) MATHEMATICAL&
IJMCS<> COMPUTATIONAL

BANGMOD INTERNATIONAL JOURNAL OF

MATHEMATICAL & COMPUTATIONAL SCIENCE s c I E N c E ISSN: 2408-154X

Volume 10 (2024)
Pages 48-62 https://bangmodjmcs.com/

A NEW CONVERGENCE ANALYSIS FOR L)

MINIMUM NORM SOLUTION OF SPLIT L
SYSTEM OF NONSMOOTH MINIMIZATION

PROBLEMS

Anteneh Getachew Gebrie!, Guash Haile Taddele?:*, Seifu Endris Yimer!

1 Department of Mathematics, Debre Berhan University, PO.BOX 445, Debre Berhan, Ethiopia
E-mails: antgetm@gmail.com; seifuendris@gmail.com

2 Department of Mathematics, Xiamen University Malaysia, Sepang 43900, Malaysia

E-mails: guashhaile79@gmail.com

*Corresponding author.

Received: 3 April 2024 / Accepted: 2 August 2024

Abstract This work presents a novel self-adaptive steepest-descent type algorithm for solving the split
system of minimization problem (SSMP) related to convex nonsmooth functions. The algorithm includes
a self-adaptive step size mechanism, which uses a step size that does not need prior information about
the operator norm. Under certain weakened assumptions of parameters, a strong convergence theorem
is established and proved for the algorithm. Specifically, the sequence generated by this new algorithm
strongly converges towards the minimum norm element of the SSPM. To assess the implementation of our
algorithm, a numerical example is provided. According to the numerical results, our algorithm showcases
effectiveness and simplicity in its implementation. Furthermore, the primary numerical experiment results
indicate that our proposed algorithm surpasses some existing results in the literature in terms of CPU
time and iteration count. Our result represents an extension and enhancement of recent findings in this

area.

MSC: 9J53; 49J52; 90C25

Keywords: Nonsmooth function; Minimum norm; Proximal point; Self-adaptive step size

Published online: 6 August 2024

Please cite this article as: A.G. Gebrie et al., Anew convergence analysis for minimum norm solution
of split system of nonsmooth minimization problems, Bangmod J-MCS., Vol. 10 (2024) 48-62.

cs (© 2024 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2024.10.4
Q il Publications TaCS-CoE, KMUTT Bangmod J-MCS 2024


https://bangmodjmcs.com/index.php/bangmodmcs
http://crossmark.crossref.org/dialog/?doi=10.58715/bangmodjmcs.2024.10.4&domain=pdf
https://doi.org/10.58715/bangmodjmcs.2024.10.4

A NEW CONVERGENCE ANALYSIS FOR MINIMUM NORM SOLUTION 49

1. INTRODUCTION

One of the major problems in optimization is to find £ € H such that
T) = mi 1.1
f(z) = min f(z), (L.1)

where H is a real Hilbert space and f : H — RU {+o0} is a proper and convex function.
Many authors have proposed some efficient and implementable algorithms and obtained
some convergence theorems for solving (1.1) and its generalizations, see for example,
[9, 26] and the reference therein.

Definition 1.1. [3, 14, 19] Let H be a real Hilbert space and f : H — R U {400} be a
proper, convex, and lower semi-continuous function. Then,

(i) argmin f = {z € H : f(z) < f(z),Vz € H},

(ii) Moreau-Yosida approximate of the function f of parameter \ is given by

Faly) = min{f(a) + 5y — ull?),

(iii) the proximal operator of the function f with scaling parameter A is a mapping
prox,; : H — H given by

. 1 2
prox s (v) = argmin{f(y) + o+ v —y[l}-

For a proper, convex, and lower semicontinuous function f, an effective approach to
solve (1.1) involves utilizing the proximal operator method, commonly referred to as the
proximal point algorithm (PPA), which was introduced by Martinet [15] in 1970. In 1976,
Rockafellar [18, 19] examined the PPA and its convergence to a solution of the convex
minimization problem within the context of Hilbert spaces, also see in [17]. The PPA is
defined by: z1 € H and x,,41 = proxAnf(xn) where A, >0, n € N.

In this paper, we study the split system of minimization problem (SSMP), see Gebrie

and Wangkeeree in [6, 8]. To be precise, the SSMP is finding a point Z € H; with the
property
N M
S ﬂ(arg min f;) such that AZ € ﬂ (arg min g;), (1.2)
i=1 j=1

where H, and Hs are real Hilbert spaces, A : Hy — Hs is a bounded linear operator,
fi : Hh - RU {400} and g; : Hy - RU {400} are proper, lower semicontinuous convex
functions for all i € {1,..., N}, j e {1,...,M}.

Let Q be the solution set of SSMP (1.2). Note that if f; = f for all 4 € {1,..., N}
and g; = g for all j € {1,..., M}, then the SSMP (1.2) reduces to the split minimization
problem, which is to find a point z € H; with the property

Z € argmin f such that AT € arg min g. (1.3)

Based on the concept of the step size selection method in the work of Lépez et al. [12],
Moudafi and Thakur [16] presented a novel approach to selecting step sizes and put
forward weak convergence outcomes for solving the optimization problem given by

min {£(@) + g2(A2)}, (14)
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where, f: Hl — RU {400}, g : H» — RU {400} are two proper, convex, and lower-
semicontinuous functions, and g, is the Moreau-Yosida approximation [19] of the function
g with parameter )\, defined as g (y) = mingem, {g(u) + 35 ly — u[}.

It should be noticed that (1.4) is equivalent to the problem (1.3). Later, after Moudafi
and Thakur [16], several iterative methods have been proposed for solving the split mini-
mization problem (1.3), see for example [1, 16, 20-25] and the references therein. Inspired
by the results in [1, 16, 20-25], Gebrie and Wangkeeree in [6—8], considered a SSPM and
its general case, and they extended the way of selecting step sizes used by Moudafi and
Thakur [16] for solving split minimization problem to the framework of SSMP and its
generalization problem, so that the implementation of the proposed algorithm does not
need any prior information about the operator norm.

In this paper, we use the following settings. For A>0 and x € Hj:

(A1) For each i€ {l,..., N}, define
1
li(x) = QH(I — prox)\f%)zH2 and VI;(x) = (I — prox,,)z.

(A2) l(z) and Vi(x) are defined as I(z) = I;_(x) and so Vi(z) = VI;_(x) where i, €
argmax{||(/ — prox,y, )z :i € {1,...,N}}.
(A3) For each j € {1,..., M}, define

1
hj(z) = §||(I - prox/\gj)A:nH2 and Vhj(z) = A*(I — prox,, )Az.

(A4) For each j € {1,..., M}, define 0;(z) = ||Vh;(z) + Vi(z)|.

Note that in [6] and [8], the definition of 8; is given by 0;(z) = max{||Vh;(z)|, ||Vi(x)|}
and 0;(z) = \/[|[Vh;(z)]?> + [ VI(z)]?, respectively. However, in this paper, 6; is defined
as in (A4).

In [23], an accelerated hybrid steepest-descent algorithm has been proposed for proxi-
mal split feasibility problems. However, a strong convergence result is obtained assuming
that {(I — prox,,)z,} is bounded, which is a strong assumption.

Question: Can we adapt and extend the findings in [6, 8, 23] to introduce a new
steepest-descent type algorithm for solving the SSMP associated with convex nonsmooth
functions in such a way that (1) the algorithm utilizes a self-adaptive step size mechanism,
eliminating the need for prior information about the operator norm and (2) we establish
and prove a strong convergence theorem under certain weakened assumptions for the
proposed algorithm?

This paper aims to present a steepest-descent algorithm with a modified approach
and simplified parameter restrictions to address the SSMP. Specifically, drawing inspi-
ration from previous studies, a new proximal-type algorithm is introduced in this paper
to determine the minimum norm solution of the SSPM for nonsmooth functions. The
iterative algorithm outlined in this paper offers a fresh perspective on solving the afore-
mentioned problem, building upon and enhancing existing findings. In contrast to the
methods outlined in [6, 8], the newly proposed approach incorporates a self-adaptive step
size mechanism, representing an advancement and broadening of the step sizes discussed
in [6, 8]. Additionally, the inclusion of appropriate assumptions enables the generation of
a sequence that converges strongly to the minimum norm solution of SSMP.

The structure of this paper is as follows: Section 2 covers essential preliminaries.
Section 3 introduces our novel proximal-type algorithm utilizing the the settings I;, VI;,
I, VI, h;, Vhj, and 6; under the conditions (A1)-(A4), along with the proof of its strong
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convergence. Additionally, we provide some insights on the theoretical perspective and
structural framework of our proposed algorithm in contrast to some existing findings.
Finally, in Section 4, we evaluate the numerical performance of our new algorithm in
comparison to the algorithms discussed in [6] and [8].

2. PRELIMINARY

Let H be a real Hilbert space and C' be a nonempty closed convex subset of H. The
metric projection on C' is a mapping Po : H — C defined by

Po(z) =argmin{||ly —z|| : y € C}, =z € H.

Lemma 2.1. [3] Let C be a closed convex subset of H. Given x € H and a point z € C,
then z = Po(x) if and only if (x — 2,y — 2) <0, Vy € C.

Let T: H— H. Then,
(i) T is L-Lipschitz if there exists L > 0 such that
ITe — Tyl < Lz —yll, ¥o,ye H.

If L € (0,1), then we call T a contraction. If L = 1, then T is called a nonexpan-
sive mapping.
(ii) T is firmly nonexpansive if

1Tz = Ty|* < lz = y|* = |(I = T)x — (I = T)yl?, Va,y € H,
which is equivalent to
| Tz — Ty||* < (Tx — Ty, —y), Ya,y € H.
If T is firmly nonexpansive, I — T is also firmly nonexpansive.
Lemma 2.2. [3] Let H be a real Hilbert space. Then,
lz+ylI* = llzlI* + lyll* + 2(z,y), Va,y € H.

Lemma 2.3. [10] Let M € N and {aj}j]\ik C R, where k is a fized nonnegative integer
with k+1 < M. Then the following holds:
M
ap + Z@Hl—at H(l—at)zl.
j=k+1  t=k t=k
Lemma 2.4. [10] Let w be arbitrary element of a real Hilbert space H. Let M € N and k

is a fized nonnegative integer such that k+1 < M. Let {vj . C Hand {a]}M_k c [0,1].
Define

Z—akw—l—ZaJH UJ1+H1—at

j=k+1 t=k
Then, for any uw € H, we have

o = ulP< anlw —ul?+ 3 aj H(l—at)llv] 17|

j=k+1 t=
+ H(l—at)llvM —ull?
= M Jj—1 )
—ar| > a; [T(1—adllvj1 —w[*+ H(l—at)llvM w\l}

j=k+1 ~ t=k
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Lemma 2.5. [13] Let {d,} be the sequence of nonnegative numbers such that

dn+1 S (1 - an)dn + anﬂna
where {¥,} is a sequence of real numbers bounded from above and 0 < «,, < 1 and
[ee]

>y, = 00. Then it holds that
n=1
limsupd, <limsupd,.

n—o0 n—oo

3. MAIN RESULT

In this section, we introduce our suggested algorithm to solve SSPM for M > 2 and
demonstrate its strong convergence theorem under the assumptions in Assumption 1.

Assumption 1: Let {«,}, {f.} and {n(])}nzl (j € {1,...,M}) be real sequences
satisfying the following conditions:

(C1) 0<a, <1, hm oy, =0 and Zan—oo

n=0
(C2) 0< B<f o<t
(C3) 0< i) <1 foreach j € {1,..., M} with

N
(C3a) liminfm(f) H (1—n) >0 for each j € {1,..., M —1},

(C3b) hmmf H( )) > 0.

With the help of li, Vi, 1, VI, hj, Vh;, and 0; under the conditions (A1)-(A4) and
the mild parameter assumptions outlined in Assumption 1, we are ready to introduce our
new proximal-type algorithm, along with the proof of its strong convergence theorem.

Algorithm 1
Initialization: Choose z1 € Hy. Let {a,}, {#n}, and {n&j)}j’;’:l (j € {1,...,M})
be real sequences satisfying Assumption 1. Compute the following iterative steps for
n=12,3,....
Step 1: Evaluate y, = (1 — ap)2p.
Let W, = {j € {1,..., M} : h(yn) + (yn) # O}.

Step 2: For a small ¢U) > 0 (j € {1,...,M}), choose 1 such that if j € ¥, and

0;(yn) # 0

W9 € (0, By (gn) + W) _ W),
" 05 (yn)

otherwise uﬁf ) = p9) | where 119) is a nonnegative real number.
Step 3: Find w) =y, — ,uglj)(th(yn) + Vi(yy)) for j € {1,..., M}.
Step 4: Find

zn =0y +Z%”H ) yw 1)+H ¢,

Step 5: Evaluate z,11 = (1 — Bn)Yn + Bnzn-
Step 6: If Vh;(y,) = 0 = Vli(y,) for all j € {1,...,M} and 41 = x,, then the
iteration process stops, otherwise
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Step 7: Set n:=n+ 1 and go to Step 1.

Remark 3.1. Note that Algorithm 1 uses a self-adaptive step size u% ) which does not

need any prior information of the operator norm.

Theorem 3.2. Assume Q # () and the conditions in Assumption 1 are satisfied. The
sequence {x,} generated by Algorithm 1 converges strongly to & € Q which is also the
minimum-norm solution of SSMP, i.e., & = Pq(0).

Proof. Let & € €. Since I —prox,, and I — prox,,  are firmly nonexpansive, we have for
all z € Hy that

Vl(z),z—z) = ((I- prox/\fi)x,x -z > ||(I - prox/\fi)ch2 =2l(z), (3.1
and
(Vhj(z),z —z) = (A"(I—prox,, )Az,z — )
= (({ —prox,y,)A(z), A(z) — A(2))
> ||(I = prox,,, ) A(x)]|* = 2h;(z). (3.2)

The definition of y,, and Lemma 2.2 yields

n — Z)12= (1 — ap)zn — Z|1%2 = [[(1 — an)(@n — T) — an@||?
ly 1*=1I( ) ;iH? I ) ) | (3.3)

<(1-—apn)|zn — — 20, (1 — o)y, — T, ) + 2|72
Using the definition of w, (3.1), (3.2), and Lemma 2.2, we have

lw$ = 2|1 = llyn — 1 (VA (yn) + Vi(yn)) — 2|
= llyn — ZII* = 205 (Y. — 2, VI (yn) + Vi(yn))
+(I2 VR (yn) + Vi) [P
< lyn — i‘H2 - 4:u£zj)(hj(yn) +1(yn))
+()2IV Ry (yn) + Viyn)|I? (3.4)
= llyn — ZI|* = p9) (4(;(yn) + Uyn)) = 19V R (yn) + Vilg)II?).  (3.5)

From (3.5) and the condition of 1), we get

lw —z|| < llyn — |, ¥je{l,...,M}. (3.6)
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Using the definition of y,,, (3.6) and Lemma 2.3 and 2.4 (for k = 1), we have

lzn =2 = [V yn +Znnj) H i ywl
M
+TI0 - ) — 2P
=1
j—1
< )Hyn—xHQJann [TQ—a)wd = — 2|
j=2 t=1
M
+ [T =)o - z)?
t=1
M Jj—1
e {Z O TL =) w§ ™ — yal?
=2  t=1
M
+TT0 = n) e = ]
t=1
-
< 0P llyn — $\|2+Z?7n H = ) lyn — 2|12
Jj=2 =
M
+ 1A =) lyn - 2ll?
t=1
[ZU(J) H ||w(J 1 _ Unl?
M
+TT0 =m0 = ya)?]
=1
j—1
< o — 2> = [an — ) =yl (37)
t=1
M
+TT0 = n)llod ~ yall?).
t=1
From (3.7), we have
120 = Z[| < llyn — . (3-8)
The definition of z,; and (3.8) implies
|zt — 53H2 = [[(1 = Bn)yn + Brzn — z|)?
= (1=B)llyn — j||2 + Bnllzn — jH2 = Bn(1 = Bu)llyn — Zn||2
< ||yn*jH2*6n(1*ﬂn)Hyn*Zn”z' (3.9)

From the definition of x,1, we obtain

—Yn = 1 (anrl yn),

. 6 s © 2024 The authors. Published by https://doi,org/lO.58715/bangmodjmcs42024.10.4
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consequently,
_ 2
len =y = g (Ll (3.10)
By (3.9) and (3.10), we obtain
lzn+1 = ZI°< lyn — 217 = 1522 [@nr1 — yal > (3.11)

In view of (3.11) and definition of y,,, we have

[2nt1 =2 < llyn = ZlI= (1 — on)zn — 2|
< (1 an)|zn — 7| + |z
< max{||z, — Z||, ||Z||}

< max{l|zy -z, [|Z]]}.

Therefore, {z,} is bounded. Consequently, {y,} and {z,} are also bounded.
Thus (3.3) and (3.11) implies

|Znt1 = Z2< lyn — Z[1* = S22 12011 — yal®
< (1— an)ln — x||2 — an (2(1 — an){@n — 7, )
—anlla)? + £55 w1 - yul?)

= (1 - an)llzn — 7| — anly

where
Tp =2(1 - ap) (@ — T, 7) — an|Z]? + %g:”xn+l —yall®
Since {z,} is bounded and so it is bounded below. Hence, I',, is bounded below. Fur-

thermore, using Lemma 2.5, we have

limsup ||z, — z||? < limsup(—T,) = —liminf T,,. (3.12)

n—00 n—00 n—00

Therefore, lim inf I';, is finite. Now, using (C1) of Assumption 1, we get

n— oo

il = limind (1 — ) —22) —oullell* + s — )
= liminf (2(z, — 7,7) + 5% w1 — yal?).

n— oo

Since {z,} is bounded, there exists a subsequence {x,, } of {x,} such that x,, — p in
H; and

o - _ 1—fn,
liminf [y = liminf (2(en, - 2,2) + -5 lensn = yull?). (3.13)
Since {z,} is bounded and liminfI', is finite, we have that — — Yn, || s
n—oo
bounded. Also, by (C2) of Assumption 1, we have L;—gn > al;g‘sn > 0 and so we have
that mﬂxnkﬂ — Yn, ||? is bounded. Observe from (C1) and (C2) of Assumption 1,
we have o
0<Zm <% g k0.
Br

Therefore, we obtain from (3.10) and g& — 0, k— oo that
.
||ynk - znk” — 0, k — oc. (314)
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From the definition of x,; and (3.14), we have
[Zn+1 = Ynill = Bri lyny. = 20, | = 0, k= o0, (3.15)
and using the definition of y,,, we obtain
[y, = @ || = nllzn, || =0, & — oc. (3.16)
Hence, (3.15) and (3.16) gives
[Znt1 = ol < N1 = Yngll + [1Yny, — @il = 0, & — oo

Now, using (3.7), we obtain

j—1

t
nnk[znnkﬂ — ) ynk||2+H = Dl =y,

t=1
< llymi = ZII* = llzn, — 21
< (lyn = 21 = lzni = ZIDlyne = 2l + [0, — )
< Myne = 2o [llyns = 21 + 20, — Z)- (3.17)
Therefore, (3.14), (3.17) and (C3) of Assumption 1 gives
1

Jj—
nnk[zvf” n) 0D =y, | +H1 ) 0D —ya, || = 0. (318)
t=1

as k — oo. Hence, (C3) of Assumption 1 together with (3.18) yields
[w$) =y, || = 0, k— o0 (3.19)

for all j € {1,..., M}. Using the definition of w$ and (3.19), we have
(#55,3) V05 () + Vi) I1? = ) = yu 1> = 0, k = oo, (3.20)
Now from (3.4), we have
4psE) (i (yn,) + l(ynk))
< [y, — 50||2) i) — 72 +M( f IV (ynk)(j- Vi(yn)II® (3.21)
< Nyme = 0 1y = 2l = 0l = 21) + w11V R () + Vi, )|
Therefore, from (3.19), (3.20) and (3.21), we obtain
4uJ) (B (Yny) + Uyny)) = 0, k = oo (3.22)
Note that if j ¢ U,,,, then h;(yn, ) +1(yn, ) = 0 implying that h;(y,,) = 0 and {(y,, ) = 0.
Now for j € U,,, (i.e., h;j(yn,) + l(yn,) # 0), using the choice on M%k) given by

n e (0, hy(Yni) +1Yn) )
" 9 (Yni) ’

and from (3.22), we have
0 < 46D (B (ya,) + 1(yn,)) < 4G (yyn) +1(yn) > 0, k- o0 (323)
Consequently, (3.23) gives
—00 k— o0 k—o0
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for all j € {1,..., M}. Thus, from the definition of I(y,, ), we can have

i hy(yn,) = lim Li(yn,) =0, Vi€ {l,...,N}LVj€{1,....M}.

k—o0

Using CauchySchwarz inequality, we have

<ynwy> = <ynk - xnk7y> + <‘rnk’y> < ”ynk - an””yH + <xnk7y> (324)

for all y € H. Now, from z,, — p, (3.16), and (3.24), we have y,, — p. The lower-
semicontinuity of h;(.) implies that

0 < hy(p) < limint by (yn,) = lim By (yn,) =0.

That is, h;(p) = ||(I — prox)\gj)ApH2 =0forall je{l,...,M},ie., 0€ 0g;(Ap) for all
j€{l,...,M}. In other words, Ap is a minimizer of each g; for all j € {1,..., M}.

Likewise, the lower-semicontinuity of [;(.) implies that
0 <l;(p) <liminfl;(yn,) = lim l;(yn,) = 0.
k—o0 k—o0

That is, Li(p) = 3[I(I — prox,;)pll*> = 0 for all i € {1,...,N}, ie., 0 € dfi(p) for
all ¢ € {1,...,N}. In other words, p is a minimizer of each f; for all ¢ € {1,...,N}.
Therefore, p € Q.

Take & = Pp(0), ie., £ € @ and ||| < |ly|| for all y € Q. Thus, from (3.13), we obtain

that
1- ﬁn

.. o o . A A k _ 2
lminfT = lminf (2, & 2) + g o = vn?)
> 2liminf(z,, —,1)
k—00

> 2p—i,2) =2(p—&,&—0) > 0. (3.25)

Hence, we have from (3.12) and (3.25) that
limsup ||z, — #||* < limsup(—T,,) = — liminfT,, < 0.
n— 00 n—00 n—00

Therefore, ||z, — Z|| — 0 and this implies that {z,} converges strongly to Z. This
completes the proof. [ |

Remark 3.3. (i) Our algorithm, Algorithm 1, works only for M > 2. Moreover,
Algorithm 1 can be taken as an improved and extended version of accelerated
hybrid steepest-descent algorithm in [4, 11, 23].
(ii) Compared to the algorithms in [2, 5—8], our algorithm uses different scheme and
it does not require control sequence {p,} with the condition 0 < p, < ¢ and
lim inf p,, (0 — pp) > 0 (for some o > 0).

n—oo
(iii) Our iterative method provides a convenient method to solve split type problems

that can be studied as a fixed point of firmly nonexpansive mappings; for example,
split system of inclusion problem, multiple-set split feasibility problem and split
system of equilibrium problem.
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4. NUMERICAL EXPERIMENTS

In this section, we provide a numerical example to validate our proposed iterative
method, Algorithm 1 (Alg-1). On top of that, we compare Alg-1 with two existing re-
sults, namely, the parallel proximal algorithms [6] (PPA-[0]) and [8] (PPA-[3]) for SSMP.

Example 4.1. Consider the problem (1.2) for Hy = RP, Hy =R%, A: H; — H» and

1
fz(.’E) = §J}TBia'} +.’1?TD1‘, 1€ {1,. .. ,]\/v}‘7

91(u) = [ul and g2 (u Zh ug) and A = Ggxp,

k=1

where Gyxp is ¢ X p matrix, each B; is invertible symmetric positive semidefinite p x p
matrix and each D; is vector in R? for all i € {1,..., N}, u = (uy,u2,...,uy) € R, |||
is the Euclidean norm in R? and h(uy) = max{|ux| — 1,0} for k =1,...,q.

In this example, we examine the numerical performance of Alg-1 compare to PPA-[(]
and PPA-[8]. For this purpose, we used the following data:

o Ggxp is randomly generated ¢ X p matrix,

e M = 3, B; is randomly generated invertible symmetric positive semidefinite p X p
matrix and D; is zero vector in RP,

e proximal of f; and g; with scaling parameter A =1,

e parameter restrictions:

. _ 1 _2n41 (G _ 1
Alg'l Op = nt+1’ Bn - SZIG’ ™ = J+10

PPA'[ ]: an:%ﬂ,ﬁn:§Zié,6%:6,§J:% =
PPA-[8]: F: Hy —» H,,V : H; —> H, where V = F
an:%van_Ol 51 _é7§J = 101

e Stopping Criterion: [2zx1=2»ll < T7OL, = 10-3.

llz2 =]
For a randomly generated starting point z; and different choices of p and ¢, the nu-
merical results of Alg-1, PPA-[0], and PPA-[3] is reported in Table 1 in terms of number
of iterations (iter(n)) and cpu time of excursion in seconds (Cpu(s)).

L
10°

M:17’Y:O5a

TABLE 1. Numerical results for randomly generated starting point .

p=q=2 p=3,94=5 p=15,4¢=10

Iter(n) 13 15 16
Alg-1 Cpu(s) 0.00354 0.00654 0.08034

Iter(n) 12 17 16
PPA-[6] Cpu(s) 0.00293 0.00597 0.07429

Iter(n) 21 27 29
PPA-[] Cpu(s) 0.01069 0.01638 0.096425

Also, for different choices of x1, p, and ¢, the numerical results of Alg-1, PPA-[(], and
PPA-[¢] is reported Figures 1 and 2.

cs : © 2024 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2024.10.4
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FIGURE 1. For p = ¢ = 15 and starting point z; = (10,...,10) € RP.
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FIGURE 2. For p = ¢ = 50 and starting point z; = (100,...,100) € RP.

Remark 4.2. (i) Based on the findings in Example 4.1, it is evident that our algo-

(ii)

Tals

Center of Excellence

rithm demonstrates effectiveness and simplicity in implementation.

The data presented in Table 1 illustrates that our proposed algorithm outperforms
the one used in PPA-[8] in terms of CPU time and iteration count. Additionally,
the preliminary numerical experiment outcomes indicate that our algorithm per-
forms competitively compared to PPA-[6]. And it is important to underline that
our new method extends and generalizes the findings in [0] in such a way that
the algorithm utilizes a self-adaptive step size mechanism, eliminating the need
for prior information about the operator norm, which enables us to establish and
prove a strong convergence theorem under certain weakened assumptions to solve
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the SSPMs related to convex nonsmooth functions. This shows that our new
method is easier to implement.

CONCLUSIONS

A new self-adaptive steepest-descent type algorithm, Algorithm 1, is proposed in this
paper to solve the SSPM for convex nonsmooth functions. The algorithm includes a
self-adaptive step size mechanism and, under certain assumptions, a strong convergence
result (Theorem 3.2) is established and proven for the proposed algorithm. Specifically,
the sequence generated by Algorithm 1 strongly converges to the minimum norm element
of the SSPM. To validate the performance and implementation of the algorithm, a nu-
merical example (Example 4.1) is provided. The results of Example 4.1 demonstrate the
effectiveness and simplicity of the algorithm’s implementation. Furthermore, preliminary
numerical experiment outcomes suggest that the algorithm performs competitively when
compared to PPA-[6]. Additionally, the data presented in Table 1 shows that the pro-
posed algorithm outperforms the one used in PPA-[8] in terms of CPU time and iteration
count. The main result of this paper extends and improves the results [23]. Furthermore,
our result complements recent results in this area.
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