that yom11 # Yom2-
Then there exists to > 0 such that 0 < M (yam+1, Y2m+2, to) < 1.

From (1), a(S2om+1, TTam+2,t0) = a(Y2m,s Yom+1,t0) > 1.
Now from (3) and (2.1.3), we have

1 1
¥ <M(y27n+lay2'm,+27t0) - 1) = ( M(fTomi1,9T2mt2,t0) 1)
< a(Sz2mi1, Tram+2,t0)Y ( 3rpmmmr - 1)

,9T2m+2,t0)

1 1
S ¢ (m(m2m,+17x2m,+27t0) - 1) - <m(12m,+lvz2m+27t0) - 1)

= m Bangmod-JMCS—jmcs@kmutt.ac.th ~ (©2017 By TaCS Center.




Bangmod Int. J. Math. & Comp. Sci., 2017 ISSN: 2408-154X 20

where
M(T2m41; Tam+2,to) = min {M (Yam+1, Y2m, to), M (Y2m+1, Y2m> t0)s M (Y2m+2, Y2m+1, o) }
= M (Yam+1,Y2m+2, to)-
Thus

v (s — L) < ¢ (et — L) — ¢ (e — 1)
It is a contradiction to (A). Hence yam+1 = Yam+2-

Continuing in this way, we get Yom = Yom+1 = Yomy2 = - -

Hence {y,} is a Cauchy sequence in X.

Case (ii): Assume that y, # ynt+1 ,7n.

As in Case ( i), we have

1 1 1
1/} (M(y2n+1,y2n+2,t) o 1) < ¢ (m(z2n+11x2n+27t) - 1) - (m($2n+1,12n+17t) o 1)

where
M(T2n41, Tant2,t) = min {M (yon, Yon+1.t), M (Y2nt1, Yont2, 1)} -
It m(x2n+17 Ton+2, t) = M(y2n+1a Yon+2, t) then

1 1 1
P M(y2n+1,Y2n+2,t) 1)<o¢ M(y2n+1,Y2nt2:t) 1) ¥ (M(y2n+17y2n+27t) o 1) :
It is a contradiction to (A). Hence

1 1 1
1’Z} (M(y2n+l’y2n+27t) - 1) S ¢ (M(yzn,y2n+17t) o 1) g (M(y2n’y2n+lyt) - 1)
< (ﬁ 1) , from (A).

Y2n Y2nt1,t)

(2.4)
Since 1 is monotonically increasing we have

M(y2n+17y2n+27t) Z M(y2n7y2n+lat)a v t> 0

Similarly by using (2) and proceding as above we can show that

M (Yon+2, Yon+3,t) > M (Yon+t1, Yont2,t), V1> 0.

Thus M (Yn, Yn+1,t) > M(yn—1,Yn,t) for n =2,3,--- and Vt > 0.
Thus {M(yn,yn+1,t)} is an increasing sequence of positive real numbers in [0, 1] and
hence converges to some r(t) ,v¢ > 0.
Thus lim M (yn,Yn+1,t) = r(t),Vt > 0.
n—oo
Suppose there exists some ¢y > 0 such that r(ty) < 1.
Letting n — oo in (2.4) and using continuity, upper semi continuity and lower semi
continuity of i, ¢ and ¢ respectively, we get

()= (o =)+ ()

It is a contradiction from (A).
Hence r(t) =1 ¥t > 0.
Thus

lim M (yn,yYnt1,t) =1, ¥Vt > 0. (2.5)

n—oo
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Now for each positive integer p, we have

t t t
M(ynv Yn+p, t) > M (ynv Yn+1, p) *M (yn+1a Yn+-2, p) *ox M (yn+p17 YUn+ps p) .

letting n — oo and using (5), we get
lim M(yn,Yntp,t) =1, YVt >0.
n—oo

Hence {y,} is a G-Cauchy sequence in X.

Since X is G-complete, there exists z € X such that {y, } converges to z. Thus lim M (y,, z,t) =
n—oo
1,V ¢ > 0. Hence

lim fzopy1 = lim gaopio = lim Txonie = lim Sz, = 2.
n— oo n— o0 n—o0 n—o0

Suppose (2.1.6)(a) holds.
Since S is continuous, we have S?w5, 11 — Sz and Sfro, 1 — Sz.
Since the pair (f,S) is compatible, we have

l;m M(fS$2n+1, Sf1'2n+1,t) =1, Vit>0.
Hence fSx2,41 — Sz.
Now from (2.1.6)(a), we have

a(SSwany1, Tron, t) = a(Syon, yon—1,t) > 1.

From(2.1.1), we have xo, < gxo, = STani1.
By using (2.1.3), we have

1 1
v <M(fsw2n+1,gw2mt) - 1) < a(ssmszrl’ Tazn, t) (M(fSI27L+1,9$21L,t) - 1)

1 1
<¢ (m(S$2n+1,$2mt) h 1) —¥ (m(s$2n+17wzmt) o 1)
(2.6)
where
m(Sxans1, Topn,t) = min{M (SS2n41,T22n,t), M(SSont1, fSTont1,t), M(Tx2n, gron,t)}
— M(Sz,z,t) as n — 0.

Letting n — oo in (6), we get

w(M”)”(M*)”(M”)

which in turn yields from (A) that Sz = 2.

Since g, <X gra, and gra, — z,by (2.1.7), we have xy, =< z.
From (2.1.6)(a), we have a(Sz, Tzan,t) = az,yon—1,t) > 1.
By using (2.1.3), we have

1
(0 (M(fz,lggcr,,,t) - 1) < a(Sz, Tzon, 1)y (M(fz,gzgn,t) - 1)

1 1
<¢ (m<z,m2n,t> - 1) — (m(z,zgn,w - 1)
where
m(z, on,t) = min{M(Sz, Txon,t), M(Sz, fz,t), M(Txay, gron, t)}
— M(z, fz,t) as n — 0.
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Letting n — oo in (7), we get

w(W”)”(W*)”(W”)

which in turn yields from (A) that fz = z.

Since f(X) C T(X), there exists w € X such that z = fz = Tw. Also we have z = fz =
Tw = fTw = w.

From(2.1.6)(a),a(Sz, Tw,t) = a(z, z,t) > 1.

By using (2.1.3), we have

¥ (srramn —1) = (s - 1)
< oSz, Tw, )y (W - 1) (2.8)

< (mm — 1) — ¢ (wcton — 1)

m(z,w,t) =min{M(Sz,Tw,t), M(fz,Sz,t), M(gw, Tw,t)}
— M(gw, Tw,t).

where

Thus

1”(1@”)“(@”)”(@”)

which in turn yields from (A) that gw = Tw = 2.

Since the pair(g,T') is weakly compatible , we have gz = gTw = Tgw = Tz.
Since zop41 < front1 and fro,11 — 2z, by (2.1.7), we have xo,41 <X 2.
From(2.1.6)(a), a(Szant1, T2, t) = alyan, Tz, t) > 1.

From(2.1.3),we have

1 1
v (M(fw2n+1,92,t) - 1) < a(SxQnJ,_l, Tz t)y (M(fl‘2"+1,g2,t) B 1)

1
<¢(m 1)*¢(m*1)

(2.9)

where

m(x2n+la Z, t) = miH{M(an, TZ> t)a M(y2n+1a Yan, t)7 M(gzv TZ, t)}
— M(z,gz,t) as n — oo.

Letting n — oo in (9), we get

w(W”)“(W*)”(W”)

which in turn yields from (A) that gz = z. Hence Tz = 2.

Thus z is a common fixed point of f,g,S and T'.

Uniqueness of common fixed point follows easily by (2.1.8).

Similarly we can prove the theorem when (2.1.6)(b) holds.

Now we give an example to illustrate Theorem 2.1

Example 2.2. Let X = [0,00)and define x < y if y < x. Put @ *x b = min{a, b} for all
a,b € [0,1]. For all z,y € X define M(z,y,t) = t+|m Ta—prior t > 0 and M(z,y,0) = 0.
Define f,g,5,T: X = X by fo=§,9v = %,5z =8z and Tx = 4z for all z € X.
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Let ¢, ¢, : RT — RT be defined as 1(t) = t,¢(t) = 3 and ¢(t) = L.
]" ifx’ye [071]’

Define a(x,y,t) = for all ¢ > 0.
0, otherwise

Wehavef:r::%Sx:xjfmandgxz%fx:wjgx.

Also fTx =2x > x = fTx <z and gSr =2x > x = gSxr S x.

If 2 > & and y € X then a(Sz,Ty) = 0.

If 2 < £ and y > ] then a(Sz, Ty) = 0.

In these cases,the condition (2.1.3) is clearly satisfied.

Suppose = < % and y € [0, i] then a(Sz,Ty) = 1.

1 g 22—y 1 1 _ 4 ]2z—y|
We have M(fz,gy,t) =g and M(Sz,Ty,t) 1= t

Clearly m -1 Z m — 1 for all X,y € X and for all t > 0.
Now,
1 1 _ 1 1
O — V=¥ Gasn — ) = 2Gegs U
> iy 1)
(Sz,Ty,t)

— 2 [2z—y|
- t
=38

1
(M(fﬂf,gy,t) -1)

> Vrmgs — 1

Thus (2.1.3) is satisfied.

One can easily verify all the other conditions of Theorem 2.1. Clearly 0 is the unique
common fixed point of f,g,S and T.

By suitably taking «, 1, » and ¢ in Theorem 2.1,0one can obtain some previous results in
fuzzy metric spaces.
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