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1. INTRODUCTION

Variational inequality problem (VIP) have become a central tool in both pure and
applied sciences, offering a unified framework for a wide variety of problems. It is well
known that many problems in society and science can be formulated using variational
inequality models, which play an important role in nonlinear optimization theory and its
applications. Recently, VIP have attracted significant attention from researchers inter-
ested not only in theoretical developments but also in numerical approaches to solving
such problems.

The variational inequality problem can be stated as follows:

Find z* € C such that (Mz*,z —2*) >0, VzeC, (1.1)

where C' is a nonempty, closed, and convex subset of a real Hilbert space H with inner
product (-,-) and norm || - ||, and M : H — H is a nonlinear mapping. The solution set
is denoted by Sol(C, M).

It is a well-established fact that a point z* constitutes a solution to the VIP in equation
(1.1) if and only if it resolves the associated fixed-point equation:

2 =Po(z* —TMz"), Ytau >0, (1.2)

where Pg is the projection operator from H onto C.

One of the projection methods for solving the problem described in (1.1) is the extra-
gradient method, which was introduced by Korpelevich [1] and independently by Antipin
[2]. The extragradient method is formulated as follows:

{ sn = Po(wn — 1 Muwy), (1.3)

Zn+1 = PC'(Sn - TnMSn)7

where 7,, € (0,1/L) and M : C — H be monotone and L-Lipschitz continuous op-

erator. Recently, the extragradient method has produced conclusive results under the
assumptions of monotonicity and Lipschitz continuity of the mappings (see, e.g., [4—0]).

In 2021, Tian and Xu [7] introduced the following inertial projection and contraction
method to circumvent this obstacle.

wo,wy € H,

Sp = Wy + Cp(Wy — Wn—1),

tn = Po(8n — TnMsy),

A(Snytn) = (8 — tn) — Tn(M S — Mt,,),

Up = Sp — And(Sn, tn),

Snt1 = (1 — an — Bn)Sn + Bntn, Yn>1,

where {ay,}, {8n} and {¢,} are control sequences in (0,1), A € (0,2) and
‘p(s"’t")P, i (s, 1) £ 0,

M =3 ld(sn,tn)]
0, if d(sp,tn) # 0,

where ¢(sn,tn) = (Sn — tn,d(Sn,tn)). The step size 7, is chosen to be the largest 7 €
{7,71,7v1?,...} such that
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186 A. Padcharoen et al.

T|Msy, — Mt,|| < kllsy, —ta|l, v >0,1€(0,1),x€(0,1).

Equation (1.4) assumes that M is uniformly continuous on C' and pseudomonotone.
In order to resolve variational inequalities and associated optimization problems, a range
of numerical techniques featuring inertial exponentiation steps have been proposed; refer
to [3—15] as well as the cited works.

Jolaoso et al. [16] propose a modified inertial projection and contraction algorithm to
solve the pseudomonotone VIP, as follows:

Given 71 > 0, p € (0,1) and A € (1, 2), where o € (1,2). Choose {(,,} C [0,1).
1. Let wg,w; € H be arbitrary. Given the iterates w,_1 and w,, (n > 1). Compute

Sp = Wy + Cn(wn - wn71)~
2. Compute
tn = Po(sn — TnMsy).

If s, =t, or Mt, =0, then stop and t, is a solution of VIP. Otherwise, go to:
3. Compute

Sn4+1 = Sn — )\nnd’ru
where 7,, and d,, are defined as follows:

[ _thQ

N = (1—p) A dp, = 8y — ty, — (M s, — Mt,), (3.1)
n

and update stepsize by

pllsn = tnll }

Tp41 = min { My — M| . Th (3.2)

Set n:=mn+ 1 and return to Step 1.

Conversely, the inertial method has garnered significant interest and attention from
researchers. Recently, this technique has been frequently employed to accelerate the
convergence rates of algorithms for various optimization problems (see, for example, |

).

Motivated by the aforementioned works, we propose two modified inertial projection
and contraction methods with self-adaptive step size rules to solve the pseudomonotone
variational inequality problem in real Hilbert spaces. These adaptive step size rules are
designed to enhance efficiency and flexibility in computations, eliminating the need for a
line search procedure, which can be time-consuming and costly. Additionally, we establish
weak and strong convergence theorems for the proposed methods without requiring prior
knowledge of the Lipschitz constant of the mapping or assuming the weak sequential
continuity of the mapping.

The remainder of the paper is structured as follows: Section 2, we present some prelim-
inary results necessary for our work. In Section 3, we prove weak and strong convergence
theorems for the proposed methods. Finally, in Section 4, we provide numerical experi-
ments that include comparisons with other algorithms and applications of the proposed
algorithms in the image deblurring problem.
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2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. The weak
convergence of {w, } to z* is denoted by w,, — z* as n — oo, while the strong convergence
of {w,} to z* is written as w, — z* as n — oo. For all s,z € H, we have

s +2[I* < lIs* +2(z, 5 + 2).
Definition 2.1. [21] Let M : H — H be an operator. Then:
(1) M is called L-Lipschitz continuous with constant L > 0 if
|Ms—Mz|| < L|s—z| Vs,z€H.

If L =1, then M is called nonexpansive, if L € (0,1), M is called a contraction.
(2) M is called monotone, if

(Ms—Mz,s—z)>0 Vs,z€ H.
(3) M is called pseudomonotone in the sense of Karamardian [22] if
(Ms,z—8)>0= (Mz,z—3s)>0 Vs,z€ H. (2.1)
(4) M is called a-strongly monotone if there exists a constant a > 0 such that
(Mr — Mt,r —t) > alr —t|* VrtecH.
(5) M is called a-strongly pseudomonotone if there exists a constant a > 0 such that
(Mz,5—2) > 0= (Ms,s —2) >allz—s||* Vs,z€ H.

(6) The operator M is called sequentially weakly continuous if for each sequence {w,, }
we have: w,, — z* weakly implies Mw,, = M z* weakly.

We note that (2.1) represents only one of several definitions of pseudomonotonicity avail-
able in the literature. For every point z € H, there exists a unique nearest point in C|
denoted by Pcz, such that

Iz — Poz|| < ||z —s|| forallseC.

The mapping Pc is referred to as the metric projection of H onto C. It is well known
that Pg is nonexpansive. For further properties of the metric projection, the reader is
referred to Section 3 in [23].

Lemma 2.2. [23] Let C be a nonempty closed convex subset of a real Hilbert space H.

Given z € H andr € C. Thenr = Poz <= (z —r,r —s) >0 Vs & C. Moreover,
|Pcz — Pos||> < (Poz — Pos,z —s) Vs, z€C.

Lemma 2.3. [24] Consider the problem Sol(C, M) with C being a nonempty, closed,

convex subset of a real Hilbert space H, and M : C — H being pseudomonotone and
continuous. Then z* € Sol(C, M) if and only if

(Mz,z—2")>0 VzeC.

Lemma 2.4. [25] Let M : C — H be a mapping. For z € H and o > 8 > 0, the following
inequalities hold:

Iz = Po(z —aMz)| _ ||z = Po(z = BMz)|| _ ||z = Po(z — aMz)]|
o - B - o '
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188 A. Padcharoen et al.

Lemma 2.5. [12] Let {an}, {bn}, and {c,} be sequences in [0, +00) such that
An+1 S an + Cn(an - anfl) + bn Vn 2 ]-7 Z bn < —I-OO,
n=1

and there exists a real number ¢ with 0 < ¢, < ¢ <1 for all n € N. Then the following
hold:

(i) >°07 [ lan — an—1]+ < +00, where [t]1 := max{t,0};

n=1
(i) there exists a* € [0, +00) such that lim, o ar, = a*.

Lemma 2.6. [26] Let C be a nonempty subset of H and {w,} be a sequence in H such
that the following two conditions hold:

(i) for every z* € C, limy, o0 ||wy, — 2*|| exists;
(i) every sequential weak cluster point of {wy,} is in C.

Then {w,} converges weakly to a point in C.

3. MAIN RESULTS

In this section, we propose modified gradient projection method for solving VI. We
assume that the following conditions hold:

Condition 1. The solution set Sol(C, M) of (1.1) is nonempty.

Condition 2. The mapping M : H — H is pseudomonotone on H, that is,

(Mz,s—2)>0= (Ms,s—2)>0, Vs,z€H.
In addition, the mapping M : H — H satisfies the condition

{tn} C C, t, =t = | Mt| < liminf||Mt,]. (3.1)
n—oo

Condition 3. M : H — H is uniformly continuous on bounded subsets of H.

Algorithm 1

1: Initialization: Let wo,w; € H be arbitrary and parameters p,l € (0,1),x €
(0,1),0,¢ € [0,1], along with a sequence {6,} in (0,1). Let {a,} be a real sequence
in (0,1) such that {a,} C (a,1 — &) for some a > 0 and £ € [0,1).

2: Let {v,} € (0,1) and a nonnegative sequence {¢,} satisfy

o0
lim ~, =0, Z'yn:oo, and lim %:0.
n—oo ne1 n—oo "Yn

3: Compute
o
mm{ %}, i 0, £ wo,
=1 g

2’ lwn — wn—1]] (3.2)

5 otherwise.
4: Compute s, = ywy + (1 — v,)[wy, + op(wp — wp—1)].
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5:

Compute
Y R
(= ¢ 27 lwn — wp— | (3.3)
9 otherwise.

6: Compute r, = 0w, + (1 — ) [wp, + Cn(wy — wr—1)].
7: Compute

10:
11:
12:

qn = PC'(rn - TnMrn)y
where 7, is chosen to be the largest 7 € {p, pl?, pl?, ...} satisfying
T”MQn - Mrn” S HHQW - Tn” (34)

If r,, = g, or Mr, = 0, then stop and r,, is a solution of (1.1). Otherwise

: Compute d,, = 1, — ¢ — To(Mr, — Mqy).
: Compute

th =7Tn — ,L”]ndna

where

<T7z, — Qn, dn> .
W — G o) i g2
N = lldn 1> "

0, if d,, = 0.
Compute v, = (1 — ap)$n + @pwy,.

Compute wy11 = (1 — y,)0n + Yntn.
End for loop

Lemma 3.1. Suppose M : H — H is uniformly continuous on bounded subsets of H.
Then the Armijo-like search rule (3.4) is well defined. Moreover, 7,, < p.

Proof. Let r, € H and define ¢, = Po(r, — 7Mr,). As Pc is nonexpansive and M
uniformly continuous on bounded sets, ¢, remains bounded.

Define ¢(7) = 7| Mg — Mry|| — Kl|gn — 72]]- Since both norms go to 0 as 7 — 0,

é(1) — 0. Therefore, some 7 = pI* satisfies ¢(7) < 0, ensuring 7,, < p and the rule is
well-defined.

Lemma 3.2. Suppose Conditions 1 and 2 hold. Let {w,} be generated by Algorithm 1.
Then for all z* € Sol(C, M),

2—p

lltn — Z*||2 <|lrn — Z*”2 - Irn — tn”Q-

Proof. Since g, = Po(r, — 7, Mry,), the projection inequality gives

<7"n — Qn, Mrn> > <Tn — Qn, 2 — Q71,>-

Using pseudomonotonicity and that z* € Sol(C, M),

(Mgpn,qn —2") > 0.

Adding these

(gn — 27, dyn) > 0.
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Thus,

(ro, — 2%, dp) > (rn — Gn, dn).
Now expand
|2 P = 20 (rn — 27, dp) + il |12

”tn—Z*HQZ 70 — pnndn — 2 =|lrn -2

Substituting 1, ||d,||* = (rn — qn, dy), and r, — t, = un,d,, we get
* * 2 —
It = =1 < flrm = 27 = = =

Lemma 3.3. Suppose Conditions 1 and 2 hold. Let {w,} be generated by Algorithm 1.
Then

(1+r)?

2
WHM —tn|l%

l[rs — qﬂ||2 <
Proof. We first show

(1= K)lrn = gull < lldnll < (1 + £)lIrn — gnll-
This follows from the Armijo-like rule

ldnll = Irn=gn=Tn(Mra—=Mgn)|| 2 [rn—gnll=7nl|Mrn—=Mgn| = (1=£)[|rn—qn-
Similarly for the upper bound

ldnll < lIrn = anll + TllMry — Mgy || < (14 &)[lrn — gnll-

<Tn — QGn, dn> d

Now, recall n,, = T an
n

(Pn = @nydn) > (1= 8)|rn — gu*.

Then,
<rn — Qn, dn>
[7n = tall = pgnlldnl| = p - ~———=7—
[ldall
Using the bounds:
1 = K)lrn — gnl? (1-r)
n _tn Z . - . n — 4n]||-
I =t > - A= = s el =
Hence,
1
I = gl € D, —
1=k
and squaring both sides
1+ k)2
_ 2 < (7 — ¢t 2.
”Tn Qn” — (1 . I{)2,LL2 Hr’ﬂ n”
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Lemma 3.4. Suppose Conditions 1-3 hold. Let {r,} be any sequence generated by Algo-
rithm 1. If there exists a subsequence {rp,} of {rn} such that {r,,} converges weakly to
z* € C and limg_, o0 ||Tny — Gyl = 0, then z* € Sol(C, M).

Proof. We have ¢,, = Pc(rn, — Tn, M7y, ), hence,
<Tnk - T”kMTnk —ny, 2 — QHk> <0 Vze C,

which is equivalent to

1
Ti<rnk _an7Z_an> < <M7“nk,2: _an> VzeC.

nk
This implies

1
7<T"k _anvz—an> + <Mrnkvan —r"k> < <Mr7lk’z _Tnk-> VzeC. (3'5)

Nk

We now show that
lm inf(Mr,, ,z —r,,) > 0. (3.6)
k—o0

We consider two cases:

Case 1: liminfy o 7,, > 0. Then {r,, } is bounded, and since M is uniformly
continuous on bounded subsets, {Mr,, } is also bounded. As ||rn, — gn,|| — 0, taking
k — oo in (3.5) gives

liminf(Mr,, ,z —ry,) > 0.
k—o0

Tny,

l

Case 2: liminfy_,o 7, = 0. Define §,,, = Po(rn, — My, ). Since TnT’“ > 7,, and

P¢ is nonexpansive,
- 1 -
”rnk - an” < Z”rnk - an” —0as k — oo.

Hence, ¢,, — z* € C and {§p,, } is bounded. By uniform continuity of M, it follows that
|Mry,, —Mqgy,|| —0ask— oo (3.7)
and

Tny, Tn Tn
TkHMT’ﬂk - MPC(rnk: - TkMrmc)H > HHT’ﬂk - Pc(r’ﬂk - TkMrmc”l

We also have
1 . l .
E”MTTHC - quk || > a“rnk — lny ” (38)
Combining (3.7) and (3.8), we obtain
l
lim —||Mr,, — MGy,| =0.

k—o00 Tp,

Using again the projection inequality:
Tny,
l
which is equivalent to

l - - -
T7<Tnk_an7z_QTLk>S<MT7Lk7Z_QHk> VZEC

Nk

<rnk7 Mrnk*(jnk,zfan>§0 VZ€C7
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This implies
l . - ~
7_7<rnk - an7z - an> + <Mrnk7an - Tnk> S <MTnk,Z - Tnk> VZ S C

ng

Taking the limit as k — oo, we obtain

lm inf(Mr,, ,z —r,,) > 0.

k—o0

This completes the proof of (3.6). Now we proceed to prove z* € Sol(C, M).
Let {ex} be a sequence of positive real numbers decreasing to 0. For each k, let Ny be
the smallest index such that

(Mryn,,z—rn,) + e > 0.

Define

L ]\4’/‘]\],c
PN My, 2

so that
(Mry,, 2 + €xpn,, — TN,,) > 0.
Since M is pseudomonotone, we have
(M(z + €xpny ), 2 + €kpn, — TNg) 2 0.
Hence,
(Mz,2 —rn,) = (M(z + expn, ), 2 + €xpn, — TN,) — €6(M 2z, PNy,
We show expn, — 0. Since r,, — z* and M satisfies Condition (3.1), we have

0 < ||Mz"|| < likminf |Mrp, || @Gf Mz* =0, then z* € Sol(C, M)).
— 00
Since e, — 0 and {ry, } C {rn,}, we get

exllpne |l = — 0.

€k
M7, ||
Hence, €xpn, — 0, and by the continuity of M,

liminf(Mz,z —ry,) > 0.
k—o0

Finally, since ry, — z* weakly and z € C arbitrary, we obtain
(Mz,z—2")>0 VzeC.
By Lemma 2.2, we conclude z* € Sol(C, M), completing the proof.

Theorem 3.5. Suppose Conditions 1-3 hold. Then, the sequence {w,} generated by
Algorithm 1 converges weakly to an element z* € Sol(C, F).

Proof. Let z* € Sol(C, F) be arbitrary. From the definition of Algorithm 1 and Lemma 3.2,
we have the inequality

2—p

e e L lrn — ]

(3.9)
<l — 2%
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*||2 as follows

Now, using the identity wy,+1 = (1 — ¥5)vn + Yntn, we expand ||wp41 — 2
lwnsr = 2% = 11 = yn)vn + Yt — 2*|
= (1 =) (vn — 2%) + Ya(tn — 2*)| (3.10)
= (1= m)llva = 21 + vnlltn = 2° 17 = 1 (1 = ) llvn — tal|*.
Combining inequalities (3.9) and (3.10), we get
[wntr =212 < (1 =)o = 2* I +ynllrn = 212 = (1 =) lon — tall*. (3.11)
Note that
Wpt1 = (1 — vn)Vn + Yntn
and this implies that

1
ty — U = — (Wpt1 — vp). (3.12)

Tn

Substituting (3.12) into (3.11), we get

v — 2|2 < (1—%>||vn—z*||2+»yn|rn—z*2—(1;]”’wnﬂ a2 (3.13)
From Algorithm 1, recall that
Up = (1 — an)$n + anwy,.
Hence, we compute
[|vn — Z*||2 = [|(1 — an)sn + apwy, — Z*H2
= |(1 = an)(85 — 2%) + an(w, — 2%)|? (3.14)

=1 —an)sn — Z*HQ + an|lwn — Z*||2 —an(l —an)llsn — wn”Q'
Using the definition of s, from Algorithm 1, we obtain
[sn — 2| = lvnwn + (1 = ) [wn + op(wWn — wy—1)] — 27|
< Yallwn = 2% + (1 = o) [lwn — 2" + onllwn — wn—1]|
= |lwn = 2™ + onllwn — wp—1]| (3.15)
* UTL
= lwn = 2"l + 1 — lwn — w1
Tn
< lwp = 2| + 10 Q1
and

|5 — wn |l = [[ynwn + (1 = vo)[wn + 00 (wn — wn—1)] — wa|

< Ynllwn — wa |l + (1 = yn)[[wn — wa |l + onllwn — wn—1]]

= onlfwn = wn (3.16)
On

= ’Yninn - wn—l”
Tn

S 'YnQQ
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for some constants @1,Q2 > 0. Choose a positive constant Q3 > 0. From inequality
(3.15), we have
Isn = 2" < (lwn — 2*[| + 72Q1)?
= llwn = 2"[* + 7 (2Q1 | wn — 2| + 7 Q) (3.17)
< Jlwn = 2| + 1 Qs.

Likewise, pick another positive constant Q4 > 0. From inequality (3.16), we obtain
s = wa|* < (72.Q2)?

= ’Yn(’yan) (318)
< ’YnQél'

Now, substituting (3.17) and (3.18) into (3.14), we obtain
lvn = 2712 < (1 = an)[llwn — 2*[1? + 72 Q3] + anflwy — 2| — an(l — @)1 Qs
= [lwn = 2”4+ (1 = @)1 Q3 — an(1l = @)1 Qa

= |lwn — Z*”2 + 90 [(1 — an)@3 — an(l — o) Q4]
< Jwn — z*||2 + Qs

(3.19)

for some constants Q5 > 0. Using the definition of r, from Algorithm 1, we obtain

7n — 2" || = [[onwn + (1 — 6n)[wn + Cn(wn, — wn—l)} - Z*H
< Gnllwn — 2% + (1= 0n) lwn — 2| + Collon — W
= [[wn — 2" + Gallwn — wy—1]| (3.20)

= flwn — 2+ 70 fn — W |
n

< lwn = 2% + 1 Qs

for some constants Q¢ > 0. Choose a positive constant Q7 > 0. From inequality (3.20),
we have

[7n — 2*I1> < (Jlwn — 2*[| + 7Q6)?
= lwn — 2*[I* + 72 (2Qs |wn — 2| + 1 QF) (3.21)
< wn — 2|1 + 70 Q7.

Moreover, we get

[ Un||2 = lwpy1 — [(1 — an)sn + O‘nwn]H2

= [[(1 = an)sn + anw, — wn+1H2
= H(l —an)(8n — Wnt1) + an(wn — w7b+1)||2 (3.22)
= (1 — an)llsn — wn+1||2 + o [|wn — wn+1H2

- an(l - an)Hsn - wn||2-
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Convergence Theorem of Inertial Projection and Contraction Methods 195

Also,
5 = waea | = lvmwn + (1 = ) w0+ oy — w0m1)] — wa]
< Yullwn — wppa || + (1= yn)|wn — wogall + onllwn — wp—1]|
= [[wp — Wnpt| + onl|wn — wn 1| (3.23)
On
= ||’LUn — wn+1|| +’Yn7||wn - wn—l”
Tn
< ||wp — wpi1|| + Qs

for some constants Qg > 0. Choose a positive constant Q9 > 0. From inequality (3.23),
we have

Isn = wnt1ll* < (Jwn = waga]| + 7 Qs)”
= [lwn — wps|* + 70 (2Qs ] wn — Wt || + 72 Q3) (3.24)
< Jlwn = wng1|* + 70 Qo-
Substituting (3.18) and (3.24) into (3.22), we obtain

[wns1 = val® < (1= an)[llwn = wnra|* + 30 Qo] + onllwn — wy1 |
= an(l = )1 @Q2
= [lwn — wni1]* 4 (1 — )1 Qo — an(l — ) 1n Q2 (3.25)
= llwn = war1]l* +7al(1 = an)Qy — an (1 — ) Q2]
< Jlwn = woia || + 12 Q10
for some constants Q19 > 0. Substituting (3.18), (3.19) and (3.25) into (3.13), we obtain

wns1 — Z*||2 < (1 =v)lllwn — Z*H2 + Q5] + Yulllwn — z*||2 + Q7]

n

||wn - 'wn—&-IH2 + 'YanO]

_ (1 — ) _ 2
Y [”wn wn+1|| +77LQ10] (326)
= = [+ 0l = 30)Qs + Qs — T u
_ (1 — p)’n)

|y, — 'wn+1||2
n

(1 =)

n

< wn = 2% + 72.Qu — [wn = wpa |-

Inequality (3.26) demonstrates a generalized Fejér monotonicity: the sequence {||w,, —
2*||?} is decreasing up to a summable error v,Q1; and a decrement ||w,, — wy,41]||?. This
behavior implies that {w,, } remains close to the solution set and stabilizes over iterations.

This inequality implies that {||w, — 2*||?} is a quasi-Fejér monotone sequence. Since
> Q11 < 00 and Y [[wy, — w1 < 00, we deduce that:

lim ||w, —wpe1|| =0, and lim ||w, — 2%| exists.
n—oo n—oo
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This inequality implies that {||w, —z*||?} is a Fejér monotone sequence up to summable
perturbations. Thus,

o0
> llwn = wpa|* < o0, and lim_lw, —wn1]] = 0.
n=1
Since {wy,} is bounded, it has weakly convergent subsequences. Let w,, — z*. Using
Lemma 3.3 and the demiclosedness principle under Conditions 1-3, we conclude z* €
Sol(C, F). Finally, we apply Opial’s lemma, the entire sequence {w, } converges weakly
to z* € Sol(C, F).

4. NUMERICAL ILLUSTRATIONS

In this section, we present some numerical experiments in solving variational inequality
problems.

Algorithm 2

1: Initialization: Let wg,w; € H be arbitrary and parameters p,l € (0,1),x €
(0,1),0,¢ € [0,1], along with a sequence {d,} in (0,1). Let {cv,} be a real sequence
in (0,1) such that {a,} C (a,1 — &) for some a > 0 and £ € [0,1).

2: Let {7,} € (0,1) and a nonnegative sequence {¢, } satisfy

o
lim Tn = 07 ZFY'IL = 00, and lim @ =0.
n—oo ot n—o0 Yy
3: Compute
min 77L . if wy # w1,
Op = o 2 ||’U)n - wn—l”
otherwise.

57
4: Compute s, = (1 — v,)[wn + opn(wy — wp_1)].
5. Compute

min{c %}, if wy, # wp_1,

2’ [[wn — wn—1]|

Cn
¢ .
ok otherwise.
6: Compute 7, = (1 — 0,)[wn + Cu(wn — wp—1)].
7. Compute

Gn = Po(ry, — mnMry,),
where 7,, is chosen to be the largest 7 € {p, pl?, pl3, ...} satisfying
T[[Mgn — Mry|| < &llgn — all-

If r, = q, or Mr, =0, then stop and r, is a solution of (1.1). Otherwise
8: Compute d,, =7, — ¢, — T (M1, — Mgy,).
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9: Compute

th =70 — /f‘nndn;

where

<Tn - andn> .
ATl it d, #0
N = lldn 1>

0, if d,, = 0.

10: Compute v, = (1 — ay,)s, + QpWsy,.
11: Compute wy11 = (1 — ¥5)vn + Yntn.
12: End for loop

Algorithm 3

1. Initialization: Let wg,w; € H be arbitrary and parameters p,! € (0,1),x €
(0,1),0,¢ € [0,1]. Let {a,} be a real sequence in (0,1) such that {a,} C (a,1 — &)
for some a > 0 and &£ € [0,1).

2: Let {7,} € (0,1) and a nonnegative sequence {¢,} satisfy

o0
lim ~, =0, Z’yn:oo, and lim ﬁ:0.
n—oo ne1 n—oo /-Y/'L

3: Compute

. g .
mln{ (bn}, if w, # wp_1,
on =

2’ lwn — wn—1]]
o

=, otherwise.
2 W
4: Compute s, = wy, + op(Wy — Wp—1).
5. Compute
S S, -
Cn = 2" flwn — wp—a|
¢ herwi
2 otherwise.

6: Compute r,, = wy, + (W, — Wp—1).
7. Compute

qn = PC(Tn - TnMTn)a
where 7, is chosen to be the largest 7 € {p, pl?, pl?, ...} satisfying
T[[Mgn — Mry|| < &llgn — all-

If r,, = g, or Mr, =0, then stop and r,, is a solution of (1.1). Otherwise
8: Compute d,, = r, — ¢, — Tn(Mr, — Mq,,).
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9: Compute
tn = Tn — [WMndn,

where

<Tn_Qn7dn> .
ATl it d, #0
N = lldn 1>

0, if d,, = 0.

10: Compute v, = (1 — ay,)s, + QpWsy,.
11: Compute wy11 = (1 — ¥5)vn + Yntn.
12: End for loop

Example 4.1. In the first example, we considered Sol(C, M) with
C:={weR"|Bw<b w; >0, foralli=1,2,3,...,m},
where B is a matrix of size k x m, b € R’j with £ =20 and M : R™ — R™ is defined by

Mw = (e*wTQw + 5) (Pw + q),

where Q) is a positive definite matrix, P is a positive semi-definite matrix, ¢ € R™ and
B > 0. It can be seen that M is differentiable and by the Mean Value Theorem M is
Lipschitz continuous. It is also shown that M is pseudomonotone but not monotone (see
[17]). For our experiment @, P are randomly generated matrices such that @ is a positive
definite matrix, P is a positive semi-definite matrix. The process is started with the initial
wo = (1, ...,1)T € R™ and w; = 0.9wy. To terminate algorithms, we use the condition
D,, = ||8n — qn]|* < € with e = 107% or the number of iterations reaches 500, whichever
occurs first. The parameters used for all algorithms are summarized in Table 1. The
numerical results are presented in Table 2-3 and Figures 1-2.

TABLE 1. Parameters for all Algorithms.

Parameters

) l K " o ¢ On o Tn én
1.2
085 | 093 | 04 | 095 | 06 | 06 | 05 | 04 | X | Lo

TABLE 2. Algorithm comparison k& = 20 and m = 100.

Algorithm Iterations Time (s) Final Error
Algorithm 1 55 0.26 7.8 x 1075
Algorithm 2 98 0.39 8.7x107°
Algorithm 3 65 0.28 9.9 x 107°
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10-1}

102

—— Algorithm 1
=== Algorithm 2
===+ Algonthm 3

3
2 10-3
10-%+
10-5} \\”\
100
iteration
F1Gure 1. Convergence comparison k = 20 and m = 100.

TABLE 3. Algorithm comparison k£ = 20 and m = 200.
Algorithm Iterations Time (s) Final Error
Algorithm 1 62 0.38 7.4 %1075
Algorithm 2 100 0.51 8.5 x 107°
Algorithm 3 70 0.42 9.6 x 107°

= =
===+ Algonthm 3
1072
3
2 10-3
10-%+
10} \‘“‘.
100

iteration

Ficure 2. Convergence comparison k = 20 and m = 200.
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Example 4.2. Consider the following fractional programming problem

min f(w) =

wTQuw + aTw + ag
bTU) + bo

subject to w € X := {w € R™ : bTw + by > 0},
where @) is an m X m symmetric matrix, a,b € R™, and ag, by € R. It is well known
that f is pseudo-convex on X when @ is positive semidefinite. We consider

-2 —1
-1 2 0

1 0
) 0 3

a=|-11, b=1]11,

0 6 -2

1 0
3 -2 7

2 1

ag = —3,

by = 30

We minimize f over C := {w € R* : 1 < w; < 10, foralli = 1,...,4} C X. It is
easy to verify that @ is symmetric and positive definite in R*, and consequently f is
pseudo-convex on X.

The process is started with the initial point wg = (5, 2.5, 4, 2.5, 4)T and w; = 0.9wy.
To terminate the algorithms, we use the stopping criterion

Dy = |5y — qnl|> <e with e=10"%

or when the number of iterations reaches 500, whichever occurs first. The parameters
used for all algorithms are summarized in Table 4. The numerical results are presented
in Table 5 and Figure 3.

TABLE 4. Parameters for all Algorithms.

Parameters
) l K " o ¢ On Qp Tn én
1.2 1
0.85 0.93 0.4 0.95 0.6 0.6 0.5 0.4 wis | s
TABLE 5. Algorithm comparison results.
Algorithm Iterations Time (s) Final Error
Algorithm 1 58 0.32 6.9 x 107°
Algorithm 2 102 0.49 8.6 x 107°
Algorithm 3 73 0.39 9.8 x 107
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—— Algorithm 1
1071 sl
=== Algorithm 2
=== Algorithm 3
1072
3
[a]
is
2 10-3
w
-
N
~
S
e
1074 "‘-\‘
~ b
~
\\\ g™
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N "
~ ™
10 SL ~ ~
60 80 100

fteraticn

FI1GURE 3. Algorithm comparison results.

5. APPLICATION TO IMAGE DEBLURRING

The fractional programming model and corresponding variational inequality problem
in Example 4.2 are applied to an image deblurring task. The observed blurred image is
modeled as a degraded version of the true image, and the optimization framework is used
to reconstruct the clean image.

In this context, the variable w represents the pixel intensities (vectorized), and the
objective function encodes a balance between a quadratic regularization term and a linear
degradation model. The feasible set ensures valid intensity ranges. The Algorithm 1
demonstrates superior performance in terms of both convergence speed and reconstruction
accuracy.

A degraded image is generated by applying Gaussian noise with zero mean and variance
0.01. The quality of the reconstructed image is measured by the Peak Signal-to-Noise
Ratio (PSNR) in decibels (dB) as follows:

wl|
PSNR = 20 loglo |U}L|||U)||2,

where w is an original image and w™ is a reconstructed image.
The Structural Similarity Index Measure (SSIM) between two images « and y is defined

as:

O'JQJ + 0'5 + 03

B+ py+ Gy

)

%mz[%WﬁCﬁx{ZW+@]

p2 + p2 4+ Ch 02+ 02+ Cy

where

e 1, and i, are the average pixel intensities of the images = and y, respectively.

e 02 and 05 are the variances of the pixel intensities in the images x and y, respec-
tively.

® 0,y is the covariance of the pixel intensities between the two images.
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e (1,05, C5 are small constants used to stabilize the division with weak denomina-

tors.
TABLE 6. Image deblurring results.
Algorithm PSNR SSIM Iterations | Time (s) Final
(dB) Error
Algorithm 1 30.7 0.92 58 0.33 6.9 x 107°
Algorithm 2 28.9 0.89 102 0.49 8.6 x 107
Algorithm 3 27.8 0.86 73 0.39 9.8 x 107°

(A) Original image (B) Degraded image

(c) Algorithm 1 (D) Algorithm 2 (E) Algorithm 3

FIGURE 4. Reconstructed image results

6. CONCLUSION

In this paper, we proposed new projection and contraction algorithms incorporating
double inertial steps to solve variational inequality problems involving pseudomonotone
and possibly non-Lipschitz continuous mappings in real Hilbert spaces. Under the as-
sumptions of pseudomonotonicity and uniform continuity, we established weak conver-
gence of the proposed method. Furthermore, we proved strong convergence of the gen-
erated sequence to the unique solution of the problem under strong pseudomonotonicity
and Lipschitz continuity assumptions.
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To evaluate the effectiveness of the proposed methods, we conducted numerical experi-
ments, which demonstrate their superior performance in terms of both iteration count and
computational time compared to existing methods. In particular, the optimized version
of Algorithm 1 outperformed the others in all test cases.

Finally, we applied the proposed method to an image deblurring problem. The results
confirmed that the algorithm can effectively restore high-quality images, as measured by
PSNR and SSIM, further highlighting the practical utility of the proposed method in
solving real-world inverse problems.
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