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1. INTRODUCTION

The theory of nonexpansive multi-valued mappings is more challenging to study than the
corresponding theory of nonexpansive single-valued mappings. However, it has important
applications. As a result of this, algorithms for multi-valued nonexpansive type mappings
have attracted the interest of researchers and have become a flourishing area of research,
especially for numerous mathematicians in the field of nonlinear operator theory and func-
tional analysis. Hence, a lot of research interest is now devoted to this type of mappings
due to their remarkable utility and wide applicability in applied health sciences, modern
mathematics, and other research areas. The theory of multi-valued mappings has appli-
cations in control theory, convex optimization, game theory, market economy, differential
equations, and other medical fields.

Let B = {x € E : ||z|| = 1} be the unit sphere of E. A space F is said to be strictly
convex if

Vr,y € B, x #y, then,

Tty
— 1.

A real Banach space F is called uniformly convex if for each e € (0,2], 36 >0
z+y

such that x #y V¥ x,y € B ||z — y|| > ¢, then,

<1-s

A real Banach space E is called smooth [8] if for every x € E with ||z|| = 1, there exists
a unique z* € E* such that

"] = 1 and (z,2") = [l].
The space E is called uniformly smooth, if given € > 0, there exists § > 0 such that for
all z,y € E with ||z|| =1 and ||y|| < ¢ then

2+ ylI* + llz — ylI* < 2 +elly]-
The normalized duality mapping [2] J : E — 2F* is defined as

Jr={f e B :(x,f) = fI: |z = ||, vz € E}, (L.1)
where (-, ) is the duality pairing between the element of E and E*. The following prop-
erties of the normalized duality map will be needed in the sequel, (see for example [8]).

o If F is a reflexive, strictly convex and smooth real Banach space, then J is sur-
jective, injective and single-valued.

Let C be a closed convex subset of a real Hilbert space H. The operator P¢ is called a
metric projection operator [2] if it assigns to each x € H its nearest point y € C' such
that,

|z — y|| = min{|lx — z|| : z € C}.
Let E be a smooth, strictly convex and reflexive real Banach space, and C be a nonempty
closed and convex subset of E. A map [[ : E = C [3] defined by [[oz = u’ € C such

that ¢(u’, z) = infyecd(y, x) is called the generalized projection, where in fyec¢(y, x) is
the set of all the minimizers of ¢(-, x).

Remark 1.1. In Hilbert spaces the generalized projection and the metric projection
coincide.
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Let N(C) and CB(C) denote the family of nonempty subsets and nonempty closed
bounded subset of C, respectively. The Hausdorff metric on CB(C') [2] is defined by

du (A1, Az) = max{ sup d(z, Az), sup d(y,Az)}7 for A1,A, € CB(C), (1.2)
r€A yEAs
where
d(x, Az) = nf{flz —yll,y € A} (1.3)
A point p € C is called a fixed point of the map T : C — N(C) if p € T(p), the set of
fixed point of T is denoted by F(T).

Remark 1.2. Yakov Alber[2] introduced a generalized projection map Ilo in a smooth
Banach space E which is an analogue of the metric projection operator in Hilbert spaces.
This map has been studied by many authors (see for example [4, 6, 15, 24, 25, 29, 32]).

A map ¢ : E X E — [0,00) defined by

$(a,y) = |lz|* - 2(z, j(y)) + Iyl®
is called Lyapunov functional [2], where 2,y € E and j is the normalized duality mapping
from E to E* and F is a real Banach space and E* it’s dual space. Observed that in a
real Hilbert space j is an identity map and

$(x,y) = |z —yl*, Va,y € H.
Thus the following important proposition holds for the Lyapunov functional:

Proposition 1.3. (see for example [7]) Let E be a real Banach space. Then, for any
z,y,2 € E and a € (0,1) we have the following:

(No)

(=l = llyIN? < ¢(z,y) < ([l]l + llyl)? (1.4)
(N1)

¢(x, J H(aJy + (1 — a)Jz) < ag(z,y) + (1 — @)d(z, 2). (1.5)

Definition 1.4. A multi-valued mapping 7' : C' — CB(C) is called
(i) nonexpansive if

dy(T(x),T(y)) < llz —yll for all z,y € C.
(ii) quasi nonexpansive if F(T) # 0 and

du(T(x),q) < ||z —q| for all z € C, q € F(T).

Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E, and let T be a mapping from C into itself. A point p € C is said to be
an asymptotic fixed point of T, if 3 {u,} € C such that ™ — p and |[u™ — Tu"|| — 0
as n — oo (see for example Chang et, al. [5]). The set of asymptotic fixed points of T
is denoted by F (T). A mapping T is said to be multi-valued relatively nonexpansive if
F(T) = F(T) and

o(p,y) < ¢(p,x) y € T(z), pe F(T). (1.6)
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A multi - valued mapping T is called relatively quasi nonexpansive(quasi-¢-nonexpansive)
if

o(p,y) < ¢(p,x) y € T(x), p € F(T) and F(T) # 0. (1.7)

The class of multi-valued relatively quasi nonexpansive(quasi-¢-nonexpansive) mappings
is more general than the class of multi-valued relatively nonexpansive mappings, which
requires the strong condition F(T') = F(T') # ().

Several authors have also studied fixed point problems of nonexpansive mappings in the
context of both multi - valued and single valued mapping. Among thes authors, in 2003,
Nakajo and Takahashi [22] studied the following C'Q iterative algorithm for approximating
a fixed point of a nonexpansive map in a real Hilbert space:

u® € C,
" = apu™ + (1 — ap)Tu™,
Cpn={z€C:||v"—z| <|u™ -z}, (1.8)

Qn={2€C: " —zu"—u’) <0},
untl = PcannuO,n >1,

where {«,} are sequences in the interval [0,1], C' is a nonempty, closed and convex subset
of a real Hilbert space, T is a projection from C' onto C,, N @,. They proved that the
sequence generated by algorithm (1.8) converges strongly to a fixed point of T.

In 2005, Matsushita and Takahashi [20] extended the result of Nakajo and Takahashi [22]
by studying the following iterative algorithm for approximating a fixed point of relatively
nonexpansive map in a uniformly smooth and uniformly convex real Banach space:

ueC,
v = J Hap Ju™ + (1 — o) JJTu™],
Cn={2€C:¢(z,0") < ¢(z,u")}, (1.9)

Qn=1{2€C:(w" -z Ju" — Ju’) <0},
W =Tle,ng,u'n =1

They proved that the sequence generated by (1.9) converges strongly to a fixed point of
T.

In 2005, Sastry and Babu [26] established the convergence theorem of multi-valued maps
using Ishikawa and Mann iterates. They also provided an example that illustrates how
the limit of the sequence of Ishikawa iterates depends on the choice of the fixed point ’'p’
and the initial guess.

In 2007, Panyanak [23] wrote a paper that extended one of the results of Sastry and Babu
[26] to uniformly convex Banach spaces. He proved a convergence theorem using Mann
iterates for a mapping defined on a noncompact domain.

Later in 2008, Song and Wang [28] demonstrated the strong convergence of Mann and
Ishikawa iterates to a fixed point of a multi-valued nonexpansive mapping T’ under
certain appropriate conditions.

Additionally, in 2008, Dong et al. [10] studied the following inertial CQ iterative algorithm
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for approximating a fixed point of a nonexpansive map in a real Hilbert space:
ulul € H,

w” =u" + a, (U —u ,

" = (1= Bp)w™ + B, Tw",

Cn={z€H:|v" -z <[u" -2},

Qn={2€C: " —zu"—u’) <0},

u"t = Po, ng,u’,n > 0.

nfl)

(1.10)

They proved that the iterative sequence generated by (1.10) converges in norm to PF(T)UO.
Furthermore, Diop et. al., [9] constructed a new iterative algorithm and proved strong
convergence theorems for common fixed point of a finite family of multivalued quasi-
nonexpansive mappings in uniformly convex real Banach spaces.

Several authors have also studied fixed point problems of a multi-valued nonexpansive
mappings in the setting of real Banach spaces (see for example [21],[13],][26],[23],[28],[1]
and the references therein).

Chidume et. al., [7] studied the following inertial type algorithm for approximating a
common fixed point for a countable family of a relatively nonexpansive mapping in a
uniformly smooth and uniformly convex real Banach space

CO = E7
w” = u™ + an(un _ unfl)’
v = J(1 = B)Jw™ + BJTw"™], (1.11)

Cnt1 ={z €cn: P(z,0") < Pz, w™)},
untl = H0n+1 u,n > 0.

They proved that the sequence generated by (1.11) converges strongly to a point p =
HF(T) u’

Remark 1.5. C,, and @,, are halfspaces, that must be computed at each iterative stage
in [10, 20, 22] and the host of other authors,), thus Chidume et. al, [7] reduces the
computation by dispensing with @,, and studied inertial-type algorithm for approximating
a common fixed point for a countable family of relatively nonexpansive maps which is an
extension of some recent existing results. Motivated by the work of Chidume et. al.,
[7] we propose a new iterative scheme in which both @, and C, are dispensed with.
Furthermore the condition F(T) = F(T) is dispensed with i.e we consider the class of
quasi-¢-nonexpansive multi-valued maps which is more general than the class of relatively
nonexpansive.

In addition, our theorem also improve the result of Diop et. al., [9], from the case of
finite family of multi-valued quasi-¢-nonexpansive to Countable family of multi-valued
quasi-¢-nonexpansive mappings.

We prove a strong convergence of our new iterative scheme to a common fixed point for
a countable family of multi-valued quasi-¢-nonexpansive maps.

© 2023 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2023.9.4

oGS

e PUblications TaCS-CoE, KMUTT Bangmod J-MCS 2023


https://doi.org/10.58715/bangmodjmcs.2023.9.4

50 S.S. Musa, A.Y. Inuwa

2. PRELIMINARIES
The following notions and results are very important in our subsequent discussion.

Definition 2.1. Let E be a reflexive, strictly convex and smooth real Banach space.

The duality mapping J* from E* onto E** = E coincides with the inverse of the duality

mapping J from E onto E* that is, J* = J L.

The following mapping will be needed in the sequel V : E x E* — R defined by
V(z,a*) = || - 2(x,2*) + [l2*]|* V(z,2%) € E x E". (2.1)

Obviously, V(x,2*) = ¢(z, J~(z*)) V(x,2*) € E x E*.

We will also use the following lemmas.

Lemma 2.2. [15] Let E be a uniformly convex and smooth Banach space and let {x,}
and {yn,} be two sequences of E such that {xz,} or {y,} is bounded. If ¢p(xn,yn) — O,
then x, —y, — 0 as n — oo.

Lemma 2.3. [2, 16] Let E be a reflexive, strictly convex and smooth Banach space. Then
for any x € E, and z*,y* € E*, we have,

V(w,z*) +2(J 7 @") —,y*) < V(2" +y). (2.2)
Lemma 2.4. [15] Let E be a smooth, strictly convex and reflexive Banach space and C

be a nonempty closed conver subset of E. Then the following hold:
(a) o(z,Iley) + ¢(Iey,y) < d(x,y) for allx € C and y € E;
(b) Ifr€e Eand z€ C, then z=1l.x & (z —y,Jx — Jz) > 0,Vy € C;
(c) forx,y € E,¢p(x,y) =0 1if and only if = =y.
Lemma 2.5. [12] Let E be a smooth and strictly convex real Banach space, Let C be a

nonempty closed and convex subset of E. Suppose T : C — N(C) is a quasi ¢ nonexpansive
multi-valued mapping. Then F(T) is closed and convez.

Lemma 2.6. [19] Let {a,} be a sequence of real numbers that does not decrease at infinity,
in the sense that there exists a subsequence {an;} of {an} such that

¥j > 0.

Also consider the sequence of integers {my} defined by

An; < Qnji,
my =max{i < k:a; < a1}
Then {my} is a nondecreasing sequence satisfying

lim my = oo,
k —oo

there exists some ng € N, for some , the following two estimates hold;
Ay, < Amyyy and ag < Ay, Yk 2> .

Lemma 2.7. [31] Let E be a uniformly convexr Banach space and let v > 0. Then there
exists a strictly increasing, continuous, and convez function g : [0,2r] — R such that
g(0) =0 and

A2+ (1= Nyl* < Mzl + @ = NIyl = A1 = Ng(llz = yl) (2.3)
for all zx,y € B, and X € [0,1].
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Lemma 2.8. [17] Let C be a nonempty, closed and convex subset of a uniformly smooth
and uniformly convex real Banach space E. Let T; : C' — E i = 1,2,3... be a count-
able family of relatively nonezpansive maps such that (\;o, F(T;) # 0. Suppose o, €
(0,1),8; € (O 1) are sequences such that Y .o, a; =1 and T : C — E is defined by

T(x) =J X, ai(Bida+ (1 — B;)JT;z)) for each x € C. Then T is relatively nonex-
pansive and F(T) = (;2, F(T;).

Lemma 2.9. [30] Let {a,} be a sequence of nonnegative real numbers satisfying
Gp41 < (1 - an)an + anén; n > 07 (24)
where {a,} and {6,} satisfy the following conditions:

i. {an} C0,1], Zan—oo

1. lim sup d,, <O

n—oo

Then lim a, = 0.
n—oo

Lemma 2.10. [18] Let E be a smooth, strictly convex and reflexive Banach space, let
z € E and let {\}32, € (0,1) with Y ;o Xi = 1. If {@;}52, is a sequence in E such
that

2 [e.°]
= Ailill?, (2.5)
i=1

then x1 =19 =23 ="--- .

3. MAIN RESULT

In this section we present the main results of this paper.

Lemma 3.1. Let E be a smooth, strictly convex and reflexive Banach space, let z € E
and let {\;}2, C (0,1) with Y .2 N = 1. If {x;}5°, is a sequence in E such that

then t1 = x9o = x3 = -~ .

Proof. We follow the proof line of Kohsaka and Takahashi[18] from the case of finite
family to Countable family.
Let z € F, we have from our assumption that

(g

2
||z|2—2<z,zxm>+ S A
=1 i=1
R =23 A e, Tash + || A
=1 i=1
i)‘i”'z‘|2_2§:/\i<z7z]$i>+ iAiJ:ci
=1 i=1 i=1

Mg

¢(vai)7

.
Il
=

'8'18

o
Il
_

i (l2l1* = 2(z, :) + [li]|*)

Aillz))* —2ZA e +ZAH:¢,H
Aill=l® —2ZA (z, i) +ZA|\Jx,|| :

\\Mg \\Mg
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This implies

oo 2 00
i=1 i=1

Since E is smooth and reflexive, E* is strictly convex. Thus, Lemma(2.10) implies that
Jxy = Jxg = Jxz = ---. By the strict convexity of E, J is one-to-one. Hence we have
the desired result i.e z1 =22 =23 = ---. [ |

We also need the following results for completion of our theorem

Lemma 3.2. Let C be a nonempty, closed and convex subset of a uniformly smooth and
uniformly convex real Banach space. Let T; : C' — CB(E) i = 1,2,3, ... be a countable
family of quasi-p-nonexpansive multi-valued maps with (\;—, F(T;) # 0. Suppose o, €
(0,1),8; € (0,1) are sequences such thaty .~ o; =1 and T : C — E is defined by T'(z) =
JE 2 ai(Bidz + (1 = B;)Jy;)) with T;(p) = {p} for each z € C,y; € Tyx. Then T is
quasi nonezpansive mapping and F(T) = (=, F(T;).

Proof. We first show that T is well defined. Then Vx € C, y; € T;x and Vi > 0, the
mapping T can be rewritten as:

T(z)=J" <Z o (BiJr + (1 — ﬁi)in)>

i=1

J <<Z aiﬁz‘) Jr + <Z ai(l— 5z)<]yz>>
i=1 i=1
J! <70Jy0 + Z%‘Jyz)

i=1
J! <§: %‘in> ;
i=0

where yo = x and T} is the identity mapping, 7o = > oq @i > 0, 7 = a;(1 = ;) > 0
for all i > 1 and ) .2 v = 1. Now for any fixed p € (2, F(T}), yi € Tyz, T; quasi
nonexpansive multi-valued map and =z € C, we have

(lpll = llw:lD? < é(p,y:) < o(p, @) < (lIpll + ll=])?,

which implies,

(ol = llys D < (llpll + llz])?

lpl* = 2lpllllyll + llyall* < llpI* + 2llpllllz] + [l
lysll* = Nl < 2llpli(lyall + [l])

(il = D Cyall + [l ll) < 2lpll(lyall + ll])-
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In particular, |ly;|| < 2||p|| + ||z|| for each i >0 and z € C.
Thus,

J i’Yini
i=0

oo
< Z%‘HZMH
i=0

o0
<3 u2lpll + llzl) < oc.
i=0
Hence T is well defined.
Next we show that T is quasi nonexpansive mapping.
Let p € F(T), by Lemma 2.7 and from the fact that {7;} is a countable family of quasi
nonexpansive multi-valued mapping, that y; € T;x for each i > 1, z € C, we have

o(p, Tx) = ¢ <p7 J (Z a;fiJr + a;(1 — 51‘)in>>

=1
- 2
Z a;ifiJr + oi(1 — B;) Jys

i=1

= |lpl* -2 <p, > aifiJr+ai(l— 5i)in> +

i=1

o0 o0
<|pl? =2 ailp, BTz + (1= Bi)Jys) + > aill BTz + (1 = Bi) Ty
=1 i=1

< Z a; ([Pl = 2(p, BiJx + (1 = Bi)Jys) + Billz|> + (1 = Bi)[lyall*)
- Z%ﬂi(l = Bi)g"([[Jz — Jyi|)

< Z ai (Big(p, ) + (1 = Bi)o(p, vi)

Hence T is quasi-¢ nonexpansive mapping.
Finally we show that F(T') = ;2 F(T}). It suffices to show the inclusion F(T)) C (.2, F(T;).
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Let z € F(T) be given and fix p € (;=, F(T;), we have,
¢(p,2) = ¢(p, T'z)

o ()

= [lpll* — 2 <p, Z%in> +

=0

2

oo
Z Vi Y
i=0

oo (oo}
<|lpll* - 22% (p, Jyi) + Z%‘HJ%‘HQ
i=0 i=0

o0

=> 3 (Il = 2 (o, Jyi) + |1 Twill*)

~
[}

Yid(p, Yi)

I

(e}

< ¢(p,2), Vi > 0.

Thus, ¢(p,z) = ¢ (p, J 7 (oo Vidyi)) < >oiegVid(P; yi) < ¢(p, z). Therefore, we have,
¢ (P I (20 7idYi)) = Yopeo Vi (p, i) By applying Lemma 3.1 we obtain that, yo =
Yi=Y2=Ys="--.

But also y9 = z and Ty is the identity mapping, then yo = z. Hence z =y = y1 = y2 =
ys = -+ . Clearly 2, F(T;) C F(T) follows, Hence F(T) =2, F(T3). ]

Theorem 3.3. Let C be a nonempty, closed and conver subset of uniformly convex
and uniformly smooth real Banach space E. Let T; : E — CB(E) be a countable
family of quasi-¢-nonexpansive multi-valued maps such that (\;on F(T;) # 0. Suppose
nis Ni € (0,1) are sequences such that > oo XAi =1 and T : C — E is defined by T(z) =
JEoE o himiJz + (1 — ;) Jy;)) for each z € C, y; € Ty for each i > 1. Let {u™} be
generated by the following algorithm : u°,u' € C and

w" = J 7 [an Ju® + (1 — ap)Jum],

v = J7 (1 = B)Jw™ + BJTw™], (3.2)

un+1 — HC ’Un,TL > 1’

where 8 is € (0,1) and {an}n is a sequence in (0,1) satisfying
(A1) lim o, =0
n T;OOO
(Ag) Zn:l Qp = Q.
Then {u"}32, converges strongly to Ilne Py U’

Proof. We partition the proof into three steps.

Step 1 : From Lemma 3.2 F(T) = (;2, F(T;) and by Lemma 2.1, F(T;) is closed and
convex for each i € NU{0}. Thus (72, F(T;) is closed and convex so I p(r,) is well
defined generalized projection.

Step 2 : We show that {u"}52,, {v"}52, and {w™}2, are bounded. Let u* =
e per,)yu’, using Lemma 2.4(a) and (1.5)
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< p(u” )

=¢( (1= B)Jw" + BITw™))
<(1- ) (u*, w") + Bo(u*, Tw™)
g(l )( W) + Bo(u”,w")

Therefore,
o(u”,u" ) < p(u”,v") < plu”,w"), (3.3)
but,
o(u”,w") = p(u”, J (L = o) Ju" + o Jul)])
< (1= an)d(u”, u") + ang(u”, u’)
< max{p(u”, u"), p(u”,u’)}.

This implies,

p(u”,w") < max{¢(u*7u”)7q§(u*,u0)}. (3.4)
From (3.3) and (3.4) we get
¢(U*7un+1) < max{¢(u*,u"),¢(u*,u0)}. (3.5)

Hence, using induction we get
p(u*,u™) < max{p(u*,u'), p(u*,u®)}, ¥n > 0.

This implies that {¢(u*, u")}7%, is bounded, therefore by (1.4) {u™}32, is bounded, also
by (3. 4) and (3.3) {op(u*,v"})5%, and {¢p(u*,w™)}>2, are bounded. Thus {v"}32, and
{w™}22, are also bounded by (1.4)

Step 3 Finally we show {u"}2° ; converges to u*.

From (3.3) we have,

o(u*, u™ ) < d(u*,w™) = V(u*, Juw™).
Using Lemma, 2.3, that is taking v* = o, Ju* — o, Ju’, 2 = v* and 2* = Jw", we have,
V(u*, Jw™) < V(u*, Jw"™ — o (Ju® — Ju*)) — 2{(w™ — u*, —a, (Ju® — Ju*))
=V(u*, (1 — ap)Ju™ + anJu® — a, Ju® + o, Ju*)
+ 20, (W™ — u*, Ju® — Ju*)
=V(u*, (1 — o) Ju™ + anJu®) + 20, (w" —u*, Ju® — Ju*).
By (2.1) we have,
V(u*, (1 = ap)Ju™ + apJu®) + 20, (0" — u*, Ju® — Ju*)
= p(u*, JH1 — o) Ju™ 4 ap Ju*) + 200, (w" — u*, Ju® — Ju*).
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Also applying (1.5) we have,
p(u*, JT7H1 — o) Ju™ + an Ju*) + 200, (w™ — u*, Ju® — Ju*)
< (1 = an)o(u,u™) + 20, (W™ — u*, Ju® — Ju*),
which implies,
P(u*,u™) < (1 — apn)p(u, u™) + 20, (W™ —u*, Ju® — Ju*) ¥ n > 0. (3.6)

We next divide the proof into two cases

Case 1:

Suppose that there exists ng such that {¢(u*, u™)
{d(u*,u™)}, is then convergent. Then,

i (6(u”,u") — b(u”,u") = 0. (3.7)

o

nen, is nonincreasing. In this situation

Also since {w"}72, is bounded, we choose {w™* }32 , subsequence of {w™}7%; such that,
w™ — z and

limsup(w” —u*, Ju® — Ju*) = lim (w™ —u*, Ju® — Ju*) = (z —u*, Ju® — Ju*),
n —o00 k —o0

by Lemma 2.4, we have

lim sup{w™ — u*, Ju® — Ju*) = (z — u*, Ju’ — Ju*) < 0.
n —oo
From (3.6) and Lemma 2.9 we have
lim ¢(u*,u™) =0,

n —oo
which implies u™ — u*, as n — oo, where u* = Hﬂ?io F(T) ud.
Case 2 : Suppose {¢(u*,u™)}$2 is not nonincreasing, then that there exists a subse-
quence {n;} of {n} such that

p(u™,u) < p(u*,u*) for all i > 0.

By Lemma ?7 there exists a nondecreasing sequence {my}7°, of nonnegative integers
such that my — 0o, as k — oo,

B, W) < Blut,um) (3.8)
and
P(u*,u®) < p(u*, u™+1) for all k > 0. (3.9)
Following the same argument as in case 1, we obtain
likm sup(w™ — u*, Ju® — Ju*) <0. (3.10)
—o00

From (3.6) we have

P(u*, u™ ) < (1 — ap, )o(u*, u™ ) + 200, (W™ —u*, Ju® — Ju*). (3.11)
Rearranging we have,

A d(u*, 0™ ) < p(u*, u™ ) — P(u*, u™ 1) + 200, (W™ —u*, Ju® — Ju*),
employing (3.8) we have,

a77lk¢(u*7umk) S 2anzk <ka — U*, JUO — JU*>’
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Since oy, > 0; we get
0 < (u,u™) < 2(w™ —u*, Ju — Ju*),
it follows from (3.10) that

lim ¢(u*,u™) = 0.

k— o0

This together with (3.11) gives
lim ¢(u™, u™ 1) = 0. (3.12)
k—o00

But by (3.9)

o(u*, uk) < p(u*, u™+1) for all k> 0.

By (3.12) we obtain that ¢(u*,u*) — 0 as k — oo. Then from case 1 and case 2 we
conclude that lim ¢(u*,u™) = 0, which implies v — ano F(T) u? [ |
n —oo = 2

Corollary 3.4. Let C' be a nonempty, closed and convex subset of uniformly convex and
uniformly smooth real Banach space E. Let T; : C'— E be a countable family of quasi-¢-
nonezpansive maps such that (V;—q F(T;) # 0. Suppose {n;},{\i} € (0,1) are sequences
such that Y ;oo X; =1 and T : C — E is defined by T(z) = J* (32 Mi(miJz + (1 —
n;)JTix)) for each i > 1. Let {u"} be generated by the following algorithm : u®,u' € C
and

w" = J 7 [an, Ju® + (1 — ap)Jum],
v = J7 (1 = B)Jw™ + BJTw"™], (3.13)
u"tt =T v n > 1,

where € (0,1) and {an}n is a sequence in (0,1) satisfying

(Al) nlgnooan = O,

(A2) 52, an = oo
Then {u™};2., converges strongly to s p(r,)u’.

Corollary 3.5. Let C be a nonempty, closed and convex subset of Ly(or I,) ,1 < p <
o0o. Let T; : C — CB(FE) be a countable family of quasi-p-nonexpansive multi-valued
maps such that (2o F(T;) # 0. Suppose {n;},{\:} € (0,1) are sequences such that
ScoXi=1and T : C — E is defined by T'(x) = J (X ;o9 Ni(miJz + (1 — ;) Jy;)) for
each © € C, y; € Tyx for each i > 1. Let {u™} be generated by the following algorithm
cul,ut € C and
w" = J 7 [an Ju® + (1 — ap)Jum],
v = J7 (1 = B)Jw™ + BJTw"™], (3.14)
u"tt =T[ov",n> 1
where € (0,1) and {an}n is a sequence in (0,1) satisfying
(Al) lim Ay = 0 5
n *O>OOO
(AQ) Zn:l Qp = Q.

n oo 0
Then {u"}32, converges strongly to llne= p(r,)u’.
— cs © 2023 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2023.9.4
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Corollary 3.6. Let C be a nonempty, closed and convex subset of real Hilbert space H.
Let T; : C — CB(H) be a countable family of quasi nonexpansive multi-valued map such
that ;= F(T;) # 0. Suppose m;, \i € (0,1) are sequences such that Y .oqXi = 1 and
T:C — E is defined by T'(z) = (3 ;oo Ni(miz + (1 — m;)y;)) for each x € C, y; € Tyx for
each i > 1. Let {u™} be generated by the following algorithm : u°,u* € C and

w" = [anu + (1 - ay)u"]
o = (1= B)w" + ATw"], (3.15)
utt = Poom,n > 1,

where B € (0,1) and {an}n is a sequence in (0,1) satisfying
(A1) lim o, =0;
n ;}OOO
(Ag) Zn:l Qp = 0.
Then {u"}32, converges strongly to Pnze p(ryu’.

4. APPLICATION TO ZERO POINT PROBLEM OF MAXIMAL MONOTONE
MAPPINGS

Let E be a smooth, strictly convex and reflexive Banach space.

Definition 4.1. [2] An operator A : E — 2F" is said to be monotone, if whenever
r,y € B, z* € Ax, y* € Ay, then

(. —y, 2" —y*) > 0.

We denote the zero point set {z € E: 0 € Az} of A by A71(0). A monotone operator A
is said to be maximal if its graph G(A) := {(x,y) : y € Az} is not properly contained in
the graph of any other monotone operator.

Remark 4.2. For each r > 0 and x € E, there exists a unique z, € D(A) such that
Jx € Jx, + rA(x,). We define the resolvent of A by J,.z = z,. In other words, J, =
(J+rA)~1J, ¥r > 0. We know that J, is a single valued quasi nonexpansive mapping
and A=1(0) = F(J,.), Vr > 0 (see for example [2], where F(J,.) is the set of fixed points
of J,.

Theorem 4.3. Let E, {a,}, as in theorem 3.3. Let A: E — 2F" be a mazimal monotone
operator and J, = (J +rA)~YJ, ¥r > 0 such that A=1(0) # 0. Let {u™} be a sequence
generated by u°,u' € E and

w" = [apu® + (1 — ap)u"]
untt = J7H(1 - B)Jw™ + BJ J,w"].

Then {u™}22, converges strongly to ILs—1gyu’.

Proof. In theorem (3.3), taking C = E, T = J., r > 0, then T : E — E is a single-
valued quasi nonexpansive mapping and A~'0 = F(T) = (2, F(T;) = F(J,),Yr > 0 is
a nonempty closed convex subset of E. Therefore all the conditions in theorem (3.3) are
satisfied. The conclusion follows immediately. [ |
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4.1. EXAMPLE

Example 4.4. Consider £ = R with the standard norm || - || = |- | and C' = [-1,1]. For
m € N, we define a mapping {7}, },» on R by
0, z < £
Tm(z) = { 1 7"21 (4.1)
m2 T2z

for all z € R. Then F(T},) = ﬂfn:l F(T,,) = {0} and

[Tz — 0] < |z — 0] Vz € R.

So {T)n}m is a sequence of quasi nonexpansive. Finally we show that each {T},} is not
relatively nonexpansive. Indeed we take x,, = # + % then

1
Ty — Ty — Tz, = — —0as n— oo.
n

m2’
This implies -1; € F(T,,) and =3 ¢ F(T,,). Hence Ty, is not relatively nonexpansive.
Also in theorem (3.3), Fix u® = 0.5 and choose «,, = #ﬂ,)\n = % and n, = ﬁ
clearly lim a,, = 0, Y07, o, = oc0o. Also 22:1 An = 1 and {n,} € (0,1). Thus all
n —oo
conditions in our proposed Algorithm are satisfied, thus algorithm (3.2) will reduces to

n _ 0.542nu™

wWh =T

v = (Bur + (L= B)Twr) | T(w) = X5y § (grbgro” + 52807 - T(w™))
-1 < —1

u"t = g o € [—1,1]
Lom > 1.

Case I. Take u! = 0.4 and 3 =0.8

Graph of Case |

0.4 7

=0
s \
o u.z-ki
=
(]
=
05 |
|
|
0.1 f d?
0.05 | |
hn
L reesesesnen
0
0 10 20 30 40 50 60

Mo. of iterations (n)

FIGURE 1. The graph of sequence {u,} generated by algorithm (3.2) versus number
of iterations(Case T)
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Case II. Take u' = —0.4 and 5 = 0.8
Graph of Case Il

0.05 T
I,EFE'Ethh
or |

0051 E‘A

—D.‘I"

values of u

&
=
[i

0 10 20 30 40 50 60
No. of iterations (n)

FIGURE 2. The graph of sequence {u,} generated by algorithm (3.2) versus number
of iterations(Case II)

Case III.Take v! = 0.8 and 3 = 0.8
Graph of Case lll

values of||uI1+1 - un||
(=] (=} (=]
S o R = @
o M o (=) [%]

=)
-

=
[=]
=1

=]

0 10 20 30 40 50 60
No. of iterations (n)

FIGURE 3. The graph of |[t,41 — uy||. versus number of iterations(Case III) where
{un} is generated by algorithm (3.2)
MATLAB version R2015a is used to obtain the graph of {u, } against number of iterations
for different initial values as well as the graph of errors.
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