| MATHEMATICAL& | Eii
IJMTSé | COMPUTATIONAL

NGMOD INTERNATIONAL JOURNAL

MATHEMATICAL & COMPUTATIONAL SCIENCE s c I E N c E ISSN: 2408-154X

Volume 8 (2022)
Pages 1-16 https://bangmodjmcs.com/

BEST PROXIMITY POINTS OF GENERALIZED |

Check for

p-CYCLIC WEAK ¢-CONTRACTIONS Ltp |

Buraskorn Nuntadilok', Pitchaya Kingkam?:*, Jamnian Nantadilok®

1 Department of Mathematics, Faculty of Science, Maejo University, Chiangmai, Thailand

E-mail: burasakorn.nun@gmail.com

2 Department of Mathematics, Faculty of Science, Lampang Rajabhat University, Lampang, Thailand
E-mail: pitchaya.king@gmail.com

3 Department of Mathematics, Faculty of Science, Lampang Rajabhat University, Lampang, Thailad
E-mail: jamnian2010@gmail.com

*Corresponding author.

Received: 28 March 2022 / Accepted: 25 September 2022
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1. INTRODUCTION

In 1968, Bryant [1] constructed a remarkable result in fixed point theory and proved
that, in a complete metric space, if for some positive integer n > 2, the nth iteration of
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the given mapping forms a contraction, then it possess a unique fixed point. Another out-
standing approach was proposed by Kirk, Srinivasan and Veeramani [13] by introducing
the notion of cyclic contraction. More precisely, every cyclic contraction in a complete
metric space possess a unique fixed point. This statement is plain but significant when we
compare with the results of Bryant. Later, the concept of the cyclic contractions has been
investigated immensely by a considerable large number of authors who brought several
brilliant notions and derived a number of interesting results (see, e.g.[2—0, 10, 11, 14—
, 20, 21, 24, 29] and the references therein). Let T be a self-mapping on a metric space

(X,p). Suppose that E and F are non-empty subsets of X such that X = EUF. A
self-mapping T': EUF — E U F is called a cyclic contraction [13] if

1). T(E)CF and T(F)CE.

2). If there is a k € (0,1) such that the following inequality is satisfied

d(Tz,Ty) < kd(x,y), forallax € E,y € F.

After this initial construction, several extensions of cyclic mappings and cyclic contrac-
tions have been introduced. In this paper, we mainly follow the notations defined in
[19, 23]. In [19], a notion of p-cyclic map was introduced. Let Dy, Ds,...,Dy(p > 2)
be non-empty sets. A p-cyclic map T : UY_; D; — UY_| D; is defined such that T'(D;) C
D;1,Vi € {1,2,...,p}, x = z¢g € D;, defines a sequence {z,} C U'_ | D; as x,, = Txp,_;1.
Then, {z,,} is a subsequence in D;, {zpn+1} is a subsequence in D;;; and so on. From
the arrangement of such a sequence formed by a p-cyclic map, Karapinar et al. in [23]
introduced a notion of p-cyclic sequence (Definition 2.1(1)). If D;s are subsets of a met-
ric space (X, p), then, to obtain a best proximity point of T under various contractive
conditions (some of them given in the literature), it is enough to prove that: given ¢ > 0,
there exists Ny € N such that

P(Tpn, Tpm+1) < dist(D;, Dit1) +€,Yn, m > No.

This observation motivated the authors [23] to introduce a concept of p-cyclic Cauchy se-
quence and p-cyclic complete metric space (Definition 2.1). In addition, while investigat-
ing the behavior of such p-cyclic maps, it is often the case that, if p(x,y) > dist(D;, D;11),
then p(Tz, Ty) < p(z,y) and, if p(x,y) = dist(D;, D;y1), then p(Tx,Ty) = p(z,y),z €
D;,y € D;11. They call a p-cyclic map with this property as p-cyclic strict contraction
map (Definition 3.1). Note that, if the distances between the adjacent sets are zero, then
a p-cyclic strict contraction map is a strict contraction map in the usual sense. All such
maps invariably satisfy the condition: z,y € Dy, p(TP"x, TP ly) — dist(D;, Div1) as
n — oo. In the paper [23], all p-cyclic maps which satisfy the above two properties are
said to belong to class © (Definition 3.4). Finally, the authors proved the existence and
convergence of best proximity points of §2 class of mappings in a p-cyclic complete metric
space.
Now we recollect some essential definitions.

2 5 R is called a C-class

Definition 1.1 (see [1]). A continuous function F : [0, c0)
function, if for any s,t € [0, 00), the following conditions hold:
(1) F(s,t) <s;

(2) F(s,t) = s implies that either s =0 or ¢t = 0.
Remark 1.2. We denote the class of all C-class functions as C.
Example 1.3 (see [1]). Following examples show that the class C of C-class functions is
nonempty:
© 2022 The authors. Publishedby  https://doi.org/10.58715/bangnod jncs . 2022.8. 1

< Publications TaCS-CoE, KMUTT Bangmod J-MCS 2022


https://doi.org/10.58715/bangmodjmcs.2022.8.1

BEST PROXIMITY POINTS OF GENERALIZED p-CYCLIC ¢-CONTRACTIONS 3

(1) F(s,t) =s—t.
(2) F(s,t) =ms,0<m<1
(3) F(s,t) = itpr for some r € (0, 00).
(4) F(s,t) =log(t+a®)/(1+1t), for some a > 1.
(5) F(s,t) =1In(1+a®)/2, for a > e. Indeed F(s,1) = s implies that s = 0.
(6) F(s,t) = (s+1)I/A+D) 1 1> 1, for r € (0,00).
(7) F(s,t) = slog,,,a, fora>1.
(8) Fls,t) = s — (12)(s1).
(9) F(s,t) = sB(s), where 5 :[0,00) — [0,1). ete.
More examples of C-class functions can be found in [4].

Definition 1.4 (see [22]). A function v : [0,00) — [0,00) is called an altering distance
function, if the following properties are satisfied:

(¢) 1 is non-decreasing and continuous,

(#) ¥ (t) = 0 if and only if ¢ = 0.

We denote the class of altering distance functions as V.

Definition 1.5 (see [1]). An ultra altering distance function is a continuous, non-decreasing
mapping ¢ : [0,00) — [0, 00) such that ¢(t) > 0, ¢ > 0 and ¢(0) > 0

We denote the class of ultra altering distance functions as V,,.

In what follows, we recollect some definitions and fundamental results which are crucial
to prove our main results.

Definition 1.6. ([19], Definitions 3.1). For a non-empty set X, suppose p : X x X —
[0,00) forms a metric and D1, Da,..., Dy, (p > 2) are non-empty subsets of X. Define
Dyyi =Dy, for alli € {1,2,...,p}. Amap T : U D, — UY'_ D, is called a p-cyclic
map, if T(D;) C D;y1,Vi € {1,2,...,p}. If p =2, then T is called a cyclic map. A
point z € D; is said to be a best proximity point of T in D;, if p(z, Tx) = dist(D;, D;y1),
where dist(D;, Di+1) := inf{p(z,y) : x € D;,y € Di11}.

In [23], the authors introduced the conditions for the underlying space and for the
subsets of the space, to have a unique best proximity point under a p-cyclic map, if it
exists, irrespective of the contraction condition imposed on the map.

Proposition 1.7 ([23]). Let Dy, Ds,...,D,,(p > 2) be non-empty convex subsets of a
strictly convex norm linear space X such that dist(D;, D;y1) > 0,1 € {1,2,...,p}. Let
T:U_D; — UP_ | D; be a p-cyclic map. Then, T has at most one best proximity point
m Di, 1< < p.

Let T be a p-cyclic map as given in Definition 1.6. T is said to be p-cyclic non expansive
map if for all z € D;,y € D;11, the following holds:
p(T,Ty) < pla,y), i € {1,2,...,p}.
The following lemma naturally follows for a p-cyclic non-expansive map.
Lemma 1.8. ([19], Lemma 3.3). For a non-empty set X, suppose p : X x X — [0, 00)

forms a metric and Dy, Da, ..., D,, (p > 2) are non-empty subsets of X. If T : UY_ D; —
UY_, D; is a p-cyclic non-expansive map, then

dZ'St(Di,Di_H) = diSt(Di+1,Di+2) = diSt(Dl, DQ),Vi S {1, 2,... ,p}. (1.1)

© 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.1
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In addition, if v € D;ND(T); # 0, then Tiv € Diy1ND(T )iy # 0, forallj=1,2, ...,
(p-1), where D(T)y is the set of best prozimity point of the mapping T in Dj.

The following lemma (see [11, 23]) is essential to prove that a given sequence is Cauchy.
Lemma 1.9. ([11], Lemma 3.7). For a uniformly convex Banach space (X,|.||), we

suppose that E, F are non-empty closed subsets of X and {a,},{bn} C E and {d,} C F.
If E is convez such that

(i) ||bn, — dn|| — dist(E, F); and

(ii) for every e > 0 there exists N € N such that for allm >n > N,
lam — dn|| < dist(E,F) +e,
then for all e > 0, there exists Ny € N such that for all m > n > Ny, ||am —bp| <
€.

Next, we recall a few p-cyclic maps with some contraction conditions imposed on them,
which are defined in [2, 3, 9, 12, 19].

Definition 1.10. ([2], Definition 3.1). For a non-empty set X, suppose p : X x X —
[0,00) forms a metric and D1, Da,...,Dp, (p > 2) are non-empty subsets of X. Let
T:U_D; — U_D; be a p-cyclic map, T is said to be a p-cyclic contraction, if
there exists k € (0,1) such that for all x € D; and y € D;;1, we have

p(TxaTy) < kp(x7y) + (1 - k)dZSt(Dla Di+1)7Vi € {17 27 cee 7p}

Definition 1.11. ([3], Definition 2.1). For a non-empty set X, suppose p : X x X —
[0,00) forms a metric, E and F are non-empty subsets of X. A cyclicmap T: EUF —
E U F is said to be a cyclic p-contraction if
p(Tx, Ty) < p(x,y) — (p(x,y)) + @(dist(E, F)),Vz € E,y € F,

where ¢ : [0,00) — [0,00) is a strictly increasing map.
Definition 1.12. ([9], Definition 2.1). Let E and F be nonempty subsets of a metric
space (X, p). Suppose that ¢ : [0,00) — [0,00) is a strictly increasing map. A cyclic
map T : EUF — E U F is said to be a generalized cyclic weak ¢-contraction, if for any
re B yeF

p(Tz, Ty) <m(z,y) — e(m(z,y)) + p(dist(E, F)) (1.2)
where m(z,y) = max{p(z,y), p(z, Tx), p(y, Ty), 5[p(x, Ty) + p(y, Tx)]}.
Definition 1.13. ([6], Definition 2.1). Let E and F be nonempty subsets of a metric
space(X, p). Suppose that ¢, : [0,00) — [0,00) and ¢ is a strictly increasing map. A
cyclicmap T: E\JF — EJF is called a generalized cyclic weak (F 1, )-contraction,
if for any x € F and y € F,

V(p(T2, Ty)) < F((m(x,y)) - (dist(E, F)),

( (1.3)
p(m(z,y)) — o(dist(E, F) )) Y (dist(E, F))

)

)

where F' € C,¢ € U with (s +t) < ¥(s) + ¢(t), ¢ € ¥, and

(e, y) = max{p(z, ), ol o), oy, Ty, 3o, Ty) + ply, T}

Remark 1.14. If we take F(s,t) = s —t and ¢(t) = ¢ in Definition 1.13, the we obtain
Definition 1.12 above.

© 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.1
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2. p-Cyclic Sequences and p-Cyclic Complete Metric Spaces

Throughout this article, let Ny = NU {0}. In [23], Karapinar et al. introduced the
notion of p-cyclic sequence as follows:

Definition 2.1 ([23]). For a non-empty set X, suppose p : X x X — [0,00) forms a
metric and Dy, D, ..., Dy, (p > 2) are non-empty subsets of X.
1 . A sequence {z,}>2,; C U'_ D, is called a p-cyclic sequence if z,,+; € D;, for
alneNgandi=1,2,...,p.
2 . We say that {z,}52, is a p-cyclic Cauchy sequence, if for given € > 0 there
exists an Ny € N such that for some ¢ € {1,2,...,p}, we have

p(.l?pn_H', xpm—&-i—&-l) < diSt(Di, Di+1) +¢&,Vm,n > Ny. (2.1)

3 . A p-cyclic sequence {z,}72; in U’ D; is said to be p-cyclic bounded, if
{Zpn+i}5%; is bounded in D; for some i € {1,2, ..., p}.

4 . Let {z,}72; be a p-cyclic sequence in UY_, D;. If for some j € {1,2,...,p} the
subsequence {zpn4;} of {z,}22, converges in D;, then we say that {z,}32, is
p-cyclic convergent.

5 . Under the assumption that D1, Da, ..., Dy, (p > 2) are non-empty closed subsets
of a metric space (X, p), we say that UY_; D; is p-cyclic complete if every p-cyclic
Cauchy sequence in U?_, D; is p-cyclic convergent.

6 . If there are subsets Dy, Do, ..., Dy, (p > 2) of (X, p) such that X = UY_, D, and
UP_, D, is p-cyclic complete, then we call (X, p) a p-cyclic complete metric space.

Remark 2.2. Note that a p-cyclic sequence which is a Cauchy sequence in the usual
sense is a p-cyclic Cauchy sequence. On the other hand, p-cyclic Cauchy sequences need
not be Cauchy sequences in the usual sense, even if dist(D;, D; 1) =0, Vi € {1,2,...,p}.

Examples which illustrate the notion of p-cyclic sequence and p-cyclic Cauchy sequence
can be found in ([23], Example 1 and 2). And a complete metric space need not be p-cyclic
complete, (see [23], Remark 2, for example).

The following proposition shows that a p-cyclic Cauchy sequence is p-cyclic bounded.

Proposition 2.3 ([23]). For a non-empty set X, suppose p : X x X — [0,00) forms
a metric and Dy, Dy, ..., D,, (p > 2) are non-empty subsets of X. Then, every p-cyclic
Cauchy sequence in U_, D; is p-cyclic bounded.

The following proposition is an example of two-cyclic complete metric space.

Proposition 2.4 ([23]). Let E and F be subsets of a uniformly convex Banach space X,
which are non-empty and closed. If either E or F is convez, then EU F is two-cyclic
complete.

3. p-Cyclic Strict Contraction Maps

In [23], Karapinar et al. introduced a notion of p-cyclic strict contraction, which is a
generalization of strict contraction in the usual sense.

Definition 3.1 ([23]). For a non-empty set X, suppose p : X x X — [0,00) forms a
metric and D1, Do, ..., Dy, (p > 2) are non-empty subsets of X. A p-cyclic map T is said
to be p-cyclic strict contraction if, for all x € D;,y € D;11,1 <i <p:

(i) p(xz,y) > dist(D;, Diy1) = p(Tx, Ty) < p(x,y), and

© 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.1
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(i) p(z,y) = dist(D;, Dit1) = p(Tx, Ty) = p(x,y).

Remark 3.2. Note that, if D; = A, for all i = 1,2, ..., p, then p-cyclic strict contraction
is a strict contraction in the usual sense. It is clear that the p-cyclic strict contraction
also forms a p-cyclic non-expansive map.

The following proposition proves an important property of p-cyclic strict contraction
map

Proposition 3.3 ([23]). For a non-empty set X, suppose p : X x X — [0,00) forms a
metric and D1, D, ..., Dy, (p > 2) are non-empty subsets of X. Let x € D;(1 <i < p).
Suppose that T : UY_D; — UY_ D, is a p-cyclic strict contraction map and if for all
e > 0, there exists an ng € N such that

p(TP"x, TP 1g) < dist(D;, Diy1) +€,m,m > no, (3.1)
then for a given € > 0, there exists an n1 € N such that
p(TP Ry TPm4ktlyy « dist(Digg, Digrg1) +6,m,m > ny k€ {1,2,...,p}.

In [23], Karapinar et al. introduced the notion of p-cyclic maps with various contractive
conditions and possed some common properties. They also introduced a notion of class
), a certain class of mappings.

Definition 3.4 ([23]). For a non-empty set X, suppose p : X x X — [0,00) forms a
metric and Dy, Ds,...,D,,(p > 2) are non-empty subsets of X. A p-cyclic map T :
U?_D; — UY_, D; is said to belong to the class © if

(1) T is p-cyclic strict contraction.

(2) If z,y € D;, then nhﬂngo p(TPmx, TP HLy) = dist(D;, Diy1),1 <i < p.

In this manuscript, we list some p-cyclic maps different from those given in [23] which
belong to the class 2. First, we prove that a p-cyclic contraction map, which is defined
via the notion of C-class functions, belongs to the class 2. We give the following new
definition via C-class functions.

Definition 3.5. Let D1, D, ..., D, be non-empty subsets of a metric space (X, p). Let
T:UY_ | D; — UP_ D, is called a p-cyclic (F, 1, p)-contraction map, if it satisfies
P (p(T2,Ty)) < F(6(p(r,y)) — $(dist(Ds, Din), plpl,)) — p(dist(Ds, Disa) )
+ 1/) (dZSt(D“ Di+1));

foralli € {1,2,...,p}, where F € C, ¢ € ¥ and ¢ : [0,00) — [0, 00) is a strictly increasing
map.

Remark 3.6. If we take F(s,t) = s — ¢, ¥(t) = t and p = 2 in Definion 3.5, then we
obtain Definition 1.11 (Definition 2.1, defined in [3]).

Next we prove that a p-cyclic (F, 1, p)-contraction map belongs to the class Q.

Example 3.7. Let D1, Ds,..., D, be non-empty subsets of a metric space (X, p). Let
T:UY_ D; — UP_, D; be a p-cyclic (F, 1, p)-contraction map. Then, T' € .

© 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.1
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Proof. We first show that T is a p-cyclic strict contraction. Because the the map T is a
p-cyclic (F, 1, ¢)-contraction, we have
¥ (p(T2,Ty)) <F ((p(2,y)) = 6(dist(Dy, Dis1)), ¢(p(,y)) = ¢(dist(Di, Dis1)),
+ w(dZSt(DIL, DZ‘+1)),
for all i € {1,2,...,p}, where F € C, ¢ € ¥. Taking F(s,t) =s —t , we have

Y(p(Tz, Ty)) < ¥(p(x.y)) — (p(x,y)) + ¢(dist(Ds, Diy1))-
If p(x,y) = dist(D;, D;iy1), we have

p(Tz, Ty) < p(z,y).
Since p(z,y) = dist(D;, Dit1) < p(Tx,Ty), we then have

p(Tz,Ty) = p(z,y).
In addition, if p(z,y) > dist(D;, D;t1), then
(p(Tz,Ty)) < F(¢(p(a,y)) — ¢(dist(Di, Diy1)),¢(p(x,y)) — (dist(Di, Diy1)))
+ Y(dist(D;, Dit1)),
< Y(p(x,y) — (p(z,y)) + @(dist(Ds, Dit1))
<Y(p(x,y)) — (p(x,y)) + ¢(p(x,y)).
Therefore
p(Tx, Ty) < p(z,y).
Therefore, T is a p-cyclic strict contraction. The second condition of Definition 3.4 follows

from Lemma 3.3 in [2]. Hence, T € . ]

Remark 3.8. Karapinar et al.[23] showed that the p-cyclic Meir-Keeler map (p-cyclic
M K-map) introduced in [19] belongs to the class Q. See Example 4 in [23].

Next, we establish an example of p-cyclic map satisfying a contraction condition of
Geraghtys type [7] and show that it belongs to the class 2. Here, we use the notion
of C-class functions introduced in [4] combining with a class of functions S introduced
by Geraghty [7], where S is the class of all functions ¥ : [0,00) — [0,1) that satisfies
W(tn) — 1, then ¢, — 0,t, € [0,00) for n € N.

Example 3.9. For a non-empty set X, suppose p: X x X — [0, 00) forms a metric and
Dy,Ds,...,D,, (p > 2) are non-empty subsets of X. Let T : UY_D; — UY_ D, be a
p-cyclic (F, 4, ¢, ¥)-map such that

p(Tz, Ty) < F(d)(ﬁ(p(w, ) p(z,y) — ¥ (I(p(x,y)))dist(D;, Diy1),

e(O(p(x,y))p(z,y)) — ¢(I(p(z,y))dist(D;, Di-i-l))
+w(19(p(xay)))dZSt(DHDl-‘rl)a
for all i € {1,2,...,p}, where F € C, ¢ € ¥ where ¢(t) < ¢t and ¢ € S. Then

(a) T is a p-cyclic strict contraction.
(b) nhHH;O p(TPx, TP y) = dist(D;, Dit1),x € Di,y € Diy1.

© 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.1
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Proof. (a) Let © € D;,y € Dj41.
Case (1): If p(z,y) > dzst(Dl, D;11), by the definition of F, we have

)
p(Ta, Ty) <F (4(9(p(w,9))) ple, y) — ¥ (9(p(w,9)))dist(Dy, Di1),

so(mp(x,y)))p(x y) = @ (D(ple,y)))dist(Di, Di1) ),
+9(I(p(z,y) ))dzst DuDl+1)

< (9(p(x.y))) [ — dist(Di, Disa) + dist(Di, D) (+)
<Y(I(p(z,y)))plx,

Therefore

p(Tz, Ty) < p(z,y).

Case (2): If p(z,y) = dist(D;, D;11), then from (*), we have p(Tz, Ty) < p(z,y). By

equation (1.1),
p(x,y) = dist(D;, Diy1) = dist(Diy1, Diye) < p(Tx, Ty) < p(z,y),
therefore
p(Tz, Ty) = p(z,y).

Hence, T is p-cyclic strict contraction.

(b) Let @,y € D;. Since T is p-cyclic non-expansive, {p(T?"z, TP"*1y)} is a decreasing
sequence and is bounded below by dist(D;, D;+1). Therefore,

p(TP"x, TP"y) — r as n — oo and r > dist(D;, Di11),

where 7 = inf,,>1 p(TP"z, TP y).

Claim: r = dist(D;, Djt1).

If p(TP"x, TP 1y) = dist(D;, D;1 1) for some n, then by the p-cyclic non-expansiveness
of T,
PP g Tty (v Tty |1
Hence, we have
p(TP" 2, TP"y) — dist(D;, Diy1) as n — o0.

Let us assume that p(TP"z, TP""ly) > dist(D;,D;11), n € N. Suppose that r >
dist(D;, D;11). Since T is p-cyclic non expansive,

p(Tp("+1)x,Tp("+1)+1y) < p(Tpn+lx7Tpn+2y)

< P (4 (9o, TP 1y))) o(T7", TP hy) — h(0(p(TP" 2, T+ y)))dist(Dy, i),
@ (Dp(T", TV 1y)) (TP, TP 1)) = p(I(p(T™"e, T y))dist(Di, D)) )

+ (I (p(TP" "z, TP y)))dist(D;, Dit1)

< YT, TP 1y)) [ (17", TP+ y) — dist(Dy, Dis) + dist(Ds, D)

Then
p(TP D, TPy
< (p(TP™ 2, TP y)) [p(TP "z, TP y)].
. oeies © 2022 The authors. Published by https://doi.org/10458715/bangmodjmcs.2022.8.1
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Since ¥ € S and ¥(t) < t,
p(Tp(n-‘rl)x’Tp(n-&-l)-&-ly)
p(TPra, TPrtly)
Since r = lim p((TP" Vg, TP +D+1y)) > dist(D;, D;11) by our assumption, letting
n—00

<I(p(TP"z, TP"Ty)) < 1. (3.2)

n — oo in equation (3.2), we get
1 < limd(p(T7"2, T y)) < 1,
that is,
Tim (p(T""x, TP y)) =1
However, nlgl;o p(TPnx, TP"Hy) = r > 0, which contradicts ¥ € S. Hence, r = dist(D;, Diy1).
This proves Part (b). |

Next, we recall some essential definitions and some known results as follows.

Definition 3.10. ([9], Definition 2.1) Let E and F be nonempty subsets of a metric
space (X, p). Suppose that ¢ : [0,00) — [0, 00) is a strictly increasing map. A cyclic map
T:FUF — EUF is said to be a generalized cyclic weak p-contraction, if for any
reFEyeF

p(Tx, Ty) < m(z,y) — ¢(m(z,y)) + ¢ (dist(E, F)) (3.3)
where m(z, y) = max{p(z,y), p(z, Tx), p(y, Ty), 5p(x, Ty) + p(y, Tx)]}.
Definition 3.11. [25, 26] Let (X, p) be a metric space with a mapping 7' : X — X, if

lim T™ (y) = z = lim T(T™i(y)) = Tz, we call mapping T to be orbitally continuous.
n— oo n—roo

The following are known results in [9].

Theorem 3.12. [9] Let E and F be nonempty subsets of a metric space (X, p). Suppose
T:EUF — EUF is a generalized cyclic weak p-contraction and there exists yg € E.
Define yn11 = Tyn for any n € N. Then p(yn, Yynt1) = p(E, F) as n — 0.

Theorem 3.13. [9] Let E and F be nonempty subsets of a metric space (X, p). Suppose
T: EUF — EUF is a generalized cyclic weak p-contraction and T is orbitally continuous.
Assume E is closed and there exists yo € E. Define yn11 = Typ for any n € N. If {ya,}
has a convergent subsequence in E, then there exizts p € E such that p(p, Tp) — p(E, F).

4. Best proximity points of generalized p-cyclic weak ¢-contractions

In this section we extend and generalize the results by Cheng and Su in [9]. We
introduce the following definitions and main results.

Definition 4.1. Let Dq,Ds,...,D,,(p > 2) be nonempty subsets of a metric space
(X, p). Suppose that ¢ : [0,00) — [0,00) is a strictly increasing map. A map T :
U?_D; — UY_, D; is said to be a generalized p-cyclic weak ¢-contraction, if for any
z € D,y € Dip1

p(Tz, Ty) < m(z,y) — o(m(z,y)) + p(dist(D;, Dit1)) (4.1)
where m(z, y) = max{p(z,y), p(z, Tx), p(y, Ty), 5[p(x, Ty) + p(y, Tx)]}.

© 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.1
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Remark 4.2. If we let p = 2 in definition 4.1, then we obtain the definition 3.10 (see

[9])-

Theorem 4.3. For a non-empty set X, suppose p: X x X — [0,00) forms a metric and
Dy,Ds,...,D,, (p > 2) are non-empty subsets of X. Suppose T : UY_D; — UY_ | D; is
p-cyclic maps satisfying (3.3) and there exists yo € D;. Define yp+1 = Tyn for anyn € N.
Then p(Yn, Yn+1) — dist(D;, D;y1) as n — oo.

Proof. Let pn, = p(Yn, yns1). We first claim that the sequence {p,} is non-increasing. By
our assumption, we have

Prt1 = P(Yn+1;Yn+2)
= p(Tyn; TyYn+1)
< m(Yn: Yn+1) — (MY, Ynt1)) + @(dist(Di, Dit1)),
where

M(Yns Ynt1) = MaX{P(Yn, Ynt1)s PYns TYn)s PYns1, TYns1),

1
§[p(yn, Tyn+1) + p(Yn+1, Tyn)l}

= max{p(Yn, Yn+1), P(Yn+1,Yn+2)}- (¥)

Assume that there exists ng € N such that m(Yng, YUno+1) = PYUno+1, Yno+2). From
P(Yno+1:Uno+2) > P(Ung> Yno+1), we have

P(Yno+1> Yno+2) < P(Uno+1> Ynot2) — L(P(WUno+1: Yno+2)) + @(dist(D;, Dit1)).
Then

©(P(Yno+1: Yno+2)) < @(dist(D;, Ditr)).
Since ¢ is a strictly increasing map, we have

P(Uno+1>Yno+2)) < dist(Di, Diy1) < p(Yng+15 Yno+2)-

Obviously, p(Yng+1, Yno+2)) = dist(Di, Diy1) < p(Yng> Yno+1), Which is a contradiction.
Hence, for all n € N,

M(Yrs Ynt1) = P(Yns Ynt1)- (%)

From () and () we conclude that p(yn+1, Yn+2) < p(Yn, Yn+1). This shows the sequence
{pn} is non-increasing, and by Proposition 2.3 it is bounded below. Therefore lim p,
n—oo

exists. If p,, = 0, for some ng € N, so p, — 0 and dist(D;, D;11) = 0, that is p, —
dist(D;, D;11). If p, # 0 for all n € N. Put p,, — -, then

Yy Z dZSt(Dl, Di+1).
Since @ is a strictly increasing map, we have

¢(7) = p(dist(Di, Dis1)). (4.2)
From (%) and (*x) and (3.3) we can write

PWnt15Ynv2) < pYn, Ynt1) — P(P(Yns Ynt1)) + @(dist(D;, Diga)),

equivalently,

(W, Yn+1)) < PWnYn+1) = P(Unt1, Ynt2) + @(dist(Dy, Diy1))

© 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.1
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Taking the limit as n — oo, we get

¢(7) < ¢(dist(Di, Dit1)). (4.3)
From (4.2) and (4.3), we obtain

Y= dZSt(D“ Di+1).
That is p, — dist(D;, D;11). Our proof is complete. [ |
Lemma 4.4. Let D1,Ds,...,D, be non-empty subsets of a metric space (X,p). Let
T:U"_ D; — UY_| D, is a p-cyclic maps satisfying (3.3). Then, T € Q.

Proof. (a). We first show that T is a p-cyclic strict contraction. Since the map T is a
generalized p-cyclic weak - contraction, then

P(Tyn,Tyn+1) < m(ynayn—‘rl) - (P(m(ynayn+1)) + (p(dlSt(D“ Di+1))a
foralli=1,2,...,p, (p > 2), where

M(Yn, Ynt1) = Max{ (Y, Yn+1)s PYn> TYn)s PUns1: TYns1),

1
g[p(ym Tyni1) + p(Ynt1, Tyn)]}

=max{p(Yn, Yn+1), P(Yn+1, Yn+2)}-
Similar to the proof of above theorem, we have that m(yn, ynt1) = pP(Yn, Yn+1) for all
n € N. That is m(z,y) = p(x,y) for all z,y € D;.
If p(z,y) = dist(D;, D;y1), then we have
p(Tz, Ty) < p(z,y) — ¢(p(z,y)) + o(p(z,y))
= p(z,y).
That is
p(Tz, Ty) < p(z,y). (4.4)
Therefore, we get p(x,y) = dist(D;, Dijr1) < p(Tx,Ty) < p(x,y). It yields that
p(Tz,Ty) = p(z,y).
In addition, if p(z,y) > dist(D;, D;+1), then
p(Tz, Ty) < m(z,y) — (m(z,y)) + ¢(dist(D;, Dit1))
< p(x,y) — @(p(z,y)) + (p(z,y))
= p(z,y).
That is
p(Tz,Ty) < p(z,y). (4.5)

Thus, from (4.4) and (4.5) we conclude that T is a p-cyclic strict contraction.
(b). We next prove the condition (2) of Definition 3.4. Let x,y € D;. Note that

p(TP D g, PRy < (TP, TP y), n € N.

Then, the sequence {p(TP"z, TP"+1y)}22, is bounded below by dist(D;, D;11) and is a
non-increasing sequence. Hence, p(TP"z, TP"1y) — r as n — oo and r > dist(D;, D1 1),
where 7 = inf,,>1 p(TP"z, TP y).

Claim: r = dZSt(DZ,DH_l)

© 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.1
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Case 1. If p(T?"x, TP ty) = dist(D;, D;+1) for some n € N. Then, by the p-cyclic
non-expansiveness of T,
p(TPHhg TPrthtly) — dist(D;, Dig1), k= 1,2,....
Thus, p(TP"z, TP y) — dist(D;, Diy1), as n — oo.
Case 2. If p(T?"x, TP""ly) > dist(D;, D;11) for all n € N.
Since T is p-cyclic non-expansive, we have
p(TP g TPty < p(TP 4 g, TP 2y)
<m(TP"z, TP y) — o(m(TP"x, TP Ty)) + ¢(dist(D;, Dit1))
= p(T""x, TP y) — @(p(TP"x, TP *1y)) + p(dist(Dy, Diy1)).
So
p(Tp("+1)x, Tp(n+1)+1y) — o(p(TP"z, TP+ 1y))
< p(TP"2, TP ly) — o(p(TP"x, TP+ y).
Taking the limit as n — oo, it yeilds that

p(r) > ¢(r).
Since ¢ is strictly increasing, r > r. This is a contradiction. Therefore, we have
p(TPnx, TP Hy) = dist(D;, D;y1). Hence, r = dist(D;, D;11). From both cases (a)
and (b) we conclude that T' € Q. |

Theorem 4.5. Let D1, Ds,...,D,,(p > 2) are non-empty subsets of a p-cyclic metric
space (X, p). Suppose a cyclic map T : U_D; — UY_, D; satisfies the definition of a
generalized p-cyclic weak p-contraction (3.3) and T is orbitally continuous. Assume
that each D;,i=1,2,...,p,(p > 2) is closed and there exists yo € D;. Define yn11 = Tyn
for anyn € N. If {ypn} has a convergent subsequence in D;, then there exists y € D; such
that p(y, Ty) = dist(D;, Dit1).

Proof. By the asumption, we know that the subsequence {y,n, } of sequence {y,,} con-
verges to apoint y € D;. By Theorem 4.3, we have

PWpnies Ypni+1) = P(Upni> TYpn,) — dist(Di, Ditr).
Since T is an orbitally continuous, we have p(y, Ty) = dist(D;, D;11). |

Definition 4.6. A metric space (X, p) is called regular if every bounded monotone
sequence of X is convergent.

Corollary 4.7. Let D1, Ds,...,D,,(p > 2) are non-empty subsets of a reqular p-cyclic
ordered metric space (X, p,<). Suppose that T : UY_D; — UY_| D, is a decreasing gen-
eralized p-cyclic weak @-contraction (3.3) and T is also orbitally continuous. Assume
that D; is closed for each i,i = 1,2,...,p,(p > 2) and there exists yo € D; such that
yo = T?yo < -+ = Tyo. Define yny1 = Tyn for any n € N. Then there exists y € D; such
that p(y, Ty) = dist(D;, D;y1).

Proof. By the asumption, we have
Yo Y2 2 2y

Since X is regular and D; is closed for each i, the sequence {y,,} converges to a point
y € D;. From Theorem 4.5, we conclude that p(y, Ty) = dist(D;, D;y1). |

, cs © 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.1
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Theorem 4.8. For a non-empty set X, suppose p : X x X — [0,00) forms a metric
and Dy, Ds, ..., Dy, (p > 2) are non-empty subsets of X. Let T : U*_D; — UY_  D; be a
p-cyclic maps and satisfies a generalized p-cyclic weak ¢-contraction (3.3). Assume
for some k € N and v € D;, (1 < i,k < p),{TP"T*2} converges to v € D; . Then, v is
a best prozimity point of T in Dy (That is p(v,Tv) = dist(D;yr, Diyg+1))-

Proof. Let © € D; be as given in the theorem. By equation (1.1), for each n € N, we
have,

dist(Ditk, Divkt1) = dist(Diyr—1, Ditr)
< oI, )
< p(TPHR=Ly TPty 4 p(TP R b)),
By lemma 4.4, T € €, so
lim (p(TP"F1e, TP hg) + p(TP" 2, v)) = dist(Djyr—1, Dis)-

n—oo

Therefore,
lim p(TP"* " w,v) = dist(Diyr—1, Biyr) = dist(Ditk, Diyri1)- (4.6)
n—oo

Now,

dist(Ditk, Divr+1) < p(v,Tv)
= lim p(TP"*kz, Tv)

n— oo

IN

lim p(TP"r=1z v)

n— oo

dist(Di+k, Ditr+1), (by equation(4.6)).
Hence, p(v, Tv) = dist(Djtk, Diyk+1)- ]

Theorem 4.9. For a non-empty set X, suppose p : X x X — [0,00) forms a metric
and X1,Xs,...,Dp, (p > 2) are non-empty subsets of X. Suppose that X = UY_| D; and
UY_1D; is p-cyclic complete. Let T : UY_D; — UY_, D; be a p-cyclic mapping which
satisties a generalized p-cyclic weak y-contraction (3.3). Then, there exists a best
prozimity point of T in D for some j € {1,2,...,p}.

Proof. Let x € D;,1 <14 < p. Define a sequence {z,,}°2; in (X, p) by
Ty = T"x for n € N.

Claim: {T"z}5, is a p-cyclic Cauchy sequence.
Let m,n € N be such that m > n,

p(TP" e, TP i) = p(TP+7) g, TP ly) . where m = n +7r,r €N
= p(TP"y, TP""'2), where y = TP"x € D;
— dist(D;, Dit1),as n — oo (because T € Q).
This implies that, for all € > 0, there exists an ng € N such that
p(TP"x, TP" ' g) < ¢ + dist(D;, Diy1), m,n > no.
By Proposition 3.3, for any given € > 0, there exists an n; € N such that
p(TP" o g TPrthtlyy < o 4 dist(Digg, Digpy1),m,n > ny, k € {1,2,...,p}.

© 2022 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2022.8.1
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Therefore, the sequence {T"z} is a p-cyclic Cauchy sequence in (X, p). Since (X, p) is p-
cyclic complete, there exists k € {1,2,...,p} such that {TP"* ¥z} converges to z € D; .
By Theorem 4.8, z is best proximity point of T"in D;, where j =1 + k. [ |

Example 4.10. Let X =: R? be the Euclidean plane equipped with the usual Euclidean
metric. Let subsets D;,i = 1,2,3,4 be as follows:

Dy ={(0,05+):0<z<05},Ds={(05+2,0):0<z <05},

Ds = {(0,—(05+2)) : 0 <2z <05} and Dy = {—(0.5+2,0) : 0 <z < 0.5}. Let
o(t) = £t,Vt > 0. Similarly, define T': U{_, D; — U{_, D; as follows:

T(0,0.5 + ) = (0.5 + —

1070);

T(0.5+ x,0) = (0, — (0.5 + — ))

10

T(0, —(0.5 + 2)) = (—(0.5 + —), 0);

10)
10)

It is clear that p(D1, D2) = p(Da, D3) = p(D3, D4) = p(D4, D1) = %\/i Obviously T is
a 4-cyclic map. If x € D;,y € Di+1,i =1,2,3,4. One can easily show that

T(—(0.5+ z),0) = (0,0.5 +

m(x,y)—p(m(z,y)) + DuDv+1)) p(T'z, Ty)
zgm( \/o5+ +(05+ 150 20,

for all x € D;,y € D;y1, where D4+1 = D; and

m(z,y) = max{p(z,y), p(z, Tz), p(y, Ty), ! p(x, Ty) + p(y, Tx)]}.

5
Therefore, T is a generalized p-cyclic weak p-contraction(3.3), where p = 4. All the
conditions of Theorem 4.9 hold true, and T has the best proximity point. Let = (0,0.5+
y) € Dy, where y € [0,0.5]. Then {T4" }={(0,0.5+ &)} Clearly {T*"z} — (0,0.5)
as n — oo, which is a best proximity point of 7" in D;. Also, T'(0,0.5) = (0.5, 0), so (0.5,0)
is a best proximity point of T in Do, T72(0.0.5) = (0, —0.5) and 7°(0,0.5) = (—0.5,0) are
unique best proximity points of 7" in D3 and Dy, respectively.
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