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1. INTRODUCTION

In this article, we study the nonlocal initial-value problem for the first-order differential
system

2'(t) = fi(t,z(t), y(t), 2(t))

y'(t) = f2(t, z(t),y(t), (1)) (L.1)
2'(t) = f3(t,z(t),y(t),2(t)) a.e. on [0,1]
z(0) = alz], y(0) =Bly], 2(0) =~[z].

Here, f1, fa2, f3 : [0,1] x R® — R are Carathéodory functions, a, 3,v : C[0,1] — R are
linear and continuous functionals.

In this paper, problem (1.1) was studied using as main tools the fixed point principles
by Perov, Schauder and Leray-Schauder, together with the technique that uses convergent
to zero matrices and vector norms. Note that the m-point boundary condition z(0) +
Yoy agx(ty) = 0 is a particular case of condition z(0) = a[z] when

alx] = —Zakx(tk). (1.2)
k=1

In [2], the authors studied the nonlocal initial-value problem for first-order differential
equations

Z'(t) = f(t,z(t)) (a.e. on [0,1])

2(0) + > apx(te) =0,
k=1

assuming that f : [0,1] x R? — R is a Carathéodory function, t; are given points with
0<t;1 <ty <--- <ty <1and ai, ap are real numbers with 1 + Z;Cn:l ar # 0 and
1+ Y ,ar # 0. The main idea there was to rewrite the problem as a fixed point
problem, involving a sum of two operators, one of Fredholm type whose values depend
only on the restrictions of functions to [0, ¢,,,], and the other one, a Volterra type operator
depending on the restrictions to [t,,,1]. The same strategy was adapted in [4] for the
first-order differential system

a'(t) = f(t,2(t),y(t), 2(t))
y'(t) = g(t,2(t),y(t), (1))
2'(t) = h(t,z(t),y(t),2(t)) a.e. on [0,1]

2O+ 3 et =0, y(0)+ 3 @yt =0, 2(0)+ 3 arz(te) = 0.
k=1 k=1 k=1

In this article, the nonlocal conditions are expressed by means of linear continuous
functionals on C[0,1], as in the works by Webb-Lan [9]. Our main assumption on func-
tionals «, 3, extends to the general case the specific property of the particular functional
(1.2) of depending only on the points from a proper subinterval [0, ¢] of [0,1], namely
[0, t,,] (taking to := t,,). More exactly, we require the following property:

zj0,t0] = Yl[0,t] implies afz —y] = 0, whenever z,y € C|0, 1]. (1.3)
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APPLICATION OF NONLINEAR CONTRACTION CONDITION FOR SOLUTION 3

Therefore, (1.3) reads that the value of functional « on any function z only depends
on the restriction of x to the fixed subinterval [0,¢o]. The key property of functional «
satisfying (1.3) is that

afu] < ol - [ulco,w) » (1.4)
for every u € C[0,1]. Normally, for a given functional

a:C0,1] - R,
we have

lafg]l < llall - lglcio,-
However, if « satisfies condition (1.3), then

lalgll < lledl - l9lco,to)-

Indeed, for each g € C[0,1], if we let g € C|0, 1] be defined by

N g(t), ifte 0,
g(to), ift e [to, 1],
then
lafg]l = lafg]l < llall - [glcony = el - 1glco.to)-

The goal of this work is to revisite system (1.1) under the assumption that both functionals
a and  satisfy (1.3), using the strategy from [1].
Problem (1.1) is equivalent to the following integral system in C[0, 1]3:

o) = Tl + [ s 9(s). 25
1 t

1) = Tyl + [ olsn(s).u(s). =)

<(0) = ool + [ fas.a(s)9(9).2(5))s

where

m@zAfﬁw@M%AM®
gwwﬁéh®M$M$4m%

g3(t) 1:/0 f3(s,x(s),y(s), z(s))ds.
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This can be viewed as a fixed point problem in C[0,1]? for the completely continuous
operator T : C[0,1]> — C[0,1)3, T = (T1, T2, T3), where Ty, Ty and T3 are given by

1

Tl(mvyv Z)(t) = 1 — a[l] a[gl] +‘/0' f1(87$(8)7y(8), Z(S))ds,

To(o.9.2)(0) = Tyl + [ fo(s.a(e).(s). =),
To(o.,2)0) = 7=l + [ fo(s.a(s). (). ().

In fact, under assumption (1.3) on «, 8 and ~ operators T7, T» and T3 appear as sums
of three integral operators, one of Fredholm type, whose values depend only on the re-
strictions of functions to [0,%g], and the other one, a Volterra type operator depending
on the restrictions to [tg, 1], as this was pointed out in [2]. Thus, 7 can be rewritten as
T1 = TF1 + TVI, where
1 t .
——alg1] + s,x(s),y(s), z(s))ds, ift<t
Tr (o, 2)() = § om0+ Jo Fils 2000, 2D, L <
1_7041]05[91] +f0 f1(871'(8),y(8),2(8))d8, if t 2 tO;
0, ift < to
t .
iy f1(s:2(5),y(s), 2(s))ds, if t > to.

Similarly, Ty = T'r, + Tv,, where

%Mﬂ[gﬂ +f0t fQ(S,l'(S),y(S),Z(S))d& ift < tO
s Bloal + Jo° fa(s,2(s), y(s), 2(s))ds, if ¢ > to;

TV1 (x7y, Z)(t) = {

TFz (a?,y7 Z)(t) = {

0, if t <tg
ftto f2(87x(s)7y(s)72(8))d87 if ¢ > to.
and T3 = T, + Ty, where

v = el G fa(sa(s).y(s), 2(s)ds, £ <t
Tpy(z,y,2)(1) {1_;[1]7[93]+f0t°f3(s,a:(s),y(s),z(s))ds, if t > to;

0, if t < tg
2 fa(s,(s),y(s), 2(s))ds, if t > to.

This allows us to split the growth condition on the nonlinear terms f(¢,z,y, 2),
fa(t,z,y,2) and fs3(t,x,y,2) into two parts, one for ¢t € [0,%9] and another one for
t € [to,1], in such way that one re-obtains the classical growth when ty; = 0, that is
for the local initial condition 2(0) = 0.

We conclude this introductory part by some notation, notions and basic results that
are used in the next sections. The symbol |z|c(,,5 stands for the max-norm on Cfa, b],

TV2 (xvya Z)(t) = {

Tv, (z,y, 2)(t) = {

2] cla,p) = MaXyeq,p) [2(2)],

while |z ¢q,5 denotes the Bielecki norm

2]l crap = l2)e " Y | el

for some suitable 8 > 0.
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In the next sections, three fixed point principles will be used to prove the existence of
solutions for the semilinear problem, namely the fixed point theorems by Perov, Schauder
and Leray-Schauder (see [7]). In all three cases a key role will be played by the so called
convergent to zero matrices. A square matrix M with nonnegative elements is said to be
convergent to zero if

MF 50 ask — oo.

It is known that the property of being convergent to zero is equivalent to each of the
following three conditions (for details see [7, 8]):

(a) I — M is nonsingular and (I — M)~' =T+ M + M? +..., where I stands for the
unit matrix of the same order as M;
(b) the eigenvalues of M are located in the interior of e the unit disc of the complex
plane;
(c) I — M is nonsingular and (I — M)~! has nonnegative elements.
The following lemma whose proof is immediate from characterization (b) of convergent
to zero matrices will be used in the sequel:

Lemma 1.1. If A is a square matrix that converges to zero and the elements of an other
square matriz B are small enough, then A+ B also converges to zero.

We finish this introductory section by recalling (see [1, 7]) three fundamental results
which will be used in the next sections. Let X be a nonempty set. By a wvector-valued
metric on X we mean a mapping d : X x X — R%} such that

(1) d(u,v) >0 for all u,v € X and if d(u,v) = 0 then u = v;
(ii) d(u,v) =d(v,u) for all u,v € X;

(iil) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.

Here, for z = (Itha"'axn)a Yy = (ylayQ""ayn)v by z S Yy we Imean x; < Yi for
1 =1,2,...,n. We call the pair (X,d) a generalized metric space. For such a space
convergence and completeness are similar to those in usual metric spaces.

An operator T : X — X is said to be contractive (with respect to the vector-valued
metric d on X) if there exists a convergent to zero matrix M such that

d(T(u), T(v)) < Md(u,v) for all u,v € X.

Theorem 1.2 (Perov). Let (X,d) be a complete generalized metric space and T : X — X
a contractive operator with Lipschitz matriz M. Then T has a unique fixed point u* and
for each uy € X we have

d(T* (up), u*) < M*(I — M)~ d(ug, T(ug)) for all k € N.

Theorem 1.3 (Schauder). Let X be a Banach space, D C X a nonempty closed bounded
convex set and T : D — D a completely continuous operator (i.e., T is continuous and
T(D) is relatively compact). Then T has at least one fized point.

Theorem 1.4 (Leray-Schauder). Let (X, || - [/x) be a Banach space, R > 0 and T :
Br(0; X) — X a completely continuous operator. If ||ul|x < R for every solution u of
the equation uw = AT (u) and any A € (0,1), then T has at least one fized point.

Throughout the paper we shall assume that the following conditions are satisfied:
(H1) 1—«[1] #0,1—-8[1] #0 and 1—~[1] #0.
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(H2) flafZafS : [07 1] X Rg — R are such that fl('7xay7z)af2('7$7yaz)7f3('7x7y7z)
are measurable for each (z,y,z) € R? and fi(t,.,.,.), f2(t, -, .), f3(t,-,.,.) are
continuous for almost all ¢ € [0, 1].

2. NONLINEARITIES WITH THE LIPSCHITZ PROPERTY. APPLICATION OF
PEROV’S FIXED POINT THEOREM

Here we show that the existence of solutions to problem (1.1) follows from Perov’s fixed
point theorem when f1, fo, f3 satisfy Lipschitz conditions in x and y:

atle — T + bily — gl + cilz —z|, ift €[0,t0]
ajle — T + byly — gyl + c3lz — 2|, ift € [to, 1],
(2.1)

|f1(t7x7yaz) - fl(t7f7y72)| S {

IN

|f2(t$y Z)—fz(tfﬂzﬂ {a%|x—x|—|—b¥y—y+cf|z—z|, lftE[O,to}

asle — T + b3ly — gl + 3z — 2|, ift € [to, 1],
(2.2)

IN

|f3(t£L'y Z)*fg(tf@f” {ai{’|x—x|+b§y—y+c‘;’|z—z|, lftE[O,to]

ajle — T + b3ly — gl + c3lz — 2|, ift € [to, 1],
(2.3)

for all z,y,2,7,y,Z € R.
In what follows we denote by

+ 1, Bg = 7”'BH +1, and C, = 7”7” + 1.

IR IR

Theorem 2.1. If f1, fa, f3 satisfy the Lipschitz conditions (2.1), (2.2),(2.3) and the ma-
trix

el
1= aff]

a%toAa b%toAa C%toAa
My := a%toB/g b%toBﬂ C%toBg (2.4)
a?tva b‘;’t007 C‘?to(j,Y

converges to zero, then problem (1.1) has a unique solution.

Proof. We shall apply Perov’s fixed point theorem in C[0,1]® endowed with the vector
norm | - || defined by

lJull = (] 1yl 121)

for u = (x,y, z), where for w € C[0, 1], we let

[[w]l = max{|w|c(o,t); 1wl cpre, 1}
We have to prove that T is contractive, more exactly that

1T (u) = T@)|| < Mp|ju—ull
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C[0,1]? and some matrix My converging to zero. To

for all uw = (x,y,2),u = (T,7,2)
= ,Z) be any elements of C[0,1]. For t € [0, ], we have

this end, let u = (x,y,2),u = (7,

|T1 (x’ Y, Z)(t) -1 (E’ Y, 5)(t)|

1
— 1_7041]0![91] + ; fl(s,ﬂf(S),y(s),z(s))ds
1 _ t -
- ama[gl] ~ /s fi(s,T(s),7(s), 2(s))ds
< |17[1]||04[91 — a1l +/0 1 f1(s,2(5),y(s), 2(s)) — f1(s,Z(s5),7(s),Z(s))|ds.

Thus, using (1.3),

algr — a1 < llall - 91 — Gileqo.to)

and therefore by (1.4), we obtain the following evaluation:

|T1 (.13, Y, Z)(t) -1 (fv Y, 2) (t)l

[l _ ! _ _ _
< mL‘h = G1lcio.) + ; (at]z(s) = T(s)| + bily(s) — G(s)| + cil2(s) — Z(s)])ds.
(2.5)
Now, taking the supremum, we have
T\ (2, y, 2) — TV (Z, 7, Z) | clo,t0]
_ el _— T o
= = aff] 191 — Gilco.t0) + artolr — Tlcpo,0) + b1toly — Ylop.to] + citolz — Zlcio,t)-
Also
t
lg1(t) =g, (1)] < / |f1(s,2(5),y(s), 2(s)) — f1(s,%(s),Y(s),Z(s))|ds
0
t
< /0 (a1](s) — ()| + bily(s) — H(s)| + eil2(s) — Z(s)])ds
< attolr — T|cjo,te) + bitoly — Ulcpo,te] + Citolz — Zlcpo.to)s
which gives
l91 = Gilcpotol < attol — Flopo,to] + bitoly — Ylcroo) + Citolz — Zlcpon-  (2.6)

From (2.5) and (2.6), we obtain
|T1 (.’E, Y, Z) -1 (fv Y, E)|C[0,to]
a — —_— —
< (7” ﬂ o|¢|[1]| + 1) (artolz — Tcpo,u) + bitoly — Ulcqo,t) + citolz — Zlcpoe) (2.7)

= Aqaitolr — Zlcpo,t,) + Aabitoly — Tlopo,) + Aacitolz — Zlcio.t)-
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For t € [tg, 1] and any 6 > 0, we have

|T1((£,y,2)(t) - Tl(fa Y, E)(t)|
< lr—apllels — 3+ [ 1Gs.a(s). (9. 2(6)) = (5. 5(5). 3(6). 2(5) s

+ ) [f1(s, (), y(s), 2(s)) — f1(s,%(s),5(s), Z(s)) |ds.

Hence, (1.4) gives

|T1 ('r’ Y, Z)(t) -1 (E’ Y, f)(t)|
el

T —afl] + 1) (artolz — oo, + bitoly — Tlepo,te] + itolz — Zlopo.to))

t

+ [ 1fils,2(5),y(s), 2(5)) = fu(s, T(s),5(s), Z(s))|ds.

to

<

The last integral can be further estimated as follows:

/t (s, 2(s),9(s), 2(5)) — Fa(s, T(s), T(s), 2(s)) | ds
< / (able(s) — T(s)| + Blu(s) — G(s)| + cbl=(s) — 2(s))ds
= a%/t |z(s) — Z(s)] - e 0(s—to) . (s—to) gg

48} [ lylo) — gs)] - €0 P
to

t
+ C% |Z(S) — Z(s)| . 6_9(5—150) . e@(s—to)dS
to

a 6(t—to) = b 6(t—to) = c 6(t—to) -
< 3 € lz —Zllcpe,1) + 7€ ly —3llcree,n) + 7€ Iz = Zllcreo,1)-

Thus

|T1 (-T7 Y, Z)(t) - T]. (fa ?a E)(1‘;)| S Aaa%to\m - f'C[O,to] + Aab%toklj - y'C[O,to]
+ Aacitolz — Z|c(o ]
ab gy b o(i—t
tye (=) ||z — T opg,1) + 9 = ly —llogo,y
e

+ gee(t_to) ||Z — EHC[to,l]'
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Dividing by e?(*~%) and taking the supremum when t € [tg, 1], we obtain

1Ty (2, y,2) — TL(Z, T, 2) |l cfto,1] < Aatitolz — Zlcio,t)
+ Aabitoly — Ylcpo.to] + Aacitolz — Zlco.to]
1 1
a _ b _
+ f”ﬂf — Tl cfto 1] + ﬁ”y =Tl
1
c _
+ §2||Z — Zllefto,1)-

(2.8)
Now (2.7) and (2.8) imply
ITy(2,y.2) — Ty(%.7.7)]| < (Aaatto + )Hx—le(A b1to+ )||y 7ll
;) (2.9)
+ (Aachto + 5 )HZ—le
Similarly,
ITa(2,, 2) — To(z.,5,2)|| < (Aadto + % )Hif—l“HJr(A b2to+ )||y 7l
e
+ (Aacito + 2)llz = 2.
(2.10)
ITs(2,,2) — T5(®.3,2)|| < (Aadito + % )Hfﬂ—le(A b3to+ )Ily 7ll
3
+ (Aacito + )HZ—ZII
(2.11)

Using the vector norm we can put both inequalities (2.9), (2.10), (2.11) under the
vector inequality

1T(w) = T@)|| < Molu -7,
where
- 1 1 1
Aaa%to =+ % Aab%to —+ b?z A C%to —+ 6*2
My = | Aaaito + % Aab%toqt%i A 02t0+— : (2.12)
_Aaa:fto —+ % Aab?to —+ % A C%to +

Clearly the matrix My can be represented as My = My + M;, where

M, =

S SRS GEIGH
oS bk
Qb‘t&w%‘wow%‘&w
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Since My is assumed to be convergent to zero, from Lemma 1.1 we have that My also
converges to zero for large enough 6 > 0. The result follows now from Perov’s fixed point
theorem. ]

3. NONLINEARITIES WITH GROWTH AT MOST LINEAR. APPLICATION OF
SCHAUDER’S FIXED POINT THEOREM
Here we show that the existence of solutions to problem (1.1) follows from Schauder’s

fixed point theorem when f1, fo, f3, instead of the Lipschitz condition, satisfy the more
relaxed condition of growth at most linear:

U T L adla + bilyl + chlz| + db, if t € [to, 1],

alt.zny. )| < 4 CLlEIH Ll cilel +di, i E € [0, ko] (3.2)
U T a3l + b3yl + cBlzl +d3, ift € [to, 1],

falt.zny. )| < 4 UL+ el cilel +di, it € [0, ko] (3.3)
U T ddlal + byl + c3lz +d3, ift € [to, 1],

Theorem 3.1. If f1, fo, f3 satisfy (3.1), (3.2), (3.3) and matriz (2.4) converges to zero,
then (1.1) has at least one solution.

Proof. To apply Schauder’s fixed point theorem, we look for a nonempty, bounded, closed
and convex subset B of C[0,1]? so that T(B) C B. Let z,y, z be any elements of C[0, 1].
For ¢ € [0, o], using (1.3) and (1.4), we have

T 2)0)] = ly—grralon] + | fils.a().0(s). 2()ds

< ly—apgllelonll + [ adla(e)] +blu(o)] + ell=(s)| + dy)ds

[lev]
~[1=efl]]

+ cttolzlepo.u) + dito-

|911c10,t0] + @1tol Tl 0,20 + bitolylcio s,

(3.4)
Also

()] < / (s, 2(s), y(s), 2(s)lds

< /O (ar]z(s)] + bily(s)] + e1lz(s)| + dr)ds

< artolz|cpo,t0] + bitolylcro.o)
+ citolzlcpo,to) + dito,
which gives

l91lc0,60] < @1tol®|cpo,t0] + b1tolylcpo,e) + Citolzlco,t0) + dito- (3.5)

Bangmod Int. J. Math. & Comp. Sci., 2021



APPLICATION OF NONLINEAR CONTRACTION CONDITION FOR SOLUTION 11

From (3.4) and (3.5), we obtain

[l

|T1(£c,y,Z)\c[0¢0] < (m + 1)(a%to\x|c[0,to] + bito|y|c[0,t0] + c%to\Z|c[o,to]) + d%

= altoAal|cpo.r0) + DitoAalyl oo + citoAal2lofo.10) + i,
(3.6)
where d} := dltgA,. For t € [to,1] and any 6 > 0, we have

T (z,y, 2)(8)] = attoAalz] o040 + bitoAalylop o] + citoAalzlclo.m] + di
t
+/ (azlz(s)] + byly(s)| + c3]2(s)| + dj )ds
to

< ajtoAalz|c.te) + bitoAalylcio ] + citoAalzlcpo.e, + di + (1 — to)d)
t

+a} [ |x(s)] - e 0lmto) . fls—to)gg
to
t

o [ y(s)] -t Fto g
to

t
+ c% |z(s)] - e~ 0(s—to) . oB(s—to) gq
< ajtoAalzloo.te) + bitoAalylcio.t] + citoAalzlopo.,) + db

C% 0(t—to)
ke 2l cito,115

al oo by o
+ 22 ooy + 2o oy, +

where d} = CAl} + (1 — to)d}. Dividing by e?¢~*) and taking the supremum, it follows
that
1T (2, 2)l|cfto.1) < artoAalzloro.e) + bitoAalylcios) + citoAalzlcpo.t0)

a3 by o0 (t=to)

# e el + e et >0

2
0
+ B o+
0 Clto,1] 0
Clearly, (3.6) and (3.7) give
1T (2, , 2)]| < (altoda+T2 )||$||+(bltoA o )||y||+(61toA 12 )||Z||+do, (3.8)
where El% = max {CE, dcl,}. Similarly,
I To(w, . 2)|| < (a3toBs+2 )||$||+(52t035+ )||y||+(01t03ﬁ+ )HZHer (3.9)

with d2 = max{d?,d2}, where d? := d2t,Bg and d2 := d? + (1 — t;)d2.

1T (., 2)]| < (aftoCy+ 2 )||33||+(b3t007+ )llyH+( 3o+ 2 )||Z||+d (3.10)

with df = max{d?,d3}, where d3 := d3t,C, and d3 := d% + (1 — to)d3.
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Now (3.8), (3.9) and (3.10) can be put together as

1T (2, y, 2)| ] dp
1To(,y, 2)[ | < Mo | llyll| + |d5| -
1T5(z,y, 2)|| 121l d3

where the matrix My is given by (2.12) and converges to zero for a large enough 6 > 0.
Next we look for two positive numbers Ry, Ry such that if ||z|| < Ry, |ly|| < Rz, ||#]| < Rs,
then ||T (z,y,2)|| < Ry, ||T2(z,y, 2)|| < Ra, | T3(x,y, 2)|| < Rs. To this end it is sufficient
that

b3
(altoA + 0 )Rl + (bltoA + ) )Rg + (CltoA —|— 0 )Rg + dl <Ry
b3
(a2toBs + - 0 )Rl + (b*toBs + 5 2)Ry + (toBs + & 9 )R3 +d% < R, (3.11)

b3
)Rl + (b toC, +

2)Ry + (300, 4 & )R3+d3 < Rs,

o 0

or equivalently
Ry dj [R:
My | Ro | + d%
R d3 R

A
&

whence
Ry CZ(I)
Ro| > (I — M)~ |d2
R3 678

Note that I — My is invertible and its inverse (I — My)~! has nonnegative elements since
My converges to zero. Thus, if

B ={(z,y,2) € C0,1]° : ||| < Ry, [ly]| < Ra, [|z]| < Rs},
then T'(B) C B and Schauder’s fixed point theorem can be applied. [ |

4. MORE GENERAL NONLINEARITIES. APPLICATION OF THE LERAY-SCHAUDER
PRINCIPLE

We now consider that nonlinearlities f1, fa, f3 satisfy more general growth conditions,
namely:

wi(t ule),  ift €0,to)]

St als {7<t)51(|u|e)’ if t & [to, 1], o
walts [ule), i ¢ € [0,to]

St )l = {v(t)ﬁz(IUIe)a if t & [to, 1], o
wat, ule), if ¢ €[0,to]

|f3(t,w)] < {’y(t)ﬁd(|u|e)a if t € [to, 1], Y
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