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1. INTRODUCTION

Let £ to be a real Banach space with dual space, £*. The problem of finding a point
u* € £ that satisfies the inclusion:

0€ (A+ B, (1.1)

where A and B are respectively, single valued and multi-valued monotone operators is
popularly known as monotone inclusion problem (MIP). In consistency with what has
been frequently used in the literature, we shall denote the set of solution to the MIP
(1.1) by (A+ B)~1(0*). The MIP allows an elegant formulation to a wide range of prob-
lems which involves finding an optimal solution for optimization related problems such
as mathematical programming, optimal control and variational inequalities, to mention
a few, (see, e.g., [4, 17, 40, 44] and the references therein). The MIP have found its
various applications in diverse areas of mathematics such as image processing, statistical
regression and signal recovery (see, e.g., [0, 18-20, 22, 35] and the references therein).
Due to the variety of applicability and importance of the monotone inclusion problem,
over the years researchers in this direction have proposed different iterative methods for
solving (1.1) (see [1, 3, 7, 8, 10, 15, 21, 26, 29, 30, 43]). One of such method is the
forward-backward splitting method introduced by Lions and Mercier [20] in the settings
of real Hilbert space H. This method is implemented in the following manner: Given an
initial guess gy € H and setting k = 0, the next point of the sequence is generated by:

Q1 = 5 (qr — MeAgr), k>0, (1.2)

where J /\Bk := (I + \B)~! is the resolvent operator of the maximal monotone operator
B, I is the identity function and {A\;} is a sequence with non-negative points on R. Lions
and Mercier [26] proved that the sequence {qx} generated by (1.2) converges weakly to a
solution of the MIP (1.1) under the restrictive condition that the operator A is a-inverse
strongly monotone. However, as rightly pointed out by Tseng [11], this condition on A
limits the applicability of the algorithm.

The Tseng’s iterative splitting method is another iterative method for solving MIP
which does not require inverse strongly monotonicity assumption on any of the functions.
It was introduced by Tseng [41] in 2000. The Tseng iterative method is computed using
the following procedures, let q; € H:

yr = J% (qk — ArA),
Q1 = Ye — Me(Ayr — Agr), V k> 1,

where A is monotone and L-Lipschitz operator, B is a multi-valued operator and {\;} is
a sequence in (0, 1).

Remark 1.1. Although, Tseng [/ 1] was able to dispense with the restriction on the oper-
ator A in algorithm (1.2), a drawback of his method is that it requires the prior knowledge
of the Lipschitz constant to evaluate the step-size {\;}. However, from practical point of
view, the Lipschitz constant in this case is very difficult to approzimate.

In 2019, Shehu [37] extended the Tseng’s [11] iterative method to the setting of 2-
uniformly convex Banach space £ as follows:
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q1 € ga
yr = J5 o J T (J gk — A Agr), (1.3)
Qo1 = I (Jye — Me(Ays, — Agr)),

where A : £ — £* is monotone and L-lipschitz continuous, B : £& — 2¢” is a maximal
monotone operator, an = (J + ApA)~1J is the resolvent of B and J denotes the duality
mapping from £ into £*. A weak convergence result was obtained. It is worth-mentioning
that the A, in (1.3) depends on the Lipschitz constant.

Very recently, the results of Tseng [41] and Shehu [37] was extended by Sunthrayuth
et al. [36] to the setting of a reflexive Banach spaces. The authors [36] introduced two
iterative algorithms for solving MIP and fixed point problem for a Bregman relatively
nonexpansive mapping. One of these iterative method is defined below:

Algorithm 1 Mann splitting algorithm for solving MIP.

Initialization: Choose A! > 0, u,6 € (0,0), where o is a constant defined in (2.3).
Let ¢! € £ be arbitrary starting points.
Iterative step:
Step 1: Compute

w* = J5Vg* (Vg(d*) — AP A()).
Step 2: Compute

k:v*v k_)\kA k_Ak:

z 9" (Vg(w®) = A (A(w") — A(q")),

where \**1 is updated as follows:
o f ol

A= [ Agh — Awk||
AF, otherwise.

I TRy k
)\} if Ag” # Aw"”, (1.4)

Step 3: Compute
¢t = Vg ((1 - a*)Vy(") + aFVg(T2")).
k+1

Stopping criterion: If ¢ = zF for some positive k then stop.
Otherwise set k := k + 1 and return to Iterative step .

A weak convergence result was obtained using their iterative algorithm without any
prior knowledge of the Lipschitz constant of the underlying operator. The other iterative
method employed an armijo linesearch to eradicate the existence of Lipschitz constant.
It is well-known that a linesearch approach would necessitate numerous additional com-
putations and further increase the computational cost of Algorithm 1 of [36]. Also, the
self-adaptive stepsize employed in Algorithm 2 of [36] reduces to the one used in this
article if n, = 0.

Inspired by the heavy ball methods of a two-order time dynamical system, Polyak [34]
and Nestrov [32] proposed the following inertial method:

{uk =" +9k(qk . qk—l),

1.5
¢t =t =N f(ub), VR > 1, (15)
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where 0¥ € [0,1) is simply the inertial and A is a non-negative (see, e.g., [3, 9, 38, 39]).
This idea is now known as inertial extrapolation method. In 2008, the concept of inertial
extrapolation was developed with the Mann iterative algorithm by Maingé [28], they

expressed their method as follows:

y* =¢" +0"(q" — "),
qk+1 — (]_ _ /\k)yk + /\kTyk,

for each k > 1. Result from this iterative scheme shows that the sequence {¢"} is weakly
convergent to the fixed point problem of the underlying mapping using the conditions
stated below:

(i) 6% €[0,v) for each k > 1, where v € [0, 1),

o0
(i) > 0%lg" — " < oo,
k=1

(iii) 0 < liminf A¥ < limsup AF < 1.
k—o0 k— o0
Spurred by the results in [41], [37], [36] and results from related literature in this
direction, we develop a new parallel method of iteration equipped with an inertial extrap-
olation method for solving a common solution of a finite family of MIP and fixed point
problems for Bregman strongly nonexpansive mapping in the framework of a reflexive
Banach space. We establish a strong convergence result for solving the finite families of
the discussed problems without the knowledge of the Lipschitz constant of the underlying
operator. We selected our stepsize to be self-adaptive, therefore it does not require the
knowledge of the Lipschitz constant as well as the sequential weak continuity of the op-
erator. In summary, we illustrate few numerical experiments to show that our proposed
method is implementable. Our result is a further contribution to related results in the
literature. We highlights of some of the contributions in this study:
(i) Results from [2, 37, 11] were extended to a more general Banach spaces.
(ii) Introduction of a self-adaptive procedure which increase from iteration to iteration
and is independent of the Lipschitz constant of underlying operator is studied.
This differs from the methods of Shehu [37] and Tseng [11] where the knowledge
of Lipschitz constant is known.
(iii) A strong convergence result desirable to weak convergence result was established

(see [30]).

(iv) We were able to obtain a strong convergence result without the assumption

o0 o0
3 0F|lg* — ¢F Y| < oo and Y [|¢F — ¢F || < oo, where 6F is the inertial factor.
k=1 k=1

2. PRELIMINARIES

In this section, we denote strong and weak convergence by ”—” and ”—", respectively.

Let C' be a nonempty closed and convex subset of £. Let g : £ — (—o0,+0o0] be
a proper, lower semicontinuous and convex function, then the Fenchel conjugate of g
denoted by ¢g* : £* — (—o00, +00] is defined by

9" (u*) = sup{(u*,u) —g(u) :u €&}, u* €&".
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The domain of g be denoted as dom(g) = {u € € : g(u) < +oo}, thus for any u € intdomg
and v € &, the right-hand derivative of g at « in the direction of v is defined by

t —
(u,v) = lim g(u+tv) —g(u)
t—0+ t
The function g is said to be

(i) Gateaux differentiable at w if lim;_,q+ w

g°(u,v) coincides with Vg(u);

(ii) Gateaux differentiable, if it is Gateaux differentiable for any u € intdomg;

(iii) Fréchet differentiable at w, if its limit is attained uniformly in ||v|| = 1;

(iv) Uniformly Fréchet differentiable on a subset C of &, if the above limit is attained
uniformly for v € C and ||v|| = 1.

exists for any v. In this case,

Let g : £ = (—00, +00] be a mapping, then g is said to be:
(i) essentially smooth, if the subdifferential of g denoted as dg is both locally bounded
and single-valued on its domain, where dg(u) = {w € & : g(u) — g(v) > (w,v —
u), veEE
(i) essentially strictly convex, if (9g)~! is locally bounded on its domain and g is
strictly convex on every convex subset of dom 0g;
(iii) Legendre, if it is both essentially smooth and essentially strictly convex. See
[12, 13] for more details on Legendre functions.
Alternatively, a function g is said to be Legendre if it satisfies the following conditions:
(i) The intdomg is nonempty, g is Gateaux differentiable on intdomg and
domVg = intdomyg;
(ii) The intdomg* is nonempty, g
domV g* = intdomg.

*

is Gateaux differentiable on intdomg* and

Let g : € = (—00,+] be a Gateaux differentiable function. The modulus of total
convexity of g at € domyg is the function vy(z,.) : [0, +00) — [0, +00) defined by

Ug(x,t) = lnf{Dg(:%x) ty € domg, ||y — =}

If By :={z € & :||z|]| < s} for all s > 0. Then, a function g : £ — R is called uniformly
convex on bounded subsets of &, [ see pp. 203 and 221] [45] if pst > 0 for all s,¢ > 0,
where p; : [0, +00) — [0, 00] is defined by

ag(@) + (1 = a)g(y) — gla(z) + (1 — a)y)

s t e lnf 9
P ( ) z,Yy€Bs, ||z —y||=t,a€(0,1) a(l - a)

for all t > 0, with p; denoting the gauge of uniform convexity of g. The function g is also
said to be uniformly smooth on bounded subsets of E, [see pp. 221] [45], if lims o %, for
all s > 0, where o, : [0, +00) — [0, 00] is defined by
ou(t) = sup ag(@) + (1= a)ty) + (1 — a)g(z — aty) — g(z)
z€B,yeSE,ac(0,1) a(l - a)

for all t > 0. The function g is said to be uniformly convex if the function dg : [0, +00) —

[0,4+00) defined by

r+y
2

dg(t) := sup {59(2) + 50(0) — 9(2L) [y — 2l = 1},

2

satisfies limy o ‘SgT(t) =0.
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Definition 2.1. [I1] Let g : &€ — (—o00,+00] be a conver and Gateaux differentiable
function. Then, the function Dy : € x € — [0,+00) defined by
Dy(u,v) := g(u) = g(v) = (Vg(v),u —v) (2.1)

is called the Bregman distance with respect to g, where u,v € €.

However, the Bregman distance satisfies the following three point identity: for any
u € domg and v, z € intdomg,

Dy(u,0) + Dy(v, 2) — Dy(u, 2) = (Vg(2) - Vg(v),u - v). (2.2)
Also, the relationship between D, and [|.|| with strong convexity constant o > 0 i.e.,
Dy(z,y) > %Hx —yl||?, ¥V x € domg, y € int(domg). (2.3)

Let U : C — int(domg) be a nonlinear operator. An element p € C is said to be a fixed
point of U if Up = p. We denote by F(U) fixed point set of the operator Y. In addition,
a point p € F(U) is said to be an asymptotic fixed point of U if C' contains a sequence
{x*} such that {z*} — p and klirn ||{Uz* — 2*|| = 0. We denote by F'(U) the asymptotic

—00
fixed point set of . The mapping U is called
(i) Bregman nonexpansive, if
Dg(u%ur) S Dg((],'l"),v q,T € Ca
(ii) Bregman relatively nonexpansive, if F(U) # (), and
D,(2,Uq) < Dy(z,q), ¥ z € F(U), q € C and F(U) = F(U), (2.4)
(iii) Bregman firmly nonexpansive (BFNE) if
(Vg(Uq) = Vg(Ur),Uqg —Ur) < (Vg(q) — Vg(r),Ug—Ur),¥ q,r € C.
(iv) Bregman strongly nonexpansive (BSNE) with F(U/) # 0 if
Dy(z,Uq) < D,(z,9),¥ r € C,z € FUU),
for any bounded sequence {¢*}x>1 C C,
lim (Dg(z,qk) - Dg(z,Z,{qk)) =0
k— o0
implies
. ko _ky _
Jlim Dy (Uq",q") = 0.
(v) quasi-Bregman nonexpansive if F(U) # 0 and for all g € C, z € F(T)
Dy(z,Uq) < Dy(z,U).
Definition 2.2. A function g : £ — R is called strongly coercive if

9(d") _
al

llg¥||—oo ||q

Lemma 2.3. [16] Let £ be a reflexive Banach space, g : € — R be a strongly coercive
Bregman function and V' be a function defined by

V(u,u*) = g(u) — (u,u™) + g"(u*), x € &, u* €&
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Then the following holds:
Dy(u, Vg*(u*)) = V(u,u"), forallz e & and u* € &*.

V(u,u*) + (Vg*(u*) — u,v*) < V(u,u* +v*) for allu € € and u*,v* € E*.

Lemma 2.4. [16] Let £ be a Banach space and g : € — R a Gateaux differentiable func-
tion which is uniformly conver on bounded subsets of €. Suppose {x*}ren and {y*}ren
are bounded sequences in E£. Then,

lim Dy(y*,2*) =0= lim ||y* —2"|| = 0.
k—o0 k—o0
Lemma 2.5. [24] Suppose g : € — R is a Gateauz differentiable function which is

uniformly convex on bounded subsets of E. If ug € £ and the sequence {Dg(uk,uo)} is
bounded, then the sequence {u*} is also bounded.

Definition 2.6. Let £ be a reflexive Banach space and C be a nonempty closed and
convex subset of £. A Bregman projection of x € int(domg) onto C' C int(domg) is the
unique vector Proj¢,(z) € C satisfying

Dy(Projl(u),u) =inf{Dy(v,u) : v € C}.
Lemma 2.7. [11] Let € be a real Banach space and A : £ — E* be a monotone, hemi-

continuous and bounded operator. Suppose B : E — £* is a maximal monotone operator.
Then A+ B is mazimal monotone.

Lemma 2.8. [31] Let g : &€ — (—00, +00] be a continuous uniformly convex function on
bounded subsets of X and T > 0 be a constant. Then

9( D okar) <D Srg(ar) — Siapr([las — ),
k=0 k=0

for alli,j € NU{0}, =y € B, 0, € (0,1) and k € NUO with Y _, 6, = 1, where p; is
the gauge of uniform convexity of g.
Lemma 2.9. [12] Let {u,} be a sequence of nonnegative real numbers, {a, } be a sequence
of real numbers in (0,1) such that ioj apn = o0 and {v,} be a sequence of real numbers.
Assume that .

Upt+1 < (1 — ap)up + apv, ¥V > 1.

If limsup v, <0 for every subsequence {un,} of {un} satisfying the condition
k— o0

lim inf (wn, +1 — tn,) > 0,
k—o00

then lim u, = 0.
n—o0

3. MAIN RESULT

In this section, we introduce a parallel iterative method for approximating finite families
of MIP and fixed point problem of Bregman strongly nonexpansive mapping which is
based on Tseng’s method. Below are some important assumptions:
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Assumption 3.1.

(B1) Suppose E is a real Banach space, the mapping A7 : & — E*, j=1,2,...N be a
monotone and L;-Lipschitz continuous.

(B2) For j = 1,2,--- N, let BI : £ — 28" be a mazximal monotone mapping and
TI : & — & be a finite family of Bregman strongly nonexpansive mapping.

(B3) Suppose g : € — R U {400} is a function that is Legendre, uniformly Fréchet
differentiable, p-strongly convezx, and bounded on bounded subsets of £.

o0

(B4) The solution set A := () (F(T7) (A7 + B7)~1(0)) is nonempty.
j=1

Assumption 3.2.
(D1) oF € (0,1) such that klim o =0 and 3 oFf = cc.
(D2) o(ak) = %, i.e. klilgoﬁ =0,

(D3) B¥J € (0,1) such that Y. B*J =1 and likminfﬁk”oﬁk’J >0, j=1,2,---,N.
j=0 — 00

o0
(D4) {n*} is a nonnegative real numbers sequence such that > n* < oco.
k=1

Algorithm 2 A parallel inertial self adaptive method for solving MIP and fixed point
problems.

Initialization: Choose A! > 0, u,0 € (0,0), such that o is a constant defined in (2.3)
and 6 € (0,1) . Let 2°, 2! € E be arbitrary starting points.

Iterative step: Given zFt1 and A\¥*+! for each k > 1 as follows:

Step 1: Given 2F~1 2% and A\*, choose 6* € [0, 0] where

g — min{kM’e}’ if ok £ k-1, 3.1)

0, otherwise.

Step 2: Calculate

{zk = Vg*(Vg(a*) + 05 (Vg(z*~1) — Vg(a*)))

whd = TV (Tg(H) — AT ()

Step 3: Calculate

Y™ = Vg (Vg(w™7) — N (A7 (wh) — A7 (1)), (3.3)
and \*t1 is updated as stated below:

min{ min plzt — wt | ek b i AT 2R £ ATk
e — | Adzk — Adwk:d| | ’

1<j<N
AF 4k, otherwise.

(3.2)

(3.4)
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Step 4: Calculate

= Vg* (B"'Vg(<*) + Zﬂ’”Vg (T7y™7)) (3.5)

J=1
Step 5: Calculate 2F+! by
= Vg 0"V () + (1 - a*)Vg(u")) (3.6)

Stopping criterion: If 2**! = 2 for k > 1 then stop. Otherwise set k := k + 1 and
return to Iterative step .

Remark 3.3. Our step size is allowed to increase from iteration to iteration and hence

the dependence on the initial step size \° is being reduced by our method. From (D4) of

Algorithm 2, it can be seen that {n*} is summable, then we get that klim n*¥ = 0. So the
— 00

stepsize \F may be non-increasing if k is large. If n® = 0, then the stepsize in Algorithm
2 reduces to the ones in [25, 3/, 50].

Remark 3.4. Note that the property of A7,j = 1,2,--- N in (B1) is weaker than the
inverse strongly monotone imposed on the operators in [23, 33].

Lemma 3.5. Let {\*} be defined as in (3.4). Thus we obtain klim A= X and X\ €

— 00

o)
min [min{ AN ], where n = S0 k.
k=0

Proof. It can be seen from Assumption 3.1 that A7 is Lipschitz continuous with constant
L; > 0. Now, when A7(2*) — AJ(wk7) # 0, we have

k,j

plleE = okl b

|ATzk — Adwhkod|| = Li||2% —wkd||  L;’ J y 45 )

Thus, by the definition of A*+! in (3.4) and applying mathematical induction, then the
sequence {\*} has a lower bound of min { 1£r11<n]\]{LL}, A% + 7%}, The remaining part of
EWAS ’

the proof follows from Lemma 3.1 in [27], so we exclude it.

Lemma 3.6. Let {z,} be generated iteratively by Algorithm 2 and a € A, then the
following inequality holds:

pAF

Dy(a,y*7) < Dy(a,2*) = (1 - N

) Dy(whd 28y + Dy (y*3, wh )|
Proof. Let a € A, then using (2.1), we have

Dy(a,y*7) = Dy(a, Vg*(Vg(w™?) — \F (AT (wh7) — A7 (%))
=g(a) — g(*7) — (a — y*7, Vg(wh?) — ¥ (AT (wh7) — AT (2F)))
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= g(a) — g(v*?) — (a — y*7, Vg(w"))

X (@ =y A (@) - ()

= g(a) = g(w"7) — (a — "7, Vg(w™)) + (a — y*7, Vg(w"7))

+ g(wh7) — g(y*7) — (a — y*I, Vg(wh7))

+ M (a — yFI, AT (wh7) — AGRY)

= g(a) — g(w™?) — (@ — wI Tg(w®)) — g(y") + g(wh)

+ (YT —whI Vg(wh)) + A (o — P AT (W) — AT (2R))

= Dy(a,wh?) = Dy(y™ wh) + Ne(a — ™) 4 (whd) = 40 (:H).

(3.7
Using (2.2), we obtain
Dy(a,w™) = D,(a, 2*) — D, (w3, 2*)
+ (@ — w7 Vg(zF) — Vg(wh)). (3.8)
By combining (3.7) and (3.8), we have
Dy(a,y™7) = Dy(a,z") = Dy(w™, 2) + (a — w*7,Vg(z") = Vg(w"))
— D,y wh) + A a g, AT ) - AT(:H)
= Dy(a,z") = Dy(w"’ Zk) +(a — w7, Vg(") - Vg(w*))
= Dy, k) Xk S, () - 49 ()
— N (wkd — a, AT (wh )—Aj(zk)>
= Dy(a, ") = Dg(w"7, 2") — Dy (y*7,wh7)
A — A0 () — 9 (H)
— (W —a,Vg(") = Vg(wh?) — N (A7 (2F) — A7 (wh7)). (3.9)
By applying step 2 of Algorithm 2, it can be seen that Vg(z*) — A\¥ A7 (2F) € Vg(w) +
MNeBI(w*7). From Assumption (B2), we have that B’,j = 1,2,--- , N is maximal mono-

tone, then there exists d/ € B7(w*7) such that Vg(z*) — \F A7 (2%) = Vg(w7) + \Ed.
Hence, it follows that

1 A .

&’ = F(Vg(zk) — Vg(wh7) — \FA7(2F)). (3.10)

Since 0 € (A7 + BY)a + AJ (wk9) +d? € (A7 + B¥9)whJ, we obtain from Lemma 2.7 that
A + B is maximal monotone. Hence

(whd —a, AT (W) + d7) > 0. (3.11)

On substituting (3.10) into (3.11), we obtain

%(wk’j —a,Vg(z*) — Vg(wh7) — NFAT(2F) + \F AT (wh 7)) > 0. (3.12)
That is
(W — a,Vg(2*) — Vg(wh7) — \F(AT (%) — AT (wh 7)) > 0. (3.13)
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It is obvious from (3.9) and (3.13) that

Dg(aﬂykJ) S Dg(aa Zk) - Dg(wkﬁja Zk) - Dg(yk7j7wk7j)
+ AN (kT — R AT (k) — AT(2R)), (3.14)

but

N T — T AT (W) — AT (2F)) < A Jwh7 — BT || || AT (w7) — AT (29)]
k

kj _ kg kj _ Lk
[[w™ = y™ 7| flw™ = 27|

PRI
J

< B A

— 2 )\H1

(Ilw™7 = B2 + [T = 25[]2).

(3.15)
On substituting (3.15) into (3.14) and applying (2.3), we have

Dg(aﬁyhj) < D!](av Zk) - Dg(wk’ja wk’j) - Dg(ykijwkvj)
I

[DMJ, y59) + Dy(wh, z’ﬂ

g A* ik
- p)\k+1>Dg(wk’j>Zk)

(1
- (1 —% A >Dg(wk’j,yk’j). (3.16)

Since lim AF exists and p € (0, p), we have that lim (1 — %/\ﬁ—il) =1-£2>0. Thus,
k—o0 k—o0

there exists ng € N such that 1 — %/\i‘—:l >0, Vn>ng.
Hence,

Dy(a,y*7) < D,(a, 2"). (3.17)

Hence, the proof completes.

Lemma 3.7. Let {x*} be a sequence generated by Algorithm 2, then {z*}, {wk7}, {y*7}
and {u*} are bounded.

Proof. Let a € A, then from step 1 of Algorithm 2, we get

Dy(a,2*) = Dy(a, Vg*(Vg(z*) + 6 (Vg(a"~) = Vg(a*))))
< (1—0%Dy(a,2*) +60"Dy(a,2"1). (3.18)
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Also, from Algorithm 2, (3.17) and Lemma 2.8, we have

Dy(a,u*) = Dy(a, Vg*(8°Vg(2* +Zﬂ’ww (T7y*)))
Jj=1

Vy(a, BH0Vg (2" +Zﬁ’ww (T7y*7))

j=1

= g(a) — (a, BOVg(z" —l—Zﬂk’JVg (T7y9))

Jj=1

9" (BMOVg(*) + ZB’”VQ (T7y*7))

j=1

N
= g(a) — %, Vg (z")) + Y _ 85 (a, Vg(T7y*)

Jj=1

+ 40 (Vg (" +Zﬁ’” (Vg(T7y*7))

3 8RO (I9g() — V)

j=1
N
= BV, (a, 2%) + Z BEIV, (a, TIy™7)
J=1
N
=) BBV (Vg (2F) — Vg(TIy™)])
j=1
N
_ ﬁk’ODg(m Zk) + Zﬁk,ng(mijk',j)_
j=1
N
> BROBMIV (Vg (zF) = Va(TIy™)]))
j=1

N
< Dg(a, Zk)ﬂk’ovg(aa Zk) + Z Bk’jvg(aa ijk’j)

Jj=1
N , o
=3RRIz (| Vg(2h) — Vg(Ty)])
j=1
< Dy(a,z").

Thus, we obtain from (3.18) and (3.20) that

Dy(a,u”) < (1 —60%)D,(a,z*) +0"Dy(a,2"71).
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Finally, we obtain from step 5 of Algorithm 2, (3.17) and (3.21) that
Dy(a,a"*1) = Dy(a, Vg* (" Vg(a”) + (1 - a*)Vg(u")))
< a*Dy(a,2%) + (1 — a*)D,y(a,u")

=a"Dy(a,z%) + (1 — a*) | (1 — 0¥)Dy(a,2*) + GkDg(a,:ckl)]

< max {Dg(a,xo), max{Dg(a,xk),Dg(a,x“)}}

< max{Dy(a,z°), Dy(a,z")}.
Hence, {D,(a,z*)}. By Lemma 2.5, {2*} is bounded. Consequently, other sequences

defined in Algorithm 2 are bounded.

Theorem 3.8. Let Assumptions (B1) — (B4) and (D1) — (D3) holds. Then the sequence
{x*} generated iteratively by Algorithm 2 strongly converges to an element a € A, where
a = Proja(x°).

Proof. Let a € A, then using (3.16), (3.19) and (3.21)
Dy(a,a"*1) = Dy(a, Vg* (") Vg(a®) + (1 — a*)Vg(u"))
< a"Dy(a,a) + (1 - a®)Dy(a,u*) + a*(Vg(2”) — Vg(a), 2" —a)

N
< (1 - ak) [ﬁk70Dg(CL, Zk) + Zﬁk7jD9(aaijk7j)
=1
N ) J . .
— 3 BR0BRIY ([ Vg(F) - Vg(Tiy))]

j=1
+ ak<Vg(xO) —Vy(a), aFtt — a)

N N
< (1=a")[B"Dy(a,2) + 3 B + 3 B Dy(a,y*)
j=1 j=1
N

= 3 BROBRI (IVg(4) — V(T )]

=1
+a*(Vg(2°) = Vg(a), 2" — a)

N
<(1—ah [mopg(% )+ B Dy(a, 2F)
j=1

N ‘ 4k A
—> B (1 - pAkH)Dg(W, %)
j=1

N v o
- Zﬁkﬂ (1 - p)\k+1>Dg(wa’ykJ)
=1
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N
=3 BROBRIE (Vg (eh) - Vg(TIyt >||)]

j=1

a®(Vg(z") — Vg(a),z""" — a)

= (1—a*)D,(a, (1-a* ZB’W< p)\i\il)D (whd, 2*)

. 2\E ) )
b3 (1 ) Dy )
j=1

N

— (1= a*) 3 84085901 (IVg(=") - Va(T7y")])
o (Vg(z°) — Vg(a), 2" — a)

91@
< (1= a")Dyfa.0") + o | % (Dyfa. ") - Dyfaa¥)

T (Vg(a®) — Vgla), e — a>}

k
(1—a®) Zﬂk’j< )\2+1)D (w7, 2*)

k k.j M)\k kg o k,j
_(l_a ﬁ, 1_;>\k:+1 Dg(w7ay7)

D>
)y

—(l-a BRIV ([Vg(2*) — Vg(T7y™7)]) (3.22)

< (1-a")D,(a,z") + " HF, (3.23)

where H* := {Zi(Dg(a, z*1) — Dy(a,z")) + (Vg(2°) — Vg(a), z*T! — a)|. We prove

that {z*} converges strongly to a € A. To establish this, it follows from (3.23) that
P < (1 - 6% + 67 1,

where b* := D,(a,z*). By applying Lemma 2.9, we only need to show that limsup H* <

l—o0

0, where the subsequence {b*'} of {b*} satisfies

lim inf (5" 7+ — b)) > 0. (3.24)

l—o00
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Let {b*} be a subsequence of {b*} satisfies (3.24). Hence, from (3.22), (D1) and (D3),

we obtain that
N

ki,j
: Lk kg (1 A Fig ok Kig ki
hﬁsoljpa ° L)Z;B a p)\kz+1,j)[Dg(w t1,2M) + Dy(w* y™7)]
=

< limsup [(1 — a®)bF7 — pF+0d 4 oM N |

l—o0
< lim sup(bkl — bkl“) + N lim sup 6"

l—o0 =00
= —liminf(b*+1 — pM)

l—o00

<0,

where Ny = sup{H* : k € N}. Hence, we obtain
lim Dq(wk”j,zkl) =0= lim Dq(wk“j,yk“j).
l—o0 7 l—oo
Thus, from Lemma 2.4, we obtain
lim ||wk”j — zkl|| =0= lim ||wk“j — yk“j”.
l—o00 =00
Following the same argument as in (3.25) and applying (3.22), we get
N

lim ﬂkl,Oﬁkl1jV:(|‘vQ(Zkl) _ vg(ijkz,j)H) =0,j=1,2,---,N.

l—o0 4
Jj=1
From Lemma 2.8 and (D3), we get
Jlim (IVg(*) — Vg(Tiy*9)|) =0, j=1,2,--- ,N.
—00
Since Vg is uniformly continuous on bounded subset of £*, we have
lim |[z* — T7y*9 || =0, j=1,2,--- ,N.
l—o00
It is clear from (3.27) and (3.30) that
lim || — g™ =0, =1,2,--- , N
l—o00
=0,j=1,2,---,N.

Jim [Jyfrd — Tyt |
From step 5 of Algorithm 2 and (D1), we have
Dg(uk’,xk’H) < akDg(uk’,xO) —0, | — oo,
which implies from Lemma 2.4 that

lim [Ju® — kY| = 0.
l—o0

Also, from step 4 of Algorithm 2 and (3.29), we get
IVg(u') = Vg(*)|| = 840 Vg(z") — Vg()]|

N
+ > BRI Vg(TIykr) = Vg(H)| = 0, 1 — oo,

Jj=1

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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Thus, since Vg is uniformly continuous on bounded subset of £, we get
lim |[u™ — 2% || = 0. (3.35)
l—o0
Observe from step 2 of Algorithm 2 that
F
IV9(=") = V()| = a* -~ Vg™ ™) = Vg™
T R
=a EHIE -z =0, I = oc. (3.36)
Since Vg is uniformly continuous on bounded subset of £*, we get
lim [|2* — 2| = 0. (3.37)
l—o0
Now, from (3.27), (3.33), (3.35) and (3.37), we get
lim [|uf — k| =0,
l—o0 ]
lim [Jwkd — k|| =0, (3.38)
=00
lim ||z — 2kt = 0.
l—o0

By the boundedness of {z*'}, its subsequence {z¥im} — 2* € £. Using (3.38), it is easy
to see that u*= which is a subsequence of {uf} — x*. Using (3.31), it is obvious that

A . . N . . .
z* € F(T7) = F(TV) = (N F(T?). We now establish that z* € (A7 + BY)~1(0),j =

Jj=1

1,2,---,N. Suppose (g,h) € Gra(A? + B’), then h — A’g € Big. Using the definition of

wkJ | we observe that

v‘g(zklm 77) — )\klm Ajzklm. »J (= Vg(wklm ’J) _|_ )\klm ijk“n 7j7 .7 = 1 2 e

) )

which implies

1 . . . _ .
i (Vg(2F1mI) — Vg(wktm-3) — Netm AT 2Kim ) € BIgykim-3,

By applying the condition B7,j =1,2,--- , N, in Assumption 3.2, we get

1

N

) )

(9 — whim:d h— Alg + 7(Vg(zklm ’j) — Vg(wk’m ’j) N P )) > 0.

P
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By applying the monotonicity of 47,5 =1,2,---, N yields

1 .
i (Vg )

— Vg(whimd) — Xkim AT zkim )y
— <g — whkim J’ Ajg _ Ajzkzm>

<g—wklm"j,h> > <g_wkzm;j7Ajg+

+

g — ke d, V(a4 ) — Vgt )
— <g — wkim J’ Ajg — Alwkim ,j>

4 <g _ wkzm,j, Ajwkzm Jo_ Ajzklm>

+ s tg — whie I V() — Vg(whin )
> (g — ki d Auhin 3 — A i)
+ 3 (g = whe ) Vg () = Vg(whin 7). (3.39)
Since A7,j =1,2,--- , N is Lipschitz continuous and w*m~ — z*. Tt follows from (3.27)
that
<g - $*7 h> 2 0.

By the monotonicity of 47 + B7,j = 1,2,--- , N, we get that 0 € (A7 + B’)z*, that is
N

x* € (A7 +B7)710. Therefore, we conclude that z* € () (F(T7) (N (A7+B’)~1(0)). Lastly,
j=1

we show that limsup,_, ., H* < 0. Indeed, we only need to show that limsup(Vg(z°) —

=00
Vg(a),z*¥*+* —a) < 0. Now, since {z*'} is bounded, there exists a subsequence {z¥im } —
z*. Thus,
limsup(Vg(a*) ~ Vg(a),a"*! — a) = lim (Va(a") - Vg(a).a"n*! —a)
k—o0 —00
— (Vg(a®) - Vgla), 2" —a)
<0. (3.40)

Hence, limsup H* < 0. By applying (3.40) and Lemma 2.9 in (3.23), we conclude that

=00
{x*} converges to a € A.

We briefly state some consequences of our result.

(i) Let N = 1, 2F*! = I and n* = 0, then our result reduces to the result of Sun-
thrayuth et al. [30].

(i) Let N = 1,21 = I.n* = 0 and £ = H, then our result reduces to the result of
Gibali and Thong [25].

4. NUMERICAL ILLUSTRATIONS

In Example 4.1, we give a concrete example to show that our proposed algorithm
is implementable. In the subsequent examples, we will set N = 1 and 77 = I, the
identity map to enable us compare the performance of our proposed Algorithm 2 with
some existing algorithms in the literature.
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Example 4.1. Suppose & = R. Suppose g : R — R be given by g(x) = %, then Vg(x) =
22 and g(z*) = %x*% and Vg*(z*) = 2*5. Let A7 R > R and B7 : R — R be defined
respectively for all j = 1,2,--- ,N by AJ(x) = 2jz and B’ (z) = j’% Define TV : R — R
j _ J-1 kO _ gkj — 1 _ E o_ 1
be defined by T?(x) = ﬁx, prY = g = 1, j = 1,2,3. Choose of = 109 (k+1)’
nk = m Also, set § = 0.1 and \' = 0.1, u = 0.9. Using the stopping criterion
EF = ||2*+! —2F|| < € where e = 107 and test our proposed Algorithm 2 for the following
initial values of zy and z1, we consider the following cases Case 1: zy = 2 and z; = 4;
Case 2: zg = =3 and z; = 1; Case 3: zg = 0.5; and z1 = 1.5; Case 4: zg = —0.1 and
z1 = —0.5;. The report of this numerical experiment can be found in Table 1 and, Figures
1.

TABLE 1. Numerical performance of all algorithms in Example 4.1.

Case 1 Case 2 Case 3 Case 4
Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)
Algorithm 2 95 0.0059 78 0.0035 81 0.0041 65 0.0033

Algorithms

——Alg. 33 Case 1|7
I ===Alg. 3.3 Case 2| |

a | ——Alg. 3.3 Case 3| |
107 ¢ ~-~Alg. 3.3 Case 4

4] 10 20 30 40 50 60 70 80 a0 100
Number of iterations

FIGURE 1. Graphical presentation of the error iterates for Cases 1-4 in Example 4.1.

Discussion of Results. The results obtained here shows that our proposed Algorithm 2
s implementable. Furthermore, we saw that for initial points closer to zero, our proposed
algorithm satisfies the stopping criteria faster than when the initial points are far away
from zero.

In the subsequent examples, we will compare the performance of our proposed algo-
rithm with that of Shehu [37], Sunthrayuth et al. [36] and Tseng [11], using two examples.
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Example 4.2. Let £ = R*. Let N = 1, g(z) = i||z||®>. Then, Vg = Vg* = x. Let
A, B :R* - R* be defined by

11 0 0\ /= 21 0 0\ /=
(110 0| |a 121 0| |
A2=100 06 02| | Br=14o 1 92 1|/

00 02 06/ \ay 00 1 2/ \ay

Let T be the identity map on R*. We choose the following set of parameters for the
implementation of our proposed algorithm:

e In Algom'thm 3.8, we choose \' = 0.1, p=10.9, § =0.1, g¥ =0.1, n¥ = ﬁ
1
and of = = 1)
o In Shehu [77] (S Alg. 8.11), we choose A = 0.1 and o = -1

= D
o In Sunthrayuth et al. [ ] (SPC Alg. 2), we choose T = I, the identity map,

AM'=01, p=0.9 and o = (k+1)

e In Tseng [/1] (Tseng Alg.), we choose A\ = 0.1.

Using the stopping criterion EF = ||zt — 2F|| < ¢ where ¢ = 107% and compare the

performance of our proposed Algorithm 2 with these algorithms using the following initial
points: Case 1: zy = (1,2,3, 1), Case 2: zp = (=0.1,-0.2,0.5,—1)T, Case 3: zy =
(2,-2,-1,3)T and Case 4: z = (—0.25,—0.125, —1.5, —2)T". Neat, we set z; = 2o and
run the codes. The report of this numerical experiment can be found in Table 2 and
Figures 2.

TABLE 2. Numerical performance of all algorithms in Example 4.1.

Case 1 Case 2 Case 8 Case 4
Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)

Algorithm 2 83 0.0180 87 0.0102 92 0.0094 75 0.0117
S Alg. 3.11 101 0.0127 106  0.0091 118 0.0079 90 0.0076
SPC Alg. 2 180  0.0172 186  0.0140 194 0.0136 167  0.0143
Tseng Alg. 180 0.0173 186  0.0165 194 0.0124 167  0.0175

Algorithms
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F1GURE 2. Graphical presentation of the error iterates for Cases 14 in
Example 4.2.

Example 4.3. Let & = L3([0,1]) with dual space E* = L3 ([0, 1]) and, forp > 1 let g(x) =

sllllP. Then, Vg = Vg* = Jyo = {2* € £ : (z,2%) = |Jz||[|2*]|, [o*] = ||$||p_1} For

x €& andy € £ the duality pair between x and y is given by (x,y) fo t)dt and

induced norm ||x||L, = (fo | (¢ |3dt) , for all © € L3(]0,1]). Let A, B : L3([0, 1)) —
L3 ([0,1]) be defined by

(Az)(t) == =(t) — /o tz(s)ds and (Bz)(t) := 5J3(x(t)), Vx € Ls([0,1]).

Since for 0 < p < g < 00, Ly C Ly, A and B are well-defined. Clearly, A is 2-Lipchitz
and B is maximal monotone. Let T be the identity map. We choose the following set of
parameters for the implementation of our proposed algorithm:

o In Algorithm 3.3, we choose \' = 0.1, u= 0.9, § = 0.01, g*¥ =0.01, n* = ﬁ
1
and of = G5k
o In Shehu [77] (S Alg. 8.11), we choose A = 0.1 and o = 1

et D) -
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o In Sunthrayuth et al. [70] (SPC Alg. 2), we choose T = I, the identity map,
M =01, p=09 and o* = ﬁ
o In Tseng [/1] (Tseng Alg.), we choose X\ = 0.1.

Using the stopping criterion E¥ = ||zt — 2| < € where ¢ = 107% and compare the

performance of our proposed Algorithm 2 with these algorithms using the following initial
points: Case 1: 2o(t) = t? + 1, Case 2: z(t) = t3 + 2t — 1 Case 3: z(t) = exp(5t? + 3)
and Case 4: zy(t) = cos(t) + 1. Next, we set z1(t) = zo(t) and run the codes. The report
of this numerical experiment can be found in Table 3 and Figures 3 and /.

TABLE 3. Numerical performance of all algorithms in Example 4.3.

Case 1 Case 2 Case 3 Case /
Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)

Algorithm 2 21 0.1286 23 0.8903 34 1.2159 22 0.1351
S Alg. 3.11 28 0.1659 33 0.9199 52 1.3067 31 0.1669
SPC Alg. 2 36 0.8135 42 1.0575 62 1.3813 40 0.2545
Tseng Alg. 36 0.2570 42 1.0390 62 1.8583 40 0.2160

Algorithms

—Hgeitn 33
=-=5ig 311

—Shge | ok
~=Tomghy |}

—Hgetin 33
==5ag 111
—SACHg? |
- Tanglly

i § 10 15 E] & » % ] [ 5 i1 15 il . X ] Ly 45

Mumber of Heradarg Wumber of Hersdareg

FI1GURE 3. Graphical presentation of the error iterates for Cases 1 and
2 in Example 4.3.
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F1GURE 4. Graphical presentation of the error iterates for Cases 3 and
4 in Example 4.3.

Discussion of Results Obtained in Examples 4.2 and 4.3. From the numerical
experiments, we observe that SPC Alg. 2 and Tseng Alg. required the same number of
iterations to satisfy the stopping criteria. This is expected, since when T is set to the
identity map both algorithms coincide; the only distinction lies in the step-size A, which,
as seen in these examples, does not significantly affect performance. Although S Alg. 11
was competitive, our proposed Algorithm 2 outperformed all other methods, requiring
fewer iterations and less computational time to meet the stopping criteria.

4.1. APPLICATION TO IMAGE PROCESSING

The general image processing problem can be formulated by the inversion of the following
observation model

y=Dx+Db,

where x is the unknown image, y is the observed image, b is the added noise and D is a
linear operator depending on the concerned image processing problem. It is well known
that regularization methods finds great application in solving image processing problems.
One of such methods is the ¢; regularization method. The restoration process is given by

o1
min = || Dz = b]|* + Xz,
z 2

where || - || denotes the Euclidean norm, || - ||¢, is the regularization term and A > 0 is a

regularization parameter. To apply our method, we set N =1, A = Vh; and B = 0hso

where h1(-) = 1||D(-) = b||* and ha(-) = Ay||-[|¢, - By these adaptations, we use our method

to solve the convex minimization problem:
1
Find argmin {2||Dac —b|]* + )\n||ac|gl} ,
x
which can be cast easily as the problem of finding

0e Vhl(a;) + ahg(l')
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Now, let T' be the identity mapping. Let g(z) = 1[z[>. Then, Vg and Vg* are
the identity map on R™. We choose the same set of parameters used in Example 4.3
for each algorithm. The test images we use for the experiment are images of: Bar-
bra, Duangkamon, Yodjai and Pepper. In MATLAB, these images were degraded using
P = fspecial("motion’, 20, 30) and we added random noise with a scaling factor of 0.001.
Taking the initial points xg = zeros(size(x)) and 1 = Dx + b, where x is the test image
under consideration and setting maximum number of iterations to 200, the results of the

image restoration problem is presented in Figures 5 and 6 and Table 4.

(D) restored images with S Alg. 3.11

FIGURE 5. Test images and their restorations via Algorithm 2 and S Alg. 3.11.
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(e
YV sy
(A) restored images with SPC Alg. 2

(B) restored images with Tseng Alg.

FIGURE 6. Restored images via S SPC Alg. 2 and Tseng Alg. 2.

To evaluate the performance of the algorithms in the restoration process of the test
images, we use three (3) performance evaluation metrics: signal to noise ratio (SNR),
improvement in signal to noise ratio (ISNR) and structural similarity index measure
(SSIM) to measure the quality of the restored images via our algorithm. These metrics
are defined as:

2 2
T x—b
SNR := 10log & and ISNR :=10log u,
[ =zl [ — 2|
where x, b and x,, are the original, observed and estimated image at iteration n, respec-
tively.
(2ptapty + ¢1)(20,, + c2)
(12 4+ 12+ a1)(o2 4+ 02 + )’
where = and y are the original and restored images, p., and p, are are the mean values of

z and y, 0, and oy are the standard deviations of  and y, 0, is the covariance between
z and y ¢; and ¢ are small constants added to avoid division by zero.

SSIM(z,y) =

Using this performance metrics, for SNR and ISNR higher values indicate better
restoration and SSIM value ranges from 0 to 1, and 1 means perfect recovery. The
performance of all the algorithms using these metrics are presented in Table 4.
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TABLE 4. Performance Metrics (SSIM, ISNR, SNR, and Time).

Algorithm Barbra Duangkamon
SSIM ISNR SNR Time (s): SSIM ISNR SNR Time (s):

Algorithm 2 0.9718 7.64 45.91 4.4812 09124 7.34 45.03 5.6907
S Alg. 3.11  0.9617 5.99 42.62 3.6271 0.8897 5.68 41.70 4.5469
SPC Alg. 2 0.9706 7.07 44.77 3.6453 0.9109 7.03 44.41 4.5350
Tseng Alg. 0.9706 7.07 44.77 3.6453 0.9109 7.03 44.41 4.5053

Algorithm Yodjai Peppers
SSIM ISNR SNR Time (s): SSIM ISNR SNR Time (s):

Algorithm 2 0.8910 8.13 49.47 154710 0.9763 8.36 49.46  27.7849
S Alg. 3.11 0.8812 6.38 45.98 1285 0.9680 6.63 46.01  22.7219
SPC Alg. 2 0.8861 7.65 48.52  12.8790 0.9775 8.28 49.30  22.7501
Tseng Alg. 0.8861 7.65 4852  12.4599 0.9775 8.28 49.30  22.4224

Discussion of Results. From the restored images in Figures 5 and 6, together with
the quality metrics reported in Table 4, our proposed algorithm demonstrates promising
performance. Although it required the longest computational time, the quality of the
restored images was better to that obtained by the other algorithms.

5. CONCLUSION

In this article, we studied the approximation of solutions for finite families of mono-
tone inclusion problems and fixed points of Bregman strongly nonexpansive mappings
within the framework of a reflexive Banach space. We established a strong convergence
theorem for the sequences generated by the proposed method. Furthermore, we applied
our algorithm to the restoration of test images degraded by motion blur and random
noise. Numerical experiments, including comparisons with existing algorithms from the
literature, demonstrate that our method achieves superior restoration quality and pro-
vides faster convergence in several cases, thereby confirming its effectiveness and practical
relevance.

ACKNOWLEDGMENT

The authors acknowledge their individual universities for making their facilities avail-
able for the research.

DECLARATION

Funding
Not applicable.

Availability of data and material
Not applicable.

Bangmod Int. J. Math. & Comp. Sci., 2025



446

H.A. Abass et al.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors worked equally on the results and approved the final manuscript.

REFERENCES

1]

H.A. Abass, O.K. Oyewole, L.O. Jolaoso, K.O. Aremu, Modified inertial Tseng
method for solving variational inclusion and fixed point problems on Hadamard
manifolds, Applicable Analysis 103 (9) (2024) 1604-1621. Available from: https:
//doi.org/10.1080/00036811.2023.2256357.

H.A. Abass, O.K. Oyewole, A parallel Tseng’s splitting method for common solution
of variational inclusions and fixed point problems on Hadamard manifolds, Journal
of Applied Analysis & Computation 15 (2) (2025) 839-861. Available from: https:
//doi.org/10.11948/20240176.

H.A. Abass, Halpern inertial subgradient extragradient algorithm for solving equi-
librium problems in Banach spaces, Applicable Analysis 104 (2) (2025) 314-335.
Available from: https://doi.org/10.1080/00036811.2024.2360507.

A. Adamu, J. Deepho, A.H. Ibrahim, A.B. Abubakar, Approximation of zeros of
sum of monotone mappings with applications to variational inequality and image
restoration problems, Nonlinear Functional Analysis and Applications 26 (2) (2021)
411-432.

A. Adamu, D. Kitkuan, A. Padcharoen, C.E. Chidume, P. Kumam, Inertial viscosity-
type iterative method for solving inclusion problems with applications, Mathematics
and Computers in Simulation 194 (2022) 445-459. Available from: https://doi.
org/10.1016/j .matcom.2021.12.007.

A. Adamu, D. Kitkuan, P. Kumam, A. Padcharoen, T. Seangwattana, Approxima-
tion method for monotone inclusion problems in real Banach spaces with applications,
Journal of Inequalities and Applications 2022 (2022), Article number 70. Available
from: https://doi.org/10.1186/s13660-022-02805-0.

A. Adamu, P. Kumam, D. Kitkuan, A. Padcharoen, Relaxed modified Tseng al-
gorithm for solving variational inclusion problems in real Banach spaces with ap-
plications, Carpathian Journal of Mathematics 39 (1) (2023) 1-26. Available from:
https://doi.org/10.37193/CJM.2023.01.01.

F. Akutsah, O.K. Narain, H.A. Abass, A.A. Mebawondu, Shrinking approximation
method for solution of split monotone variational inclusion and fixed point problems
in Banach spaces, International Journal of Nonlinear Analysis and Applications 12
(2) (2021) 825-842. Available from: 10.22075/TJNAA.2021.22634.2393.

F. Alvarez, H. Attouch, An Inertial proximal method for maximal monotone opera-
tors via discretization of a nonlinear oscillator with damping, Set-Valued Analysis 9
(2001) 3-11. Available from: https://doi.org/10.1023/A:1011253113155.

H. Attouch, J. Peypouquet, P. Redont, Backward-forward algorithms for structured
monotone inclusion in Hilbert space, Journal of Mathematical Analysis and Appli-
cations 457 (2) (2018) 1095-1117. Available from: https://doi.org/10.1016/j.
jmaa.2016.06.025.

V. Barbu, T. Precupanu, Convexity and Optimization in Banach spaces. Springer,
New York, 2010.

Bangmod Int. J. Math. & Comp. Sci., 2025


 https://doi.org/10.1080/00036811.2023.2256357
 https://doi.org/10.1080/00036811.2023.2256357
https://doi.org/10.11948/20240176
https://doi.org/10.11948/20240176
https://doi.org/10.1080/00036811.2024.2360507
https://doi.org/10.1016/j.matcom.2021.12.007
https://doi.org/10.1016/j.matcom.2021.12.007
https://doi.org/10.1186/s13660-022-02805-0
https://doi.org/10.37193/CJM.2023.01.01
10.22075/IJNAA.2021.22634.2393
https://doi.org/10.1023/A:1011253113155
https://doi.org/10.1016/j.jmaa.2016.06.025
https://doi.org/10.1016/j.jmaa.2016.06.025

A New Parallel Inertial Splitting Algorithm for Inclusion and Fixed Point Problems 447

[12]

[13]

H.H. Bauschke, J.M. Borwein, Legendre functions and method of random Bregman
functions, Journal of Convex Analysis 4 (1997) 27-67.

H.H. Bauschke, J.M. Borwein, P.L. Combettes, Essentially smoothness, essentially
strict convexity and Legendre functions in Banach spaces, Communications in Con-
temporary Mathematics 3 (4) (2001) 615-647. Available from: https://doi.org/
10.1142/80219199701000524.

L.M. Bregman, The relaxation method for finding the common point of convex sets
and its application to solution of problems in convex programming, USSR Compu-
tational Mathematics and Mathematical Physics 7 (1967) 200-217. Available from:
https://doi.org/10.1016/0041-5553(67)90040-7.

R. Bruck, On the weak convergence of an ergodic iteration for the solution of
variational inequalities for monotone operators in Hilbert space, Journal of Math-
ematical Analysis and Applications 61 (1977) 159-164. Available from: https:
//doi.org/10.1016/0022-247X(77)90152-4.

D. Butnairu, E. Resmerita, Bregman distances, totally convex functions and a
method for solving operator equations in Banach spaces, Abstract and Applied Anal-
ysis 2006 (2006), Article ID 84919. Available from: https://doi.org/10.1155/AAA/
2006/84919.

C.E. Chidume, A. Adamu, P. Kumam, D. Kitkuan, Generalized hybrid viscosity-
type forward-backward splitting method with application to convex minimization
and image restoration problems, Numerical Functional Analysis and Optimization
42 (13) (2001) 1586-1607. Available from: https://doi.org/10.1080/01630563.
2021.1933525.

P.L. Combettes, V.R. Wajs, Signal recovery by proximal forward-backward splitting,
Multiscale Modeling & Simulation 4 (4) (2005) 1168-1200. Available from: https:
//doi.org/10.1137/050626090.

I. Daubechies, M. Defrise, C. De Mol, An iterative thresholding algorithm for lin-
ear inverse problems with a sparsity constraint, Communications on Pure and Ap-
plied Mathematics 57 (11) (2004) 1413-1547. Available from: https://doi.org/
10.1002/cpa.20042.

J. Deepho, A. Adamu, A.H. Ibrahim, A.B. Abubakar, Relaxed Viscosity-type Itera-
tive Methods with Application to Compressed Sensing, Journal of Analysis 31 (2003)
1987-2003. Available from: https://doi.org/10.1007/s41478-022-00547-2.

P. Dechboon A. Adamu, P. Kumam, A generalized Halpern-type forward-backward
splitting algorithm for solving variational inclusion problems, AIMS Mathematics 8
(2023) 11037-11056. Available from: https://doi.org/10.3934/math.2023559.

J. Duchi, Y. Singer, Efficient online and batch learning using forward-backward split-
ting, Journal of Machine Learning Research 10 (2009) 2899-2934.

M. Eslamian, S. Azarmi, G.Z. Eskandani, Split equality fixed point problems and
common null point problems in Hilbert spaces, Fixed Point Theory 1 (2022) 219-
238. Available from: https://doi.org/10.24193/fpt-ro0.2022.1.14.

G.Z. Eskandani, M. Raeisi, T.M. Rassias, A hybrid extragradient method for
solving pseudomonotone equilibrium problem using Bregman distance, Journal of
Fixed Point Theory and Applications 20 (2018), Article number 3. Available from:
https://doi.org/10.1007/s11784-018-0611-9.

A. Gibali, D.V. Thong, Tseng type type methods for solving inclusion problems
and its applications, Calcolo 55 (49) (2018). Available from: https://doi.org/10.

Bangmod Int. J. Math. & Comp. Sci., 2025


https://doi.org/10.1142/S0219199701000524
https://doi.org/10.1142/S0219199701000524
https://doi.org/10.1016/0041-5553(67)90040-7
https://doi.org/10.1016/0022-247X(77)90152-4
https://doi.org/10.1016/0022-247X(77)90152-4
https://doi.org/10.1155/AAA/2006/84919
https://doi.org/10.1155/AAA/2006/84919
https://doi.org/10.1080/01630563.2021.1933525
https://doi.org/10.1080/01630563.2021.1933525
https://doi.org/10.1137/050626090
https://doi.org/10.1137/050626090
https://doi.org/10.1002/cpa.20042
https://doi.org/10.1002/cpa.20042
https://doi.org/10.1007/s41478-022-00547-2
https://doi.org/10.3934/math.2023559
https://doi.org/10.24193/fpt-ro.2022.1.14
https://doi.org/10.1007/s11784-018-0611-9
https://doi.org/10.1007/s10092-018-0292-1
https://doi.org/10.1007/s10092-018-0292-1

448

H.A. Abass et al.

1007/s10092-018-0292-1.

P.L. Lions, B. Mercier, Splitting algorithms for the sum of two nonlinear operators,
SIAM Journal on Numerical Analysis 16 (1979) 964-979. Available from: https:
//doi.org/10.1137/0716071.

H. Liu, J. Yang, Weak convergence of the iterative methods for quasimonotone vari-
ational inequalities, Computational Optimization and Applications 77 (1) (2020)
491-508. Available from: https://doi.org/10.1007/s10589-020-00217-8.

P.E. Mainge, Convergence theorems for inertial KM-type algorithms, Journal of
Computational and Applied Mathematics 219 (1) (2008) 223-236. Available from:
https://doi.org/10.1016/j.cam.2007.07.021.

A.A. Mebawondu, L.O. Jolaoso, H.A. Abass, K.O. Aremu, O.K. Oyewole, A strong
convergence Halpern-type inertial algorithm for solving system of split variational
inequalities and fixed point problems, Journal of applied analysis and computation
11 (6) (2021) 2762-2791. Available from: https://doi.org/10.11948/20200411.
K. Muangchoo, A. Adamu, A.H. Ibrahim, A.B. Abubakar, An inertial Halpern-
type algorithm involving monotone operators on real Banach spaces with ap-
plication to image recovery problems, Computational and Applied Mathematics
41 (8) (2022), Article number 364. Available from: https://doi.org/10.1007/
s40314-022-02064-1.

E. Naraghirad, J.C. Yao, Bregman weak relatively nonexpansive mappings in Ba-
nach spaces, Fixed Point Theory and Applications 2013 (2013), Article number 141.
Available from: https://doi.org/10.1186/1687-1812-2013-141.

Y. Nestrov, A method for solving the convex programming problem with convergence
rate O(7%), Doklady Akademii Nauk SSSR 269 (1983) 543-547.

O.M. Onifade, H.A. Abass, O.K. Narain, Self-adaptive method for solving multiple-
set split equality variational inequality and fixed point problems in real Hilbert
spaces, Annali dell’Universita di Ferrara 70 (1) (2024) 1-22. Available from: https:
//doi.org/10.1007/s11565-022-00455-0.

B.T. Polyak, Some methods of speeding up the convergence of iteration methods,
USSR Computational Mathematics and Mathematical Physics 4 (1964) 1-77. Avail-
able from: https://doi.org/10.1016/0041-5553(64)90137-5.

H. Raguet, J. Fadili, G. Peyre, A generalized forward-backward splitting, SIAM
Journal on Imaging Sciences 6 (2013) 1199-1226. Available from: https://doi.
org/10.1137/120872802.

P. Sunthrayuth, N. Pholasa, P. Cholamjiak, Mann-type algorithms for solving the
monotone inclusion problem and the fixed point problem in reflexive Banach spaces,
Ricerche di Matematica 72 (2023) 63-90. Available from: https://doi.org/10.
1007/s11587-021-00596-y.

Y. Shehu, Convergence results of forward-backward algorithms for sum of monotone
operators in Banach spaces, Results in Mathematics 74 (2019), Article number 138.
Available from: https://doi.org/10.1007/s00025-019-1061-4.

Y. Shehu, P.T. Vuong, P. Cholamjiak, A self adaptive projection method with
an inertial technique for split feasibility problems in Banach spaces with applica-
tions to image restoration problems, Journal of Fixed Point Theory and Applica-
tions 21 (2019), Article number 50. Available from: https://doi.org/10.1007/
s11784-019-0684-0.

Bangmod Int. J. Math. & Comp. Sci., 2025


https://doi.org/10.1007/s10092-018-0292-1
https://doi.org/10.1007/s10092-018-0292-1
https://doi.org/10.1137/0716071
https://doi.org/10.1137/0716071
https://doi.org/10.1007/s10589-020-00217-8
https://doi.org/10.1016/j.cam.2007.07.021
https://doi.org/10.11948/20200411
https://doi.org/10.1007/s40314-022-02064-1
https://doi.org/10.1007/s40314-022-02064-1
https://doi.org/10.1186/1687-1812-2013-141
https://doi.org/10.1007/s11565-022-00455-0
https://doi.org/10.1007/s11565-022-00455-0
https://doi.org/10.1016/0041-5553(64)90137-5
https://doi.org/10.1137/120872802
https://doi.org/10.1137/120872802
https://doi.org/10.1007/s11587-021-00596-y
https://doi.org/10.1007/s11587-021-00596-y
https://doi.org/10.1007/s00025-019-1061-4
https://doi.org/10.1007/s11784-019-0684-0
https://doi.org/10.1007/s11784-019-0684-0

A New Parallel Inertial Splitting Algorithm for Inclusion and Fixed Point Problems 449

[39]

S. Suantai, N. Pholasa, P. Cholamjiak, Relaxed CQ algorithms involving the inertial
technique for multiple-sets split feasibility problems, Revista de la Real Academia de
Ciencias Exactas, Fisicas y Naturales. Serie A. Matemadticas 113 (2019) 1081-1099.
Available from: https://doi.org/10.1007/s13398-018-0535-7.

Y. Tang, R. Promkam, P. Cholamjiak, P. Sunthrayuth, Convergence results of
iterative algorithms for the sum of two monotone operators in reflexive Banach
spaces, Applications of Mathematics 67 (2) (2022) 129-152. Available from: https:
//doi.org/10.21136/AM.2021.0108-20.

P. Tseng, A modified forward-backward splitting method for maximal monotone
mappings, STAM Journal on Control and Optimization 38 (2000) 431-446. Available
from: https://doi.org/10.1137/S0363012998338806.

S. Saejung, P. Yotkaew, Approximation of zeros of inverse strongly monotone oper-
ator in Banach spaces, Nonlinear Analysis: Theory, Methods & Applications 75 (2)
(2012) 742-750. Available from: https://doi.org/10.1016/j.na.2011.09.005.
J.V. Tie, Convex Analysis: An introductory text. Wiley, New York, 1984.

7Z.B. Wang, P. Sunthrayuth, A. Adamu, P. Cholamjiak, Modified accelerated Breg-
man projection methods for solving quasi-monotone variational inequalities, Op-
timization 73 (7) (2024) 2053-2087. Available from: https://doi.org/10.1080/
02331934.2023.2187663.

C. Zalinescu, Convex Analysis in General Vector spaces, World Scientific Publishing
Co. Inc., River Edge NJ, 2002.

C. Zhang, Y. Wang, Proximal algorithm for solving monotone variational inclusion,
Optimization 67 (8) (2018) 1197-1209. Available from: https://doi.org/10.1080/
02331934.2018.1455832.

Bangmod Int. J. Math. & Comp. Sci., 2025


https://doi.org/10.1007/s13398-018-0535-7
https://doi.org/10.21136/AM.2021.0108-20
https://doi.org/10.21136/AM.2021.0108-20
https://doi.org/10.1137/S0363012998338806
https://doi.org/10.1016/j.na.2011.09.005
https://doi.org/10.1080/02331934.2023.2187663
https://doi.org/10.1080/02331934.2023.2187663
https://doi.org/10.1080/02331934.2018.1455832
https://doi.org/10.1080/02331934.2018.1455832

	Introduction
	Preliminaries
	Main Result
	Numerical Illustrations
	Application to image processing

	Conclusion

