| MATHEMATICAL: | Eiis
IMCTS¢  cOMPUTATIONAL

nnnnnnnnnnnnnnnnnnnnnnnnnnnnn

MATHEMATICAL & COMPUTATIONAL SCIENCE s c I E N c E ISSN: 2408-154X

Volume 9 (2023)
Pages 63-71 https://bangmodjmcs.com/

GUARANTEED PURSUIT TIME OF A LINEAR
DIFFERENTIAL GAME WITH GENERALIZED
GEOMETRIC CONSTRAINTS ON PLAYERS M

Check for

CONTROL FUNCTIONS et

Ahmad Yahaya Haruna', Abbas Ja’afaru Badakaya', Jewaidu Rilwan®*

1 Department of Mathematics, Bayero University Kano, P. M. B. 3011, Kano, Nigeria
E-mails: ahmadyahayahaya@gmail.com

ajbadakaya.mth@buk.edu.ng

Jrilwan.mth@buk.edu.ng

*Corresponding author.

Received: 17 August 2023 / Accepted: 25 December 2023

Abstract In this study, simple motion differential game of one pursuer and one evader is considered in
R™. Control functions of the players are subject to more generalized geometric constraints. Pursuit is
said to be completed at a finite time I' whenever the distance between both players at time I' is zero.
We obtain an estimate for the guaranteed pursuit time I' and construct pursuer’s strategy that ensure

completion of pursuit at the time T'.
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1. INTRODUCTION

In a pursuit differential game, guaranteed pursuit time is a finite time, say T, for which
pursuit is completed on or before the time 7. Finding or estimating this time requires
construction of strategy for the pursuers such that for any control of the evader, the
strategy ensures that the pursuers wins the game. There is substantial literature on this
class of problem (details can be found in the following references: [1], [2], [5], [7], [8], [9],

(101, [13], (141, [15], [16), 17, [1s], [19], [20], 210 [22], [24].

In some of the problems considered, players are not allowed to move freely in the space
considered. That is, players are only allowed to move within a confined area. Alterna-
tively, we say that state variables are constrained. Research problem of this kind has been
studied and fundamental results were obtained in [3], [21], [23] ,[25], and some references
therein.

The works that are more relevant to this paper are pursuit differential games (such as
(1, B3I, 141 2, 160, [8], [10], [20), [21], [23] and [25]). In particular, the papers ([0], [9],

) and [23],) which deals with problems involving guaranteed pursuit time, are even
the most relevant.

Ibragimov [20] obtained optimal pursuit time and constructed optimal strategies of
the players for a pursuit problem whose motion of the payers is described by &(t) =
a(t)u(t), y(t) = a(t)v(t). Constraints are considered on both control of the players and
on the state variables in the space R™.

Ibragimov [22] considered a two-person zero sum pursuit-evasion differential game in
the Hilbert space I3 with integral constraints on both players control parameters and ob-
tained an explicit form of the optimal pursuit time by constructing the players optimal
strategies.

The Gronwall-type constraint is a generalization of the geometric constraint recently

introduced in the work of [12]. The authors considered a simple pursuit-evasion differ-
ential game and obtained the optimal pursuit time with the Gronwall-type constraint
imposed on players’ controls. Also, in [11], a fixed duration pursuit-evasion differential

game was studied with Gronwall-type constraints imposed on the players controls and
sufficient conditions for the completion of pursuit as well as evasion were obtained.

Simple motion differential game problem of many pursuers and one evader were inves-
tigated in ([3],[20], [21], [23]) under phase constraints. Pshenichnyi [23] studied this class
of problem where maximum speed of all players equals 1 (that is, p; = 0 = 1) and proved
that pursuit is completed if the initial positions of the evader lies in the convex hull of
that of the m pursuers, and if otherwise, evasion is guaranteed.

In the space R?, Kuchkarov et. al [27] considered the problem with p; = ¢ = 1 on
the surface of a given cylinder M under some certain conditions, pursuit was shown to
be completed at some finite time T and if these conditions fails, evasion is shown to be
possible.
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In [3], Ivanov investigated a differential game problem in a compact subset A of R™
having nonempty interior, where all players (with maximum speed 1) are confined within
the set A. Under the assumption that if the dimension of the space exceeds the number
of the pursuers (that is, m < n), evasion is guaranteed and if otherwise, pursuit is com-
pleted. In addition, the guaranteed pursuit time 7 is estimated to be (n® —2n2 +n+1)d,
where d is the diameter of A.

Alias et. al [21] studied and improved the results in [3] by estimating the guaranteed
pursuit time 7" by a second degree polynomial in n (that is, T < @a—k W) where a
is the length of the n—dimensional cube A (a convex compact subset of R”). Throughout
the game, all players must not leave the cube A. Also assuming that the dimension of the
space does not exceed the number of the pursuers (that is, m > n), pursuit is shown to
be completed at the estimated guaranteed pursuit time 7.

It is worth noting that in most of the aforementioned pursuit differential game prob-
lems, integral constraints are imposed on control functions of the players. In view of this
fact and motivated by the work in [5], we consider a linear differential game problem in
the space R™ with generalized geometric constraints on control functions of the players.
To this end, we find an estimate for the guaranteed pursuit time and prove completion of
pursuit at the estimated time.

2. PROBLEM FORMULATION

Consider the pursuit problem of one pursuer and one evader with dynamics governed by

Z4+Az=v—u, (2.1)
where z,u,v € R™ and A is a given positive number, u = (uy,us,...,u,) and v =
(v1,va,...,v,) are control parameters of the pursuer and evader respectively, which are

denoted by u(t) and v(t), 0 <t < oco.

Pursuit starts from initial positions
z(0) = zo, (2.2)
at time ¢ = 0, where 2y € R™. Let I" be a given number.

Definition 2.1. A measurable function u(t), 0 < ¢ < T, is called an admissible control
of the pursuer, if it satisfies the following

lu(t)]| < petdo ", (2.3)
where p and k are given positive number and non-negative number respectively.

Definition 2.2. A measurable function v(t),0 < ¢ < T, is called an admissible control of
the evader if it satisfies the following

lo)l] < oefoe™ e, (24)
where o and k are given positive number and non-negative number respectively.
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If we replace the parameters u, v, in equation(2.1) by some admissible controls u(t), v(t),0 <
t < T, then it follows from the theory of differential equations that the initial value prob-
lem (2.1), (2.2) has a unique solution on the time interval [0,T"]. The solution

z(t) = (z1(t), z2(t), ..., zn(t)), 0 <t <T,

of the differential equations (2.1) is considered in the space of functions
f@) = (fi@), f2(t), ..., fn(t)) with absolutely continuous coordinates f;(t), defined on
the interval 0 <t <T.

Lemma 2.3 (Gronwall-type constraint). [11] Let n(t), ¢ > 0 be a measurable function
and B and k be non-negative real numbers. Then
In()]| < Bek o el ds, (2.5)
whenever
¢
In()II* < 8% + 2k/0 a(s)|In(s)|* ds. (2.6)

As a consequence of Lemma 2.3, we consider the constraint (2.5) which also generalizes
the geometric constraint in this paper. That is, instead of the inequality (2.6), which is
the Gronwall-type constraint.

Definition 2.4. A function of the form
U(t,’U) =v+ f(t) = (Ul + gl(t)a vg + gQ(t)a cer L, Up F fn(t))a 0 <t< F7

where U(t,v) = v+ £(t) € R™, is called strategy of the pursuer, if for any admissible
control of the evader v = v(t), 0 <t <T, the following inequality

U (t,0(8))]] < pefo e ds,
holds.

Definition 2.5. Pursuit is said to be completed at time I" > 0, in the differential game
(2.1) - (2.4), from the initial positions zg = (210, 220, - - - , 2n0), if there exists a strategy of
the pursuer U (t, v(t)), such that for any admissible control of the evader v(t), 0 <t < T,
the solution z(t), 0 <t < T, equals zero at some time 7, 0 < 7 < T, ie., z(7) = 0 at
some 7, 0 <7 <T.

In the sequel, the time T" is called guaranteed pursuit time.

Once the admissible controls of the players are chosen, the corresponding motions of the
players takes the form

t
2(t) =e Mz + / e M) (y(s) — u(s, v(s))) ds.
0
The pursuers’ goal is to minimize the guaranteed pursuit time, I', through out the game
while the evaders’ is contrary.

Research Problem:
Find the guaranteed pursuit time with respect to the game (2.1)-(2.4).
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Theorem 2.6. Let p > o. The time ' > T" > 0,

p_ 1 A (2ol ke
D= 3l 1+ Zin | =2 : (2.7)

is a guaranteed pursuit time in the game (2.1)-(2.4).

Proof. Let v(t),0 <t <T, be an arbitrary control of the evader. Construct the pursuers’
strategy as follows

w(t) + e ek fy X ds 0 < < TV,

llzoll

v(t), I"<t<T. 28)

Ut o(t) = {

Clearly, the strategy is admissible for the time interval IV < t < T, since p > ¢ and for
0 <t<TI' we have

WU, o(8)) | = Hv(t) 1 2P =9) kg eras
Izo]
Zo(p - U) ekfot er® ds
Izo]
= o) + (p — o)ek o ™ ds

t As t Xs t As
SO’@kfoe ds+pekf0€ ds—gekfoe ds

< lv@®Il +

= pe® Jo et ds
Thus, the strategy (2.8) is indeed admissible.

Next, we show that z(T') = 0. Let v(¢),0 < ¢t < T', be an admissible control of the
evader. Replacing u(t),0 < ¢ <T, in the equation

by the strategy u(t,v(t)) constructed in (2.8), we obtain
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/F/ At 20(p — o)e” Jo ™ ds dt
0 20l

- o
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[ 0

_ar [, wlp= o)k / o] gy
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[1zol kex
having T defined by (2.7), we therefore obtain

— kex
) —e—Al_20 _(p=9) [ llzll
Z( ) e HZOH ||ZO|| k/’6§ Py

_ 20
=e M= (2l = ll=oll)

Izl

AT <0
=e (0)
[

>l

e

=0.

Thus, we conclude that z(t) = 0,0 <t < T at the time I". Hence I is a guaranteed pursuit
time.
This completes the proof of the theorem.

3. ILLUSTRATIVE EXAMPLE

Consider the game problem (2.1)-(2.4) in the space R3. Let the maximum speed of the
pursuer p = 5, with that of that of the evader o = 3. Also, let k =2, A = % and I' = 3.

— cs © 2023 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2023.9.5

e P UDblications TaCS-CoE, KMUTT Bangmod J-MCS 2023


https://doi.org/10.58715/bangmodjmcs.2023.9.5

GUARANTEED PURSUIT TIME OF A LINEAR DIFFERENTIAL GAME 69

The dynamic equations of the players now becomes

z+§z:v—u,

Pursuit starts from initial positions o = (0,0,1) and yo = (1,0,0) of the pursuer and
evader respectively, we denote zg = yo — o = (1,0, —1) and v(t) = (1,¢,t?). The control
functions satisfying the constraints

1, N
lu(t)]| < 5e2Jo €2° 45 and [|u(t)] < 32 /o <> d.

From the formula (2.7), we obtain that pursuit is completed at the time

I 1 2v/2¢* _
I :=2In (1 + 4ln 53 =1.47.

The constructed strategy (2.8) now takes form

t is
o)+ (V2,0 VD) o< i<t

(3.1)
o(t), 147 <t <3.

U(t,v(t)) = {
Indeed, the strategy is admissible, since, for 0 <t < 1.47, we have

t Llg t Llg
Ut ()] = ] (1+¢562foe2 By 2 gt d)H

- H (1 + \/§e4(e%_1), t, 12— \/§e4(eé‘1)) H
< 385

and it follows similarly for 1.47 < ¢ < 3, since p=5>3 =o0.

Finally, we show that the solution z(3) = 0. That is

2(3) =~} [zo +/03e%t<v(t) - U(t,v(t)))dt}

3 3 s 3 . 1.47 s
=e 2 (zo+/ v(t)eftdt—/ v(t)eftdt—/ U(t,v(t))e?tdt)
0 0 0

In view of this, the time I' = 3 is indeed a guaranteed pursuit time in the game
(2.1)-(2.4).

4. CONCLUSION

We study a linear pursuit differential game with generalized geometric constraint im-
posed on players controls. Sufficient conditions of completion of the game at a finite
time T' (defined as (2.7)) were obtained and pursuers’ optimal strategy was constructed
in explicit form (see equation(2.8)).
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