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1. INTRODUCTION

CDNSs have been an interesting research topic for several decades. Many practical
systems can be classified by various forms of complex networks, commonly referred to as
structures consisting of nodes or vertices connected by links or edges. These networks are
capable of simulating and describing a wide range of complex natural systems, including
computer networks, social networks, communication networks, transportation networks,
the internet, electrical power grids, cellular and metabolic networks [1-3], and more. They
also display extremely complex behavior.

Problems of the stability of CDNs leading to delay of differential equations (DDEs)
are found in fields such as control theory, mathematics, physics, engineering applications,
science, economics, etc. In electronic engineering, time delays arise for various reasons,
such as circuit integration, amplifier switching delays, communication delays, etc. Time
delays can cause fluctuations and, moreover, make the network unstable. Therefore, the
time delay is widely available in real-world networks, so, synchronization of time-delayed
CDNs becomes a crucial and significant problem.

Over the past several decades, synchronization problems in CDNs have garnered great
attention among researchers. The synchronization of CDNs, which is typical of dynamic, is
a universal phenomenon. The synchronization of CDNs can explain many of the observed
natural phenomena. In recent years, synchronization in complex dynamical networks
(CDNs) has attracted significant attention due to its broad applicability in fields such as
physics, biology, engineering, and communications. Numerous synchronization strategies

have been developed, including complete synchronization (CS) [4, 5], generalized synchro-
nization (GS) [6], exponential synchronization (ES) [7, 8] and projective synchronization
(Ps) [9, 10].

Exponential function projective synchronization offers a powerful way to synchronize
complex dynamical systems, especially in chaotic systems or networks. The main goal is
to ensure that the systems synchronize in a manner where their states remain propor-
tional to each other, with the synchronization error decaying exponentially over time.

This synchronization approach has physical and practical applications, such as secure
communications system. In chaotic communication, signals are encoded within chaotic
systems to hide information, EFPS ensures that the transmitter and receiver systems
remain synchronized even with parameter mismatches and disturbances. In power grid
networks, CDNs can model interconnected power generators and exponential synchro-
nization helps ensure that all generators maintain stable frequency and phase. In neural
networks and brain science, brain regions can be modeled as nodes in a complex network
and projective synchronization allows for scalable synchronization models (useful in brain
stimulation therapies or brain-machine interfaces).

Furthermore, control methods for delayed networks have been a central topic, with
approaches including feedback control [11, 12], intermittent and adaptive controls [8, 14—

], and pinning control [13—15]. However, designing controllers that ensure both stability
and performance remains a challenge when mixed and time-varying delays are present.
In most control practices, it is always desirable to design a control system that is not
only stabilizable but also guarantees an adequate level of performance. The guaranteed

cost control method, originally proposed by Chang and Peng [17], provides a framework
to maintain system stability while bounding performance costs. This approach has been
extended to various systems with time delays [18-20], but few works address its integra-

tion with EFPS in CDNs.
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Fractional calculus and stability theory have recently enriched the analysis of complex
dynamic systems. Relevant contributions include epidemic models involving fractional
derivatives such as the Caputo and Atangana-Baleanu types [21-24]. For example, the
work in [22, 24] models COVID-19 dynamics using nonlocal operators, offering insights
into time-delay behavior. Other efforts address existence and Ulam stability in frac-
tional boundary value problems [25], which offer theoretical tools potentially adaptable
to synchronization scenarios. These studies underscore the importance of delay-sensitive
analysis and support the motivation for delay-aware synchronization criteria.

Additionally, the impact of multi-connection topologies where each node can be con-
nected through various types of delay paths has been underexplored. While some studies
consider simple topological structures, few have rigorously addressed how multiple and
asymmetric couplings influence network dynamics and control feasibility.

Inspired by the aforementioned conversations, this paper proposes a novel guaran-
teed cost control scheme for EFPS in CDNs with mixed time-varying delays and multi-
connection couplings. Using a newly constructed Lyapunov-Krasovskii functional with
layered integral terms and advanced matrix inequalities (e.g., the extended reciprocally
convex and free-matrix-based inequalities), we derive new Linear Matrix Inequality (LMI)-
based criteria ensuring exponential synchronization and cost performance. Numerical ex-
amples confirm the effectiveness of the proposed method, highlighting its potential for
real-world applications with complex network dynamics. We illustrate the usefulness of
the suggested criteria with a few instances in the numerical section. The main contribu-
tions of this paper are given as follows:

e The design of quadratic cost function
N o0
-3
i=170
"’/ e/ (¢)ds <I)33i/ £i(s)ds + pl (7)®yqipi(t) | dr,
T—01(T) T—081(T)

[sm«ﬁma(f) P (7 — (7)o (r — (7))

which is the first proposed to analyze the issue of ensuring cost control for projec-
tive synchronization of exponential functions in CDNs with asymmetric couplings
and heterogeneous time-varying delays

e The construction of Lyapunov-Krasovskii functionals in the form of single inte-
grals, double integrals and triple integrals to support the lemma.

e The application of lemma free-matrix-based integral inequality and the extended
reciprocally convex matrix inequality.

In terms of LMIs, new necessary criteria are provided in order for hybrid feedback
control to be guaranteed. Furthermore, we reduce their upper bound by using the new
quadratic cost functions. Lastly, a numerical example is provided to demonstrate the
efficacy of the suggested approach.

This article is divided into the following five sections: We provide the system de-
scription and preliminary in Section 2. In Section 3, we present the CDNs’ guaranteed
cost EFPS. The numerical examples are presented in Section 4. The findings are finally
covered in Section 5.
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2. SYSTEM DESCRIPTION AND PRELIMINARY
The following complex dynamical network system consisting of /N identical coupled
nodes is considered:

() = f(T,xm),xi(T—m(T)), /

T

N
Xi(§)d§> +wy Z i Arix; ()

—61(7) j=1

T

N N
+wy Z BijA2ix; (T —m(t)) + w3 Z%jA3z‘ / X;(<)ds (2.1)

st = T—51(7)
+U;(7), >0, i=12,...,N,
Xi (T) - @2 (7_)7 T E [*nmaxa 0}, Thmax = max{nlM, n2, 51; 52},

where

o xi(7) = (xi1 (1), xi2(7), - - -, Xin(7))T € R™ represents the ith node’s state vector.

o f:R} XR"xR"xR" — R" is a vector function that is nonlinear and smooth and
continuously differentiable this explains the nodes’ local dynamics and satisfies a
globally Lipschitz condition.

® wi,wy, w3 > 0 are real constants indicate the strength of the delayed and non-
delayed couplings.

e Ay, Ag;, Az, € R™*™ are constant inner-coupling matrices.

e U;(7) € R™ serves as the node #’s control input.

e The time-varying delays functions n;(7) and 6;(7), ¢ = 1, 2 satisfy the conditions:

0<mm <m(7) <mm, 0<m(r) <n,
0<61(r) <61, 0<6(r) <6,
where 71m, 1M, 72, 01, 02 are real constants which denote the upper bound delays.

o Defined «;j;, B;; and ;; as follows: if there is a connection between node i and
node j (j # ¢), then ay; > 0, Bi; > 0, v;; > 0, otherwise, a;; =0, 8;; =0, v;; =0
(G # 9).

e By; = (ayj)nxn, Bai = (Bij)nxn, Bsi = (7ij)nxn € RY*N are the coupling
configuration matrices weights and topological structure for non-delayed config-
uration and delayed one at time 7.

e The diagonal elements of matrix By;, Bo; and Bs; are defined by

N N N
ai=— > iy, Bui=— Y By vi=-— Y v i=12,...,N.
J=1,i%j J=1,i# J=1,i#j
e A continuous starting function with vector values of 7 € [—Nmax, 0] is shown by

the first condition function ©;(7). The case of C([—Nmax, 0], R™) is the continuous
function’s Banach space with the norm

|19;] = sup 0||®i(<)|\, 1=1,2,...,N.

—Nmax <6<

We always assume that there is a unique solution to (2.1) under the initial conditions.
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232 P. Khongja et al.

Here are some controllers for dynamic: U;(7) like

Ul(’r) :Uil(T)+U1‘2(T), i:1,2,...,N, (22)
where
Ui () = é(T)g(T)a
Uia(1) = Cripi(r) + Coipi(m — m2(7)) Jrc?n'/_(s o pi(s)ds,

which Cy;, Oy, C3; are appropriate dimension matrices, u;(7) = x;e;(7) and k;, the con-
stant matrix control gain is ¢ =1,2,..., V.

This vector of error is configured in the document

gi(t) =xi(1) = 0(1)s(1), i=1,...,N,

where ¢(7) € R™ might be either an equilibrium point that fulfills 8(7), a continuously
bounded differentiable function, or

N
—~
B
~—
Il

f(§(7'),§(7' — (7)), /Ttal( )C(ﬁ)dﬁ), Vr >0,

(1) = @(1), 7€ [Nmax, 0] (2.3)

The quadratic cost function of the associated network is defined as follows:

N

J = Z/ (T eilT z‘(Tm(T))a/TTMT) €i(§)d<,ﬂz‘(7)>d7
N

= Z/Ooo [ T)@uuigi() + & (17— 71 (7)) Paziei (T — (7))

+/ EZT(§)d§ P33i / gi(s)ds + M?(T)q)44i,ui(t):| dr, (2.4)
T—061(7) T—01(T)

where ®1q;, Poo;, P33; € R ™ and Pyy; € R™*™, ¢ = 1,2,..., N, are matrices that are
positively definite.
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After that, the error complex dynamics network is provided by replacing it with (2.1),
g(r) = Xi(r) = 0(r)s(r) — 0(7)s(7)
— i(rx@ot - mio, |

T—061(T)

~00)f (s(rstr = mr). [ t

T

Xi(<), d<>

c(ﬁ)dﬁ)

751 (T)

N N
+wy Z a;j A1 (T) + wa Z BijAzie; (T —mi(7)) (2.5)
J=1 j=1
N T
+ws Z'YijASi/ 5j(§)d§+01i,ui(7') +Cgiﬁbi(T—772(T))
j=1 T—61(7)
+03i/ wi(s)ds, 1=1,2,...,N.
T*52(t)
g(r) = 6i(r)—0(1)w(r) = ¢i(T) 7€ [ Mmax:0], i=1,2,...,N.
The objectives of this paper are to design a feedback controller u;(7) = kie;(7),

t=1,2,..., N, such that the complex dynamical network (2.5) is exponentially stable.

The following formula is used to consider the conditional existence of The criterion for
exponential function projective synchronization and guaranteed cost controller problem.

Definition 2.1. [20]. If M; > 1, ¢ > 0, and a function that fluctuates throughout
time 6(7) exist, then there is exponential function projective synchronization (EFPS) for
Network (2.1),

lim Jle:()]l = Tim_[xi(r) = 0(r)s(r)]| < MLIO: — O[e™7, ¥r >0, i=1,2,...,N,
where || o || stands for the Euclidean vector norm.

Definition 2.2. [20]. Examining the CDNs (2.1), if rules of feedback control (1) =
kigi(t), i = 1,2,..., N, as well as a positive number exists J* in order for the error
network (2.5) to be EFPS when the value (2.4) fulfills J < J*, then J* is a cost value that
is guaranteed and p;(7), ¢ = 1,2,..., N are the cost controller network’s guarantees (2.1).

Lemma 2.3. [26]. (Cauchy inequality) For any symmetric positive definite matriz X €
M™™ and a,b € R™ we have

+2aTb < a¥ Xa + bT X .

Lemma 2.4. [206]. (Schur complement lemma) Given symmetric matrices A, B,andC
that are constant and have the proper dimensions to fulfill A= AT,B = BT > 0, then
A+ CTB~1C < 0 if and only if

A CT -B C
<0 or < 0.
* —B |
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Lemma 2.5. [27]. (Jensen’s inequality) For any constant matriv Q = QT > 0 and
positive numbers n1,me such that the following integrals are well defined, then

1 —/T YSTQ yls)ds < (/ y(s)ds)Tcz (/ y(s)ds) |
/ / Q y(0)dbds < —fnl </ /+s d@ds)
T )

Lemma 2.6. [28]. (Free-Matriz-Based Integral Inequality) Let y : (a,b) — R™ be a
differrentible function. For symmetric matrices Z € R™ ™ and Ny, N, N3 € R3"%3" gnd
My, My € R3™*™ such that

N1 N M
I = * N3 M2 2 07
* * A

then the following inequality hold:

b
—/ gr () Zyt)dt < YTQTY,
a

where
Q = (b—a) (Nl + ;)Ng) - Sym{MlAl — MQAQ},
A = rm—r2, Ay = 2r3—r1—r2,
7"1:[I00},7“:{01'0},7‘:{001}7
1t T
e IOy
Lemma 2.7. [28]. (The Extended Reciprocally Conver Matriz Inequality) The following

matriz inequality is true for any matrices Y, and Yy, as well as symmetric matrices Ry > 0
and Ry > 0 for a real scalar 6 € (0,1),

5Ra 0 - Ro+(1-0)X, (1-0)Y,+0Y,

0 LRy * Ry, +0X,
where X, = Ry — YR, 'Y,F and X, = Ry — YT R;'Y,.

3. CDNS’ GUARANTEED cosT EFPS

With in this section, the following theorem presents a sufficient condition for the
existence of the guaranteed cost control laws for the guaranteed cost EFPS of complex
dynamical networks (2.1).
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Let us set
[vill = [les(O)]],
vl = sup  lea(9);
—Nmax <¢<0
pPi = )\min (Pi_l)v
Ly = )\max(Piil)7
1 — ¢—2¢Mm
v; = Amax(P 1T11P )T
1 — e~ 2¢mmM
Mmaz (P o P ———
+ ( b P %
1— e %mm
+771M/\ma9c( 1T3ZP )7
2¢
1 — e—2¢m
ngxmw(P;lcm;;10513;1)27C
1 e—2%h
F0 Ao (P 5 P —— e
2¢
1 — —2C52
A (P T O P g
1 — e 2¢mm
+771M/\mar(P 1T7’LP )7’
2¢
i = ullvill® + villuill,
€)= el elr = m)ptr = mmslr —m | Pl
T—a1 (7T

/10 B A 1O N
‘/Fm('r) 771(7') dg?/rmM (7]11\/[ - nl(T))dg, 90( )’],

=) = [eto ).
and
(1) (1) = f’(C(T) (r—m(r f 5 S (€)d€) € R™ ™ that is Jacobian of f(x(7),
x(r = m(r), [T —60(7) x(s)ds) at ¢(7) utilizing the derivative of f(x(7),x(7 —
m(r )),fTﬂ;l(T) x(s)ds) with regard to x(7),

(2) \I”’Il (T) = f/(§(7') T 771 f —5, (7_) é’)dé’) € R™*" that is Jacobian of f(X(T)’
X<T m(m), J; alm x(s )d<) at <(T —n1(7)) using the derivative of f(x(7), x (7 —
f —oi(m) X dg) with regard to x(7 — 771(7—)),

(3) Us, (1) = f’(c(T) (r—m(r f _ S d¢) € R™™™ that is Jacobian of f(x(7),
(T m(r), [ 51 () x(s)ds) at [T 51 (1) S (f)df with the derivative of f(x(7), x(7—
f i) X (¢)ds) respect to fT 5 () x(s)ds.
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Theorem 3.1. Ezamine the quadratic cost function (2.4) and close-loop error dynamical
networks (25, ¢ >0, ®11; > 0, Pog; > 0, P33, > 0, Pyy; > O, Nlji > 0, Ngji > 0,
Ngji >0, 5 =123, Mlji > 0, M2ji > 0, Mgﬂ >075 =12, T3a27; > 0, Trp; > 0.
If symmetric positive definite matrices are present P;, Ty;, T, Ts;, Tai, Tsi, Tei, Trs,

1=1,2,..., N, such that the following LMIs hold:

where

Niti Nigi M
Ay = *  Nygig Mg | >0,
* * T.?agi
Novi Nagg Moy,
Ay = % Nag; Moy | >0,
* * Tgaﬂ
N31; Nz May;
A3 = % Nagi Msg; | >0,

* * T7b1'

m, - Qoi + mmi2i (91 — g2)T Xoyi <0, (3.1)
* _€2C"71MT3b2i

_e2Cmu i Xp _
I, — Bbyi Xbyi(g2 — ga) <0, (3.2)

* Qoi + m 114

gl (@ + DR+ P + 1) = CuCl + 0| gy
—g8Pigs + g1 PiAT,g11 + g1, A1iPig1 + g3 PiAS ;012
+912 A2 Piga + g2 P AS 015 + 913 Asi Pigs + g1 ¥y, Pigo
+95 PiWy, 91+ g1 Yo, Pilgi + gioPVs, 91 + g5 YPig1
+917 PV gs + g3 W, Pigis + 91sPi¥r, gs

+08 U5, Pigro + 919 Pi%s, 98 + g3 (205, 1) g2

+93 (205, 1)g5 — g5 (¥, 1)go — 910 (¥, )gr0
—91T7(\I’I)7“17 - 91T8(‘1’m])918 - 91T9(‘I'7711)919

— 91443 Tuig1a — g1 (4¢P Ty) g15 — g1 (405 T6:) 916

g7 [2624772 Coi Ty CF + e2¢02 C3iT6iC§;] g1
ol [262072 CoiTyi CF + €262 03¢T6iC3Ti] 98

+ [QTTum — 6*2C771mggTM93} + {Q{Tzigl — 67247}11\49{1121'94
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+g{w1 7% (

N

Z(aij)2>lgl +ggw1wa(z az] )IQS

j=1

N N
+91Tw21/)6(2(»3w) )Igl + gg“”ﬂbﬁ(Z B’LJ )IQB
=1

Jrg?wa'y (

N N
Z’Vlj )Igl +98TW3¢7<Z 723 >Ig8
j=1

Jj=1

911<2Nw1 g11 — QNW 912 — 913 2Nw3 913

+1i s

g1

gs

e 2mu |:Q{T30i 91] — 2 |:QZT3di 94] + e 2mu {ggT (T3a; — TSci)g2:|

(o= a0) T 01 - 00)| - | (02 - o) BT (02 - )|

—e~20mum

,G*QCmm

+ sym

+ sym

+ sym

+ sym

g1
g2
ge

g1
g2
e

g2
94
gr

g2
94

97_

2

g1 _ T
T3 + {91T(5fT5z‘)91] — 2 [gngn'%] + 95 [7711\4 ™\ gs

gs

(97 (mamTspyyi + Tsci)gl]] — e 2mu {[QQT (T34i — Tsci)gz]]

[94T (mmTspr0i + Taai) 94

1T

(mame > Mi13) (g1 — g2)

(mae” 2" M) (296 — 91 — 92)

(m1me™ 2" Moy;) (g2 — g4)

(m e 2" Mo, ) (297 — g2 — ga)

+98 15Crig1a + 914m3C1i9s + 91 Crigis + 915Clig1 + g1 65Chigis
+91665CLi01 + 91 Pigao + a0 Pigr + 93 Pigo1 + 931 Piga + 97 Pigos + 925 P95

T -1
—920P11:920

_ _ 1 )
— g D50 g21 — GaaP33igo2 + ng(ZCuq)szll)gl,
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Q11 = {QGT( - 7]1M€_2<7]1MT3a1i)96:| + {QGT( — mume” XM Ty ) go
T
g1 N g1
| g2 [771M€ 2ema (N + ;31 )} g2
ge ge
T
B e~ 2mum | g1 — go 0 X, g1 — g2
mm 92 — 94 * Tgpyg 92 — 94
T
g1 N g1
PV 334
+ 1| g2 [771M€ 2 (Nsu + 3 Z)} g2 | >
ge Jge
Qo = {9?( - nlMezcmMTS’ali)g?} + {9?( — e MM Ty 1) g7
T
g2 N g2
+ | 94 [771Me 26 (N + ;31 )} g4
g7 g7
T —
C el g1 — g Tspyi  Xbyi g1 — g2
hm g2 — g4 * 0 | 92— 94
- AT
g1
+ sym g2 (e72MM Ms1;) (g1 — g2)
. g6 -
- a7
g1

+ sym g2 (€72 M32;) (296 — g1 — g2)

e

Additionally, the feedback control system is
1
wi(T) = —iCﬂPi_lai(T), T €RT, (3.3)

and the following is the quadratic cost function’s upper bound (2.4):

N 0
J < Z [siT(O)Pi_lei(O)Jr/ X el ()P TP ei(s)ds
=1 —Mm
0
+ / ¥ el ()P Toi P ey()ds

—Mmwm
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+11m / / 29T (9) P Ty PYE (0) ddds
mm v <S

+12 / / X, (9) P CyTy; O P e (9) ddds
n2

+6, / / KT ()P Ty P ey (9) didds
o1

+3 / / XVl (9 PCy Ty, CL P ey (9)didds
02

/ / / 20T (9) Py P e (9)dddsdp. (3.4)
nNiM

Proof. Since f(.) is continuous differentiable, using the hybrid feedback control (3.3) and
Y; = P71, @i(t) = Yiei(t), i = 1,2,..., N, it is easy to know that the error CDNs (2.5) is
expronentially stable of the linear systems with time-varying delays shown below

Gr) = W&UHN%&ﬁ—mﬁﬂ+Wm/¢“)&@*

N N
+wq Z o A1ej (T) + wo Z BijAze; (T —m(7))

Jj=1 j=1
N T
ben s [ &St Cuia(r) + Canpl = ()
j:1 T*Sl T
+C3i/ wi(s)ds, i=1,2,...,N. (3.5)
T—082(T)

The Lyapunov-Krasovskii functional candidate that we construct is as follows:

7
V(tei(t) =Y Vilt,ei(t)), (3.6)
k=1
where
N
Vi(r,ei(r)) = ZEZ(T)KEi(T)7
i=1
N

‘/2(7—7 E’i(T)) = Z/ QC(C T) ( )YThYEl( )dga
1Y 7T Mm

N T
[ oo
T—1MM

i=1

Va(r,ei(7)) = nlMZ/ / X UmDEL (0)Y,T5,YiE, (9)ddds,
mm

Vi(r,ei(r)) = nzZ / / T il (9) T (9) didds,
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V:G(T,&(T)) = 512/5 / - T) T ﬂ)ETmY;El(ﬂ)d’ﬂdg,
Vs(r,ei(1)) = 522 / 20=7) T (9) T i (0) dds,

Vi(r,ei(1)) = Z / / / PO T (9)Y Ty, Yié i (9)d¥dsdp.
i=1 YT~ MM P <

Taking the derivative of V (7,¢;(7)) along the solution of the system (3.5), we have the
following:

Vi(rei(r) = 22% Wey(r) + Upea(r — ma (7)) + U, / ei(o)ds
T—81(T)

N
+wq Z a;; A1e; (T) + wa Z BijAse; (T —m(T))

j=1 j=1

N T
+ws Z%‘jz‘h / o €5(s)ds 4 Cripi(T) + Coipus (7 — 12(7))
j=1 T—061(T

+C5; / pi(s)ds
T—082(T)

N
- Z o7 () [(\p + (NP + Bi(UT 4 ¢I) — CLCT | pi(r)
—1—22% Pigi(t —m(7))
+2 5 (T)Us, i(s)d
Zw ; /TW“”“) ¢
+2w; Z ol (1) Z a;j A1 Pip;(T)
i=1 j=1
N
+2(AJQZQ01 261JA2 2@](7—7771( ))
i=1
N
+2w3 Z ol ( Z AsP; ZIOLS
+2 Z (,0z C2ZM1 — 12 (T))

+2Z% sz/ pi(<)ds — 20Vi (7, e4(7)),
T—82(T)
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) N
Va(rei(r)) < Z

—

‘F’zT(T)Tli‘Pi(T) - 6_247]1'“%0?(7 — Mm)T1ii (T — 771m):|

o

Vs(r,4(7))

i(7) $i(7)

Va(r,e:(7))

-

mafy (T)Tg; i () — moe™ 2™ / ﬂiT(g)sz_ilﬂi(g)dg]
i T—n2
—2CVy(7,e4(7)),

53l () Tsipi(T) — b1 2<% / ¢f(<)T5iwi(<)d<]
7—61

-

Vs (7, ei(7))

ara() € 3 |0l ()T ) — a2 | rremst >d]
a0V (), 2

Valredr) < i ot (B gy — ez [T [T Twzw)dﬂdc]
—20V7(7,ei(7)) (3.7)

By applying lemma 2.3 and lemma 2.5, we receive

N
2> ol (1), Ppi(T —m(7)) < 7 Z% YUy, PPUE oi(7)
=1 M1

i=1

N
i, Z ol (1 —m(7))pi(T —m(7)), (3.8)

Z% )W, PPV, (1) (3.9)
T—061(7) 1/151 i=1

+d, / / pi(s)ds,
Z 61(7' T—81(7)
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N N
2w1 Z QDlT (T) Z az]AIPlSOJ (T)
=1 =1
’ N N
<ot 33 gl () 0 Pi(r)
=1 j=1

=1 Jj=1
4;’1 o7 (1) P, AT Ay Py (r >], (3.10)

N
200224,01 ZﬁUAZ 190](7—_771( ))
=1

j=1

zz [w/m (B P

+¢i90jT(T — (7)) PiAS Ao Pyps (1 — 771(7))]
B

N

- i [wzwﬁ(glwij)?)w%m(v)

Nw
22T
s

+ (1 —m(7))PiA3 Ay Pipi(T — 771(7))]7 (3.11)

T

®; (C)dcl
T—061(7)

oo ()i
e

T

/ @i (¢)ds P;A3 AP wi(g)dg}, (3.12)
T—81(7)

T—81(T)
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22% )Coipi(T — m2(7))

< 3e2Cm2 Z ©; 021T41021901( )

e—2(n2

Zlh T — (T T4;1Mz‘(7—772(7))»

22% )Cii / INZOL

< 2¢%¢02 Z ©; CszTGZng%( )

o—2¢02 N

+ / pi (s)ds Ty / pi(<)ds
2 Z r—65(7) R P

i=1

< 2202 Z @7 (7)C3T6;Casp:(T)

Sy(r)e=2¢02 X 7 .
% Z/ 5a( )N?@)Tﬁilﬂi@)d%
=17 7T 702(T

N T
—ppe N Z/ fii ()T i (<) s
o
N T
)6*2072 Z/ ﬂ?(C)T[Z‘lﬂi(g)dg
. T—N2

S —2(772 ng CMT41 Ch@z( )

»-lk\*—‘

e—2Cn2

Z u (7 = 2 (7)) Ty s (7 = 12 (7))
=22 ZM;(T — ()T (7 — m2(7)),
I Z/ §) Tsi i()ds
—6y(T)e 20 Z/ S) Tsi pi(S)ds
X Z/ ¢)ds T /TT_(SI(T) wi(s)ds,

IN

\ /\
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< —by(r)e 25 Z / Tir (<) ds. (3.17)

We set
T34, 0 Tsi R 127
Ty = Toni + Topi = | | el =12, N
0 Rgazi * Rszz
consider
N -
—npe 2 Z/ Ei (9)YiTsiYiEi(<)ds
i=177T"TM
N

r
= —npue” 2 Z/ 27 ()YiT50:YiEi(<)ds
i=1YT—M

N o
_771Me_2cnlM Z/ : ( )YTBbZ)/;‘—"L( )d(,

T—MmM

using lemma 2.5 and lemma 2.6 as A1;, Ao; > 0, the T3,; -dependent term can be estimated

as

N

—nme” 2 Z/ =7 (5)YiT3a:Y;Zi(<)ds
i=1YT—Mm
= —Twme ~2mu Z/ T3a1z 901( )d
Th(T
9 T—n1(T
—ThwMmeé My Z/ T3d1l QDZ( )d
mm

N g
—nae” 2o Z/ 1 () Tsazs @i(<)ds
T—m(7)

=1
T— 771(7')

—nNime —mm Z/ T3a21 (Pz( )d

mm

< nl<r>st<T>[<gﬁ>T[— e T, 00|07
N

+(mwm —m (1) > €5 (7) [(m)T [ — e 2N Ty, (97)} &(r)

i=1
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T
N 9 @
_ Nys;
+m1(7) Z ¢ (r) g2 nive 2 (N11i + T) 92 &(r)
i=1 J
Jge e
-
N 91
+ ZfT(T) sym 92 (mme MM My13) (g1 — g2) ¢ £(7)
i=1
- gﬁ -
- a7
N g1
=+ ZﬁT(T) sym g2 (771M€72<"1MM12¢)(296 —g1—92) ¢ &(7)
i=1
- gﬁ -
T
N 92 N 92
+ (s — m (7)) Z e7(1) g4 nive 2 (Na1i + ;31) g4 &(1)
1=1
gr gr
- a7
N g2
+ ZfT(T) sym g4 (mae 2" May;) (92 — g4) ¢ £(7)
i=1
- g7 -
- o7
N g2
+ ZgT(T) sym ga (n1M€_2<n1MM22i)(297 — g2 —9g4) p &(7).
i=1
- g7 -
Fori=1,2,..., N, we get
2/ ( )<P1:T(€)T3ci ¢i()ds = @] (1) Tsei @i(T) — @) (T —m (7)) Tsei 0i(T — (7)),
T—m1 (T
T T O T ci
2 dOee@d = - [ =low| T | s
T—n1(T) T—n1(T) * 0

The following free weighting matrix-based zero-value term is added to T5p;-dependent
term, ¢t =1,2,..., N,

0 = ¢ (T)Tsei 0i(1) = @f (1= (1) Tsei @5(T — M (7))

—2/ 01 (§) T3 i(s)ds
T—n1(T)

o7 (1 = m () Tsai @i(T — (7)) — 0] (T — mn) Tsai @s(T — 11na)

T—m(7) "
_2/ ©; ($)T34; ¢i(<)ds,

—MMm
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T3p; -dependent term can

be estimated as

N T
—nupe” 26MM Z/ ET ()Y Tan:Y; Zils)ds
i=1 Y T—MmMm
N -
) S O G IR IO
i=1 T—n1(T)
N o pr—m(r)
—nve” 2o Z/ 21 ()YiTsn:Ys Zils)ds
i=1YT—MmMm
N MMT3bi MMT3b, 46
_ 76720711“2/ EZT(§)Y1 ! 2 Y; El(g)dg
i=1J7—m(7) * MM 3byi
N - pr—m(r) To. s Tan.
_ _ MiM4L3b ML 3b _
—e QCmMZ/ :lT(C)K 1% 124 Y; Si(<)ds
i=1 /7T * MM 3byi

N
e~ 2¢mm Z QOzT(
=1

N
) Tsei pi(7) — €20y "ol (7 = i) Toas @i(7 — hawr)

i=1

N
+e2mm Z oF (1 —ni(1)) (Tsai — Tsei) i (T — 1 (7))

T

N
—emn [
i=1

where

Fli

F2i

consider
N

z; /Tm(f)

i=

_6*247711\1
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‘/7-771

T—n1(T)
=7 (S)Yi Ty YiZi()ds —/ =7 ()Y Ty YiZi(9)ds |,

T—mM

(™)

B MMI3bs MMI3b10i + T3

- b
* MM 3bsys

B MMT3bi MMT3b1y + T34i

- 9
* MM 3byi

=T (Q)Y; Ty YiZi(s)ds

N
e~2me y /
=1 YT~ (7)

N

6—20]11\/1 Z /T
i T—n1(T)

i=1

@1 () (mmBbyi) pi(s)ds

207 () (M Tsby55 + Taes) ¢i(<)ds

N

e 2mn 3 /T
; (1)

=1

&7 () (mmTabyi) i (s)ds,
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and

T— 771(7)

—e—2mm Z/ Q)Y; I's; YiEi(¢)ds

—MM

N T—=n1(T)
_e—2%mu Z/ o1 () (mnTsn,i) @i (s)ds

i=1 —MmMm

N T—n1(T)
—e—20mm Z/ 29031(@ (771MT3b12i + T3di)9bi (s)ds

i=1 —MM

T— 771(7)

—e—20mm Z/ nlMT3b2z)%( )d<7

—MmM

using lemma 2.5 to estimate I'y;-dependent term and I's;-dependent term yields

N T
—e~2mm Z/ =1 (9)Y: Ty YiZs(<)ds
T—n1(T)

i=1

N T—n1(T)
N
=177

—MmmM

N -
—e~26mm Z«ET(T) m(r)[gs (771MT3b1i)96]]f(7)

1;1 )
—e~2%mm ZgT(T) (mn — m (7)) [g7T (7]1MT3b11)g7]} &(7)

N
—en20m Y€ (1) [ (T + Tas)n) + (6 (T~ Tar)] )

N
e 300 (T + T )] 6
i=1

N

M !
—e—2Cmm™m ; 7717(7_) <<pi(’r) — <,01'(T —m (T))> T3b,i

(itr) — il - m(7))>

—e—2Cmm
Z 7711\/1 771 7)

(i = mlo) = it = e ).

v (0= mie) -~ utr - mM)TTgbﬂ-
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by lemma 2.7, we have
N

ey (soim —ilr - mm)) T (soi (r) - il — mm))

N

—emXmm Y o M ] (%‘(T —m(7)) — (T — 771M>T

— (mw —m(7)

X Tsbyi (%‘(T —m(7)) — @i(r — 771M)

T
o 2m Z 7(7) ( 92
g2 — g4
_ . (mM_m(q—))X (771M—"71(7')) X m('r)X
o | Tobei H o Xa i X 2
I * Tgbzl + nr;l(z) Xagz
g1 — g2
X >§T(T),
L g2 — g4

T
where X, = Tngi — XigiTgpei Xiis  Xagi = Tabyi — X T3byi Xbyss

and consider Wy;—dependent term

N T T
—6_20’1MZ/ / @] (9)Tripi () didds,
i=1Y7T—MMm Y
N T T
_e—QCnlMZ/ / o1 (0)Tripi(9)dOds
: T—n1(1) Js

T—n1(7)
76*20711\4 /
T—MmMM —ni (T

B —QCmM T—n(T) pT— ’71(7')
e T71901(19)d19d§

0)Tripi(9)d9ds

—mMm

-
— e 20mm E /
i=1 J7—n(7)

— (v — mi(7))e>¢mm Z/ ( )so T () Tripi(s)ds

T—ni(T) T 711(7)
_2CmM / / T7z<,01(19)d19d§.

mm

T?z‘Pl 19) ddds

Using lemma 2.6 and as Agi > 0, we have
N

(it — m(r))e X / T ()i
T—N1(T

i=1
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T
N g1 N g1
< m(7) ; () 92 [UlMe_QcmM (Ns1i + ;31) g2 (1)
Jde e
- 4T
N g1
+(T}1M - 711(7)) Z fT(T) Sym g2 (672(”1MM311')(91 —g2) ¢ &(7)
= | 96 |
- AT
N 91
+mm —m(7) D€ () symQ | go | (€73 Magi) (296 — g1 — g2) ¢ £(7),
i=1
Jge

using lemma 2.5,
N T T
ey / . / T (9) T (9)dids
; =1 (T
/ / Pr (9)ddds (e MM T,) / / o (9)dvds
T—n1(7) T—n1(7)
X [0 sty [
= ©; ds nlMTz 2 Pi s ds
771(7' 2 Z n1(7) ( ) ( 7) T—n1(T) ( ) ( )
al T
ZgT(ﬂ[(glg@ (%%Mm)(glgﬁ)]s(f),
i=1

T—n1(T) T—1 (T
,ZCmM / / T7z80z (19)d19d§

mm

N
SN [(gz —g7)T(2e-2<mMTﬁ) (05 —97)]&7).
=1

Fori=1,2,..., N, the following identity equations present

N T
T(r)|&i(r) — Vei(r) — Uy ei(r — mi (7)) — Vs, i(s)ds | &(T
;um) i) = el () <, [ oyt

N
> )| chhsj N o e

1
N Jj=
ZgT( _w3Z’YZJA3/
=1

L T—61(7)

=50 )

N T
T(7) | = Crappi(r) = Caipai(r — m2(7)) — Csi i T)
>€700) |~ Cuntr) ~Comntr i) = Ca [ i)
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N
= Zf%)
1,;1
> h(r
i=1
N
_Z ¢ (r)
N
Z ¢(r)
N
> (r
=1

)|+ 20005, P |

25, (F)Pi(r) + 204U P(7) + 254(7)Ey, P — m(r»} é(r)

N
pi(s)ds + 2¢;(T)wr Z aijAlp(Pj(T):| &(r)

—61(7) j=1

2 S By AaPiy(r s ]ee

Jj=1

Wk} £(7) + 264 (7) s (7)

+ 2901 UJS Z’YUASP
=1 T—061(7)

) '+ 25,(Calr =)+ 200 [ w)]e), @)

from (3.18), we have

22%

-+ Z ol (T)pi(r), (3.19)

Pipi(T —m (7))

< Zsoz )Wy, PPUT ¢i(7)
wmil

N

Fny >0t (1= m(r)ei(r — m (7)), (3.20)

i=1

QZ% U5, P /5()¢z—<<>d<
T 1T

sz 7)Ws, PPV, i(7)

01

.S [ o [ (3.21)
i1 T—81(T) T—81(7)
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N N
2w Y @l (7)Y iy APy (7)
i=1 j=1
N N
< [t ( Xt i)
i=1 =1
N
+ =L T () PAT Ay Py ( )1, (3.22)
Ya
N N
2wy Y@l (1) Y BijAsPipy(t — m(7))
i=1 j=1
N N
<3 e ( (852 ) T (a0
i=1 j=1
Nwy 7 T
L (1 = m(7))PiA; As Pigi(T —mu(7)) |, (3.23)
N
w3y @ (T Z%]As / ¢;(s)ds
i=1 T=61(7)
< Z ws%(Z 0 ()tr)
7j=1
ng T T T
+ i ()ds PiAz A3P; pi(<)ds |, (3.24)
Uy Jrsi() 781 (7)
22% )C2ipti (T — n2(7))
< 3e2Cm2 Z &; CZZT4zC2z§01( )
e—2Cn2 1
Z pi (1= m2(7)) T3 (T — m2(7)), (3.25)
22 @1 (1)Cs; / pa(<)ds
T—082(T)
< 262C62 Z ©0; CBzTGZC?,Z(Pz( )
So(r)e~ 2682 N T _
+% S OT (3.26)
=177 62(T)
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and we let,

N

SL (T, e(7), ei(r — (7)), /T T_w) £i(6)ds, m(T))

i=1

e; (T)@11i8i(7) + & (T — (7)) Panies (T — mi (7))

I
iz

=1

T—381(7) T=ou(7)

<

-

[so?w)P«mesoi(T) T (7 — (7)) PRy Py — i (7))

i=1

T T 1
+/ SDZT(C)P(I)?,BiP/ wils) + 4<PT(T)C1<I>44ZC1<P1‘(T)], (3.27)
T—01(T) T—061(T)

from (3.7) to (3.27), we have

V(re(r) < —2<V<T &i(7))

" Zf oL [( + NP+ P(UT + 1) = O | né(7)
360 R+ Carnags)

N -
#2670 |+ o (WD + 9 (26, -+ 6 20 D )

+Z§T(7') 9{(%‘1’17133‘1/71 )g1 + g2 (—,, PP‘I’m)gs}f( )

m " 1/}771

+ i €7 () |oF (W, PRVE o + 9 (- s, PP s ()
+ Zf {91 Tyigr — e " gs Tiigs }f( )

+ ZﬁT [91 Toigr — e~ 2" g  Toig1 }5( )

+ Z fT(T)g? <362C772 C’QiTMC’QTi + 2292 CgiTGng;> q1&(7)

+Zf [ e X mgl (O, Cu)gl]f( )

+ ZgT { (63T5;) gy — e~ %% [95TT5195]} (1)
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N
+ZfT( 5% 91T(C1z 611011 91} +Z€T [ (nll\/éTh)gs}f(T)
i=1

N _
=260 (01— 90)” 26T (a1 o) [€(0)

N _
- Z ¢(r) | (92 — 97)T(2€_2<"1M Tri) (92 — 97)} ()
im1 L
N
+ Z fT(T)gg; <3€2072 OQiT4iCQTi + 262462 C3iT6ng;> ggf(T)
N _
+ Z E7(7) | g1 (Pi®11:Pi) g1 + g3 (Pi®a2iPi)ga + gg(Pi@ssiH')gs] &(7)
ol 1
+> ") 91T(4Cu<1>44i01i)91] (1),
- Z ¢'(r) [91T (mmTsbyyi + Taei)g1] + [QQT (T3q; — TSCZ‘)QQ]:| ()
N _
- Z ()| g1 (maTsbi + TSdi)g4:| &(7)

£(t)

N r N
Nw
+Z€T(T) g{wlwa Z az] Igl +91 (2 wa PATAI z).gl
i=1 L j=1

N r N Nuw

+> €0 (r) (gl waos (D (Bi)*) o1 + g3 (2 7 PATAQR)gz £(7)
i=1 L j=1
N r N NUJ

+> (1) | gl wsoy (D (i) gL + g2 (2 ; P A} AsP, 1)95 7(r)
=1 L j=1 v

N T
+ZET(T)7ﬁM { o ] T [ ] +Z§T { 15 g5 (Chi 411011)92]5( )
) 98

N

- Z ¢"(r) [91 (mmTabyi + Taei) g1 ] + [9:{ (maTsbyi + T3di)94]] &(7)
7,;\[1

- Z (1) | 93 (Taai — T30i)92]:| &(7)

e~ 2¢mm [Q?TSCi 91] _ e~ 20mm [QZTZ}di g4]]§(7')

I
ax)
~
2
~—
l_| ,—| [ —] [ —]

e 26mn [T Ty, T3C7;)92]:| &(7)
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- 4T
N g1
+> &0 (m) symQ | gy | (mame MM M) (g1 — g2) p §(7)
i=1
L 96 -
- 4T
N 91
+ ZfT(T) sym g2 (mae 2™ Mio;) (296 — 91 — g2)
i=1
- gﬁ -
- 4T
N 92
+3 0 sym | gy | (mme MM May;) (g2 — ra) p E(7)
i=1
L g7 -
- 4T
N 92
+> €0 (r) symQ | gy | (mwme 2 May;) (297 — g2 — ga)
i=1
L g7 -
- - - T —
N 91 N g1
@)Y €0 || oo | ez i+ B,
i=1
L[ 96 | | 96
-~ T -
N g1 N g1
+m (7_) Z fT (7_) g |:,'71M€—2C771M (N31i + ;31 ):l g2
i=1
L[ 96 | | 96
T
N 92 N
+mm —m(™) > ) || [mme 2¢mat (Nyy; + ;31
i=1
g7
- AT
N 91
Jr(771M - 771(7)) ZfT(T) Sym 92 (672<THMM31¢)(91 —92) ¢ &(7)
i=1
L g6 -
- 4T
N g1
+(771M —m (7')) ZfT(T) sym g2 (6_24"1MM321')(296 —g1—92) ¢ &(7)
i=1
L gG -
N
+m1(7) ZfT(T) [QGT [ = mme 2™ Ty, g6 | £(7)
i=1
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N
() €0 [ g (T )] )

N
st = () Y670 o [ usee” 57 Taw (0
i=1

N
—(mm —m(r Z [97T ﬁlMstlz)gﬂ}ﬁ( )
N - T
e [0
i=1 92 — 94
i ("IlM 7]1("’)) (nlM nl(T)) m(7)
X T3b22 + 1M Xali MM X bui t ?711M Xb bai
_ * T+ 2K,
L | e }gT(r), (3.28)
| 92— 94

where

QU(n(r)) - Li(realr),ealr — m (7)), / ' el )

= Qoi + (7)1 + (mm — m (7)) Q2

e—2¢mm
+ (mv —m (1) (91 = 92)" Xoi Ty Xinyi (91 — 92)
M
e—2Cmm -
+ Y (771 (T))(QQ - 94) Xb1ZT3b22Xb11( 94), (329)

Xali - T3b27. ngz 3b21Xb21?

Xopi = Tsbyi — Xi TabyiXvyi, i=1,2,...,N.
It is easy to check that
> hille(n)|? < Vireilr),  Vr>o. (3.30)

By Schur compiment, for ¢ = 1,2,..., N, Q;(n(7)) < 0 is eguivalent to II;; < 0,
II5; < 0, respectively. Then it can be derived that
V(r,ei(r)) < =20V (reilr ZL (1,ei(7), (1 —m1 (1)), / gi(¢)ds, i (7))
T—061(7)

N
+> N (Qn(n)E(r), i=1,2,...,N, V¥r>0. (3.31)

=1

Since Zivzl Li(1,ei(7), (1 — ma2(7)), f;%(ﬂ gi(<)ds, pi(7)) > 0 and Q;(n(7)) <0,
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we have

V(r,ei(1)) < =20V (7,ei(7)), i=1,2,...,N, ¥r>0. (3.32)

Combining the two sides of (3.32) from 0 to 7 yields
V(r,ei(t)) < V(0,6(0)e %7, i=1,2,...,N, ¥Yr>0. (3.33)

Additionally, including condition (3.3) in consideration (3.33), We now posses

Zh les(M)1? < V(r,ei(r) < V(0,64(0)e” %7, i=1,2,...,N, Vr>0.

Using the Lyapunov-Krasovskii theorem and the close-loop error dynamical network
(2.5), solution ||&;(7,v)]| fulfilling the radial unboundedness of V (7, ¢;(7)),

T,
||6¢(T,v)||§\/h—_’e*“, i=1,2,...,N, Vr>0,

According to this, the hybrid controller (2.2) makes the exponential stability of the error
complex network (2.5).

As a result, the drive system (2.3) and the controlled react CDNs (2.1) are EFPS.
Additionally, we obtain the following from (3.31) and V(7,¢;(7)) > 0,

V(ra() < ‘ih (reatr=mion. [

az-(c)dc,w)),
—51 (T)

i=1,2,...,N, Vr>0. (3.34)

Combining the two sides of (3.34) from 0 to 7 yields,

Z/ (T &i(7), (7T — nl(T))y/Tiél(T) Ei(C)dQMi(T)) dr

<V(0,6,(0)) = V(1,e:(7)) <V(0,e;(0)), i=1,2,...,N, Vr>0,

because of V(7,&;(7)) > 0. Hence, letting 7 — oo, we finally obtain that,

Z/ (T &i(7) (T — 771(7))7/:_61@ 5i(§)d§,ﬂi(7—))d7'

<V(0,(0) = J°, i=12,...,N, Vr>0.
This completes the proof of the theorem.
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4. A NUMERICAL EXAMPLE

In this section, we present an example In order to demonstrate the efficacy of the
outcome and the suggested management plan by the disturbed, the driving mechanism of
Chua’s circuit system with time-varying delays [3], which employs CDNs with uncoupled
nodes (2.1).

a0 = a(sale = mao) - 1 (280 - 5.0 ) )

ég(t) = Sl(t) - g452(t) + Sg(t — hl (t)), (41)

53(t) = —9232(t)+93/ s3(60)df),

t—dq (t)

and we take the system (2.1) as identical nodes of network (response networks), which is
given by

() M (w () - ;(zmr) - x“m))
Xio(T) | = Xi1 (T) = Aaxia(7) + xis (T — mi (7))
Xi3(T) —Xaxi2(T) + A3 f:_(;l(T) X (<) ds
N N
+wr Y Ax;(7) + w2 Y BB (T — m(7)) (4.2)
j=1 J=1
N T
+ws > 7iC X;(Q)ds +Ui(r), i=12...,N, 720,
=1 T—81(T)

where A\ =7, Ao = 1—(;0, A3 = 0.07, and Ay = 1.5 are real positive constants, respectively.
The initial condition function ©(7) = [0.65cos 7, 0.3 cos T, —0.2cos 7|7, the time-varying
delay functions 71(n) = 0.4sin27, n2(n) = 0.3sin®7, 6;(7) = 0.2cos?7, and §y(7) =
0.1 cos? 7, the coupling strength w; = 0.2, wy = 0.3, w3 = 0.2, given positive constants
(=01, m =041 =0.3, 9 =0.2, and Jo = 0.1. It is stable at the equilibrium point
(1) =0, ¢(r —m (7)) =0, f:ﬁal(ﬂ s(9)dY = 0.

The Jacobian matrices are

1 0 0 0 7 0 0 0 O
V=11 —-15 0|, ¥,=]10 90 11|, ¥s,=[0 0 0
0 -1 o 000 000
The innercoupling matrices are
3 00 2 00 1 00
A=10 3 0|, B=]0 20|, C=]010
0 0 3 0 0 2 0 0 1
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Given positive definite matrices

3 1 1 3 2 1
Q5 = 1 4 2|, @y = [ 2 3 1|,
1 2 3 1 1 5
3 2 1 3 1 1
B33, = 2 3 1|, ®Pa = 1 4 21,
1 1 5 1 2 3
1 0 0 1 0 0 1 0 0
Dli = 01 0 ’ D2’L' = 01 0 3 D3’i = 01 0 3 Z:1a2a 75a
0 0 1 0 0 1 0 0 1

and the following matrices for the coupling configuration:

1
1

A = | 0 1 -1 0 0 |,
0

-2 0 0 1 1
1 -2 1 0 0

B, = 0 0 -1 0 1 )
0 0 1 -1 0
0 1 0 1 -2

[ -1 0 0 1 0 ]
1 -1 0 0 0

Gy = 1 -1 0 0 |,
1

= o O
o
—
\
[\

Solution: From the conditions (3.1) and (3.2) of Theorem 3.1 utilizing MATLAB’s
LMI Toolbox, we determine that the cost function value’s upper bound is

J* = 4.71866.
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© @
Al

FIGURE 1. The complicated network’s topological structure with N = 5.

5. CONCLUSIONS

In this work introduces a novel development criterion for exponential function pro-
jective synchronization and guaranteed cost control in complex dynamical networks with
asymmetric, multi-connection topologies and mixed time-varying delays. By designing
a new Lyapunov-Krasovskii functional and utilizing advanced matrix inequalities, we
derived sufficient LMI conditions ensuring synchronization and cost performance. Nu-
merical simulations confirm the practicality and robustness of the proposed approach.
Further research may explore extensions to fractional-order CDNs, incorporation of sto-
chastic disturbances, or real-time adaptive implementations in cyber-physical systems.
These would broaden the applicability of the framework to more diverse nonlinear and
networked phenomena.
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