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1. INTRODUCTION

Common fixed points of contractive type mappings is one of the main attractive area in
the field of fixed point theory and its applications. Rhoades [1] established common fixed
point theorems through comparison among different type of contractive mappings. It is
obvious that unless and until the space is assumed to be compact or the strict conditions
are replaced by stronger conditions as in ([2],[3],[4]) strict contractive conditions alone
doesnt guarantees the existence of common fixed point while the setting up of a metric
space. The major breakthrough in the said field came into the light with the generalization
of famous Banachs fixed point theorem by Jungck [5] who established common fixed
point theorems for commuting maps. By moving one step ahead Sessa [6] defined more
generalized form of commutativity, commonly known as weak commutativity and proved
the fixed point theorems for the same. Furthermore, Jungck [7] alone came out with a
notion of compatibility and thereafter jointly with Rohades [8] introduced the concept of
weakly compatible maps and proved some common fixed point theorems for the same.
They also emphasized on the point that compatible maps are weakly compatible but
converse need not be true. Working in the same line, Pant [9] proved some fixed point
theorems for non-compatible mappings and also defined R-weak commutativity. Chugh
and Kumar [10] proved an interesting result in metric space for weakly compatible maps
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without assuming any mappings continuous. Pants ([11],[12]),[13] contributions is also
praiseworthy as his work motivated others to explore new horizons in the said field.
Amari and Moutawakil [14] made a significant impact by studying a new class of maps
satisfying (EA)-property so that compatible and non-compatible maps may be studied
together. In this note, we make use of this concept to obtain fixed point theorems for five
and six maps without requiring continuity of maps.

2. PRELIMINARIES

Throughout this article, let Y be an arbitrary non-empty set and (X, d) be a metric
space.

Definition.[5] Let A and S of a metric space (X,d) be compatible, if and only if
limy, o0y d(ASxy, SAz,) = 0, whenever z,, is a sequence in X such that lim,, . Az, =
limy_0oST, = t, for some t € X.

Definition.[6] A pair of mappings A and S is called a weakly compatible pair if they
commute at coincidence point.

Remark 1. Weakly compatible maps need not be compatible. Let X = [2,20] and
d be the usual metric on X. Define mappings A,5: X - X by Az =z if x =2 or
>5 Ar=6if2<x <5, Sr=zifr=2Sr=12,if2<x<5,Sr=x-3if x> 5. The
mappings A and S are non-compatible since sequence {x,} defined by x,, = 5+ %, n > 1.
Then limy, ooSxn = 2, limy oo SAx, = 2 and limy,_ oo SAx, = 6 But they are weakly
compatible since they commute at coincidence point x = 2. Clearly, commuting maps are
weakly commuting and weakly commuting mappings are compatible but implications are
not reversible.

Definition.[13] Self maps A and S of a metric space (X, d) are R—weakly commuting
at a point ¢ € X if d(ASxz, SAx) < Rd(Ax, Sx), for some R > 0. They are point-wise R—
weakly commuting on X if for given x € X, there exists R > 0 such that d(ASz, SAz) <
Rd(Ax,Sz). Pant [12] has shown that compatible maps are necessarily point-wise R-
weakly commuting but the reverse implication is not true and thereby pinpoints the
importance of point-wise R-weakly commuting maps in fixed point consideration and
related theorems. Singh and Mishra [16] studied coincidences and fixed points of non-
hybrid contractions. Further, Singh and Tomar [17] have noted that compatible maps are
more general than R-weakly commuting maps. However, our formulations require only
the commutativity of maps just at a coincidence point. Obviously, the commutativity
requirements in common fixed point considerations can not be weaker than this.

Definition. Let A and S be maps on Y with values in X. Then A and S are said
to satisfy the (EA)-property if there exist a sequence x,, € Y such that lim,,_, .. Az, =
limy—00Sxy, = t, for some t € X, If Y = X then we get the definition of (EA)-property
for two self maps of X studied by Aamri and Moutawakil [14]. In such a situation, ¢ is
called a tangent point by Sastry and Krishna Murthy [15].

3. MAIN RESULTS

The following is our main result:

Theorem 1. Let (X,d) be a metric space. Furthermore, let A, B;S,TandP: Y — X
be five mappings satisfying the following conditions:

HP(Y)UAB(Y) C ST(Y);
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(ii) One of the pairs (P, ST) or (P, AB) satisfies the (EA)-property;

(iii) d(Pz, Py) < max{d(STz, ABy),d(Pz,STz),d(Py, ABy),d(Py, STz),d(Pz, By)};
for all z,y € X. Then

(iv) P and ST have a coincidence point, and

(v) P and AB have a coincidence point.

Proof. If the pair (P, AB) satisfies the (EA)-property then there exists a sequence {x,, }
in Y such that for some ¢t € X. Since P(Y') C ST(Y), for each x,, there exists y, in ¥
such that Pz, = STy, and STy, — t as well. We show that Py, — t. If not, there exist
a subsequence { Py, ;} of { Py,}, a natural number n, and a real number 7 > 0 such that
for some positive integer k > n, we have d(Pyx,t) > r, d(Pyg, Pxy) > r and

d(Pyy., Py
< max{d(STyr, ABxy), d(Pyk, STyx), d(Pxy, ABxy), d(Pri, STyx), d(Pyk, ABxy) }
< d(Pyy, Pxy,), a contradiction and Py, — ¢. Since t — P(Y) and P(Y) C ST(Y"), there
exist an element u € Y, such that t = STu. Now, we show that Pu = STu, If STu # Pu
then by (iii),

d(Pu, Pzy) < max{d(STu, ABx,),d(Pu, STu),
d(Pzxy, ABxy,),d(Pxy,, STu), d(Pu, ABx,,)}

Let n — o0
d(Pu, STu) < d(Pu, STu), a contradiction, therefore Pu = STu. This proves (iv).

Since P(Y) C AB(Y), there exist a point v in Y such that Pv = ABwv.

If ABv # Pu, then by (iii)

d(Pu, Pv) < max{d(STu, ABv),d(Pu, STu),d(Pv, ABv),d(Pv, STu), d(Pu, ABv)}.
This gives d(Pu, Pv) < (Pu, Pv). Consequently ABv = Pu = Pv. This proves (v).

Corollary 1. Let (X,d) be a metric space. Further, let A,B,S,TandP:Y — X be
five mappings. If conditions (i-iii) are satisfied then conclusions (iv) and (v) of Theorem
1 hold. Furthermore, if Y = X. Then

(vi) P and ST have a common fized point if the pair (P,ST) is weak compatible.

(vil) P and AB have a common fized point if the pair (P,AB) is weak compatible.

(viii) P,A,B,S and T have a unique common fized point if the pairs (P,ST) and
(P, AB) are weakly compatible.

Proof. As point of coincidence proved in Theorem 1. Now, we proceed for common fized
point and uniqueness as follows. Let Y = X, if P and ST commute at their coincidence
point u, then PPu= PSTu = STPu= STSTu, and by (iii)
d(Pu, PPu) = d(PPu, Pv) < max{(d(STPu, ABv),d(PPu, ST Pu),d(Pv, ABv),
d(Pv,STPu),d(PPu, ABv))} = d(Pu,PPu). This proves (vi). The proof of (vii) is
analogous and the proof of (viii) is immediate.

Now we extend Theoreml for six mappings.

Theorem 2. Let (X,d) be a metric space. Further, let A,B,S,T,Pand@:Y — X be
siz mappings satisfying the following conditions:

(ix)P(Y)C AB(Y) and Q(Y) C ST(Y);

(x) One of the pairs (P,ST) or (Q, AB) satisfies the (EA)-property;

(xi) d(Pz, Qy) < max{d(STx, ABy), d(Px, STx), d(Qy, ABy), d(Qy, STx), d(Pz, ABy)};

for all x,y € Y. Then

(xii) P and ST have a coincidence point, and

(xiii)) @ and AB have a coincidence point.
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Proof. If the pair (Q, AB) satisfies the (EA)-property then there exists a sequence {x,}
in Y such that lim, o0 Qx, = lim, o0 ABx, =t, for somet € X. Since Q(Y) C ST(Y),
for each x,, there exists y, in'Y such that Qz,, = STy, and STy, — t as well.

We show that Py, — t. If not, there exist a subsequence {Pyn(i)} of {Pyn}, a natural
number n, and a real number r > 0 such that for some positive integer k > n, we have
d(Pyx,t) > r, d(Pyr, Qxr) > r and

d(Pyku ka)
< max{d(STyx, ABxy),d(Pyk, STyx), d(Qxk, ABxy), d(Qxy, STyx), d(Py, ABxy)}
< d(Pyg, Qzk), a contradiction and Py, — t. Sincet — Q(Y) and Q(Y) C ST(Y), there
exist an element u € Y, such that t = STu. Now, we show that Pu = STu, If STu # Pu
then by (i),

d(Pu, Qz,) < max{d(STu, ABz,),d(Pu, STu),
d(Qxy, ABx,,), d(Qxy, STu), d(Pu, ABx,)}

Let n — oo
d(Pu, STu) < d(Pu, STu), a contradiction, therefore Pu = STu. This proves (xii).
Since P(Y) C AB(Y'), there exist a point v in'Y such that Pu = ABv.

If ABv # Qu, then by (xi)
d(Pu, Qu) < maz{d(STu, ABv),d(Pu, STu),d(Quv, ABv), d(Qu, STu), d(Pu, ABv)}.
This gives d(Pu, Qv) < (Pu,Quv). Consequently ABv = Pu = Qu. This proves (xiii).

Corollary 2. Let (X,d) be a metric space. Further, let A,B,S,T,PandQ:Y — X
be six mappings. If conditions (iz-xi) are satisfied then conclusions (zii) and (viii) of
Theorem 2 hold. Furthermore, if Y = X. Then

(xiv) P and ST have a common fized point if the pair (P, ST) is weak compatible;

(xv) Q and AB have a common fized point if the pair (Q, AB) is weak compatible;

(xvi) P,A,B,S, T and Q have a unique common fized point if the pairs (P,ST) and
(Q, AB) are weakly compatible.

Proof. As point of coincidence proved in Theorem 2. Now, we proceed for common fixed
point and uniqueness as follows. Let Y = X, if P and ST commute at their coincidence
point u, then PPu = PSTu = STPu = STSTu, and by (xi)

d(Pu, PPu) = d(PPu,Qv) < max{(d(STPu, ABv),d(PPu,STPu),

d(Qu, ABv),d(Qu, ST Pu),d(PPu, ABv))} = d(Pu, PPu).

This proves (ziv). The proof of (zv) is analogous and the proof of (zvi) is immediate.

|

Example 1. Let the set X = [0,1] with the metric d defined by d(x,y) = |z — y|,
for all x,y € X. Clearly (X,d) is a metric space. Let A, B,S, T, P and Q be defined as
Az =x,Bx =x/2,Sx =z/5,Tx = x/3, Px = /6 and Qx = 0, for allx € X respectively.
Then P(X) = [0,1/6] C [0,1/2] = AB(X), and Q(X) = {0} C [0,1/15] = ST(X).
Further the pair { P, AB} is weak compatible. If limy, _ooxy, = 0, where {x,} is a sequence
in X, such that lim limy, oo Pr, = lim, _,.)ABx, = 0,0 € X. By similar reason, the
pair Q, ST is also weak compatible. Thus all the conditions of Theorem 2 are satisfied
and 0 is the unique common fized point of A, B, S, T, P and Q.

The following results are slightly more interesting when the above theorem is considered
for three maps.

Corollary 3. Let (X,d) be a metric space and A,B,S:Y — X be three mappings
such that
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(xvii) A(Y)U B(Y) C 5(Y);

(xviii) One of the pair (A,S) or (B,S) satisfies the (EA)-property;

(xix) d(Az, By) < max{d(Sz,Sy),d(Az,Sz),(By, Sy),d(By, St),d(Ax, Sy)}, for all
z,y €Y. Then

(xx) A and S have a coincidence point, and

(xxi) B and S have a coincidence point.

Corollary 4. Let (X,d) be a metric space. Further, let A,B,S:Y — X be three
mappings. If conditions (zvii-zix) are satisfied then conclusions (xx) and xxi) of Corollary
8 hold. Furthermore, if Y = X. Then

(xxii) A and S have a common fized point if the pair (A,S) is weak compatible.

(xiii) B and S have a common fized point if the pair (B,S) is weak compatible.

(xiv) A, B and S have a unique common fized point if the pairs (A, S) and (B,S) are
weakly compatible.

Conclusion

In this article, we prove some common fixed point theorems for contractive mappings under
weak compatible conditions without any appeal to continuity of maps using (EA)-property. The
proven results with above mentioned conditions shows that continuity of mappings is not required
for existence of fixed point.
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