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1. INTRODUCTION

The study of metric space was started in 1906 by French mathematician Fréchet [1], as
it was one of the most helpful and extraordinary topics of nonlinear functional analysis.
Fixed point theory is a motivating subject, having many applications in many branches of
mathematics, such as differential equations, partial differential equations, integral equa-
tions, variational inequalities, etc. The concept of the fixed-point theorem was introduced
to the field of metric space studies by the “Banach fixed-point theorem,” which estab-
lished and guaranteed the existence and uniqueness of fixed points of particular self-maps
of complete metric spaces. Many authors refined, extended, modified, and generalized the
Banach Contraction Principle and studied the existence, uniqueness, and Ulam stability

of fixed point theorems. See [[2], [3], [4], [5], [6], [7], [8], and [9]] and references cited
therein.
Following the foundational work of Karapnar and Fulga [10], who introduced the con-

cept of supermetric spaces, the area has garnered significant interest among researchers
in nonlinear analysis. Their formulation generalizes classical metric notions and has in-
spired a series of studies exploring various types of contractive conditions within this new
setting. For instance, Shahi et al. [11] examined generalized fixed point results in super-
metric spaces, while Hooda et al. [12] extended the theory by introducing common fixed
point results using control functions and compatibility conditions. Similarly, Abodayeh
et al. [13] advanced the theory through the development of Hardy-Rogers-type and ratio-
nal Z-contraction mappings in ordered supermetric spaces. Other notable contributions
include the works of Shah et al. [141] and Saxena and Gairola [15], which demonstrate the
behavior of supermetric space theory to different contractions.

Despite these substantial advances, much of the existing literature has focused on
deterministic settings. A promising and relatively unexplored direction is the extension
of supermetric structures to fuzzy metric spaces, where uncertainty and imprecision are
inherently present. Integrating the notion of supermetrics with the fuzzy framework will
provide new avenues for addressing problems in applied mathematics, information theory,
and decision sciences, particularly where data is imprecise or probabilistic in nature. Thus,
this work offers a novel direction by extending existing theories into fuzzy supermetric
contexts, laying a foundational bridge between fixed point theory, fuzzy analysis, and
fractional modeling under uncertainty.

After Zadeh investigated the fuzzy set concepts, a lot of researchers introduced the
theory of a fixed point corresponding to fuzzy metric spaces for further research ([16],
[17], [18], [19], [20]). The study of a fuzzy metric space permits the distance between
two points to be a value in the range [0, 1], allowing for a more flexible and partitioned
representation of distance than the study of an ordinary metric space, where the distance
between two points is always a real number.

In recent years, significant attention has been given to the development of mathemati-
cal frameworks that better capture the uncertainty and complexity inherent in real-world
phenomena. This is particularly evident in the modeling of epidemic dynamics like HIV,
COVID-19, malaria, and Ebola virus, where classical deterministic models often fall short
in representing the vagueness of transmission rates, recovery parameters, and public re-
sponse behaviors. For details, see [21], [22], [23], [24], [25], and [26].

In this work, a new mathematical concept that extends the novel of supermetric space
into fuzzy supermetric spaces is defined. Contractive mappings are developed and utilized
to prove fixed point theorems in the framework of fuzzy supermetric space, which extends
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classical and recent results as special cases within a broader, more inclusive setting and
provides a more suitable framework for modeling and solving real-life problems in physics
and engineering, especially in systems characterized by nonlinearity, complex interactions,
and uncertainty. In physics, they are particularly useful in modeling complex systems
with inherent ambiguity, such as quantum systems, where precise state measurements are
often uncertain. In engineering, fuzzy supermetric spaces are applied in control systems,
robotics, and signal processing to handle imprecise sensor inputs, noise, and tolerance
variations, enabling more robust and flexible designs. In the context of nonlinear analysis,
fuzzy supermetric spaces find significant applications in the investigation of nonlinear
integral equations, differential inclusions, and boundary value problems characterized by
fuzzy parameters. In particular, the major theoretical results are employed to establish
the existence of a solutions to the Fredholm integral equation.

2. PRELIMINARY

This section presents the necessary terms, useful definitions, and related concepts that
support the subsequent developments in this paper.

Definition 2.1. [27] A metric m on a nonempty set H is a function defined on the
Cartesian product H x H and taking its values in the set Rt of reals such that the
following conditions are valid:

(m-1) m(x,s) > 0 for each k,¢ € H;

(m-2) m(x,s) =0 if and only if kK = ¢, for each k,¢ € H;

(m-3) m(x,s) =m(s, k), for each k,¢ € H;

(m-4) m(k,&) < m(k,s)+m(s,§), for each k,¢,§ € H.

The above definition defines the metric m at an ordered pair (k,<) as the distance
between x and ¢. An ordered pair (H,m) is known as a metric space.
Mustafa and Sims [28] defined the generalized metric space by reducing the tetrahedral
inequality to the triangle inequality in R? as below.

Definition 2.2. A mapping G expressed on a nonempty set H given by G : Hx H x H —
R is known as a G-metric (generalized metric) for every x,¢,&, 0 € H fulfilling the next
conditions:
(G-1) G(k,<,€) 2 0;
(G-2) G(k,s,&) =0if and only if Kk =¢ =¢;
(G-3) G(k,s,&) = G(p{k,s,&}), where a parameter p is a permutation function;
4)

(G-4) G(K,s,8) + G, €, 0) > G(K,s,0).

Then, a pair given by (H, &) is known as a G-metric space.

Bakhtin [29] introduced the concept of b-metric spaces as a generalization of classical
metric spaces by modifying the standard triangle inequality to accommodate a broader
class of distance functions.

Definition 2.3. The triplet (H,m,b) is known as a b-metric space for H(# () and b > 1
is a given real number. A function m : H x H — [0,00) is a b-metric on H if the next
conditions exist:

(B-1) m(k,s) =0 if and only if k = g, for any ,¢ € H;

(B-2) m(k,s) =m(s, ) for any x,s € H;

(B-3) m(k,&) < bm(k,s)+m(s,&)] for any k,¢,& € H.
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Remark 2.4. Setting ¢t = 1 in the B-3 yields the definition of a usual metric space.
Karapinar and Fulga [10] announced a new notion of supermetric as below.

Definition 2.5. Assume that H is a nonempty set and § : H x H — [1,00) is given. The
function ¢ is called a supermetric if it fulfills the next conditions:
(S-1) If §(k,s) = 0, then xk = < for any ,¢ € H;
(S-2) For all k,¢ € H,d(k,<) = d(s, K);
(S-3) For every ¢ € H, there are distinct sequences {k,},{sn} € H, with 6(ky,<n)
going to zero when n approaches infinity, such that there exists a > 1,

lim supd(sn,s) < a lim sup d(kn,s). (2.1)
n—oo n—oo
The triplet (H,d, «) is called a supermetric space.

Karapinar et al.[10] defined the ideas of Cauchy sequence, convergence, and complete-
ness concerning a supermetric space as follows:

Definition 2.6. Suppose the triplet (H,d, @) is a supermetric space. Then,

(i) asequence {k,} is called a convergent in H if and only if for all Kk € H, such that
nlggQ d(kn, k) = 0; (2.2)

(ii) a sequence {k,} is known as Cauchy sequence for every x € H if and only if
lim sup{d(kn,kp) :p>n}=0. (2.3)
n—oo
Remark 2.7. In a supermetric space, the limit of a convergent sequence is unique.

Definition 2.8. [10] A supermetric space (H,d,a) is said to be complete if and only if
every Cauchy sequence in H converges to a point in H.

George and Veeramani [18] redefined the concept of fuzzy metric spaces, originally
introduced by Kramosil and Michlek [27], by incorporating a triangular norm, as described
below.

Definition 2.9. A triplet (H, F,<) of any arbitrary set H # ), a continuous triangular
norm < with a fuzzy set F on H x H x (0, 00) is known as “fuzzy metric spaces” fulfilling
the next situations for every k,¢,&, 0 in H and all s,¢ > 0:

(GV-1) F(k,s,s) > 0;

(GV-2) F(k,s,s)=1if and only if k = ¢;

(GV-3) F(s,k,8) = F(k,s,s);

(GV_4) F(K/,f, s+ t) 2 F(KJ’C, S)OF(Qf,t);

(GV-5) F(k,s,-):[0,00) — [0, 1] is continuous.

Definition 2.10. [18] Consider {,} to be a sequence in any arbitrary nonempty set H
and (H, F, ) be “a fuzzy metric space.” Next,

(1) For any « in H and all s > 0, 1i1}_1 F(kn,k,8) = 1, implies a sequence {x,}
n—-+0oo

converges to k.

(2) For each s > 0 and ¢ € (0,1), there exists a positive integer ng such that
F(Kn,fm,s) > 1 — €, which implies that a sequence {x,} is a Cauchy sequence
for all m,n > ny.

(3) A complete fuzzy metric space is a fuzzy metric space where all Cauchy sequences
converge.
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3. MAIN RESULTS

This section introduces fuzzy supermetric spaces as an extension of classical superme-
tric structures within fuzzy set theory. An illustrative example supports the definition,
followed by the development of suitable contractive mappings to establish fixed point
theorems. The results generalize existing theorems and provide a unified framework for
addressing problems under uncertainty.

Definition 3.1. A quadruple (H, F,<,d) of any arbitrary set H # (), { a continuous
triangular norm, a real number § > 1 with a fuzzy set F on H? x (0,00) is called a fuzzy
supermetric space if the next conditions are fulfilled for each k,¢,£ € H and all s, > 0:
(FSMS-1): F(k,s,s) > 0;
(FSMS-2): F(k,s,s) =1, if and only if kK = ¢;
(FSMS-3): F(k,s,s) = F(s,k,s);
(FSMS-4): F(k,s,$)0F(s,&,t) < F(k,&,s+1);
(FSMS-5): There exist 6 > 1 such that for each k,¢ € H, there exist distinct sequences
{kn},{sn} € H, with F(kn,¢n,s) — 1 when n — oo, lim sup F(kp,k,s) <
n—oo
0 1i_{n sup F(su, k, 8),
(FSMS-6): F(k,s,.):[0,00) — [0,1] is continuous.

Remark 3.2. If the fifth condition in the above definition is omitted, we obtain GV-fuzzy
metric spaces without the requirement that § > 1.

Remark 3.3. If the fifth condition is incorporated into the triangle inequality, our defi-
nition leads to fuzzy b-metric spaces.

Example 3.4. Consider H = R and defining a product continuous triangular norm
Oy = zy, for each k,¢, £ € H and all s > 0 by

1
(")
exp| ——
s

Then (H, F,<$,0) is a fuzzy supermetric space.

F(k,q,s) =

Proof. We can demonstrate that:

1
1: F(k,¢,8) = ——— >0as0< |k —g|.
|k — <l
exp(
s
2: F(k,s,s8) = W =1 if and only if K = .
)
s
1 1
3: F(k,s,8) = = = F(s, K, S).
(If%cl |€*f~tl)
erp( —— exp( ——

S S
4 F(E ks +1) > F(E,,)OF (<, k1), from the fact

£~ nl < (e~ o+ (F2)ls - s,

we can drive
E=nl _lE=<l , l=nl
t+s S t
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Taking the exponents on both sides, we obtain,

exp(%) < exp(‘ggd)exp(k;M)

and we have,

1 1 1

el =\ =l )’
eon(Cgr)  Neor(B57) Nean(B7)

Thus F(&,k,s+t) > F(&,6,5)QF(s, Kk, t) for each k,&,¢ € H and all s,t > 0.

5: If there exist § > 1 such that for each k,¢ € H, then we have a distinct sequences
{kn},{sn} € H, with F(kp,sn,s) — 1 when n goes to oo,

. 1 . 1
lim sup{ ———— | <6 lim sup| ————— |.
n— 00 (|l€n—l€‘) n—00 (‘gn_’ﬂ)
exp| —— exp| ——
S

S

6: F(k,s,.) : [0,00) — [0,1] is continuous. Hence, (H, F,<,d) is a fuzzy supermetric
space.

Remark 3.5. Every fuzzy supermetric space can be a fuzzy metric space, the reverse is
false.

Definition 3.6. Consider (H, F, <, d) to be a fuzzy supermetric space. Then, F' is known
as triangular if the next condition holds:

1 1 1
G ees -1

1< (——-1
Fires = Feeew Y
for each k,¢,& in H and all s > 0.

Definition 3.7. A function 6 : [0,1] — [0, 1] is known as a d-nondecreasing for any real
number § > 1, there exist k < ¢ in the domain such that 6(x) < 0(d<).

Lemma 3.8. A function F(k,s,.) : [0,00) — [0,1] is a §-nondecreasing for every k,s €
H and for any real number § > 1.

Proof. Assuming that s > 0,¢t > 0, and s > ¢, we ensure
F(k,s,8t) > F(k,k,t — 8)OF (k,s,8) = 1OF (K, 5, 8) = F(k,s, 3).
Hence, F(k,s,s) < F(k,g,dt), that is a J-nondecreasing.

Lemma 3.9. If a quadruple (H, F, <, 0) is a fuzzy supermetric space, then there exists a
d-nondecreasing F(k,s,s) for any k,¢,k € H, all s,t > 0.

Proof. For each positive parameter s,¢ with ¢ > s, then from (FSMS-4) of fuzzy super-
metric space we have

F(r, &) QF(§,5,5) < F(k,6,t +5).
And if there exist distinct sequences {£, }, {s,} in H such that F(kp,<n,s) = 1 asn — oo,
we have

lim sup F(kn,K,s) >0 lim sup F(s,, K, S).
n—oo n—oo
Hence, F(k,s, s) is a d-nondecreasing.

Definition 3.10. Assume that (H, F,<$,0) is a fuzzy supermetric space. Next

Bangmod Int. J. Math. & Comp. Sci., 2025
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a) A sequence {k,} in a fuzzy supermetric space converges to an element x in H if
and only if lim,,, o sup F'(kn, k,s) = 1.

b) If there exists € € (0,1) such that F(kp, km,s) > 1 — €, for each k € H, then a
sequence {k,} in a fuzzy supermetric space is said to be a Cauchy sequence for
each n,m > ng where ng is a positive integer.

c) A fuzzy supermetric space (H,F,<,d) is said to be complete if every Cauchy
sequence {k,} in H converges to a point k in H.

Definition 3.11. Suppose that a quadruple (H, F, {,0) is a fuzzy supermetric space. A
function T': H — H is called a fuzzy contractive if any p in (0, 1) such that
L el )
F(Tk,Tg,s) F(k,s,s)
for each k,¢ € H and s > 0.

(3.2)

Theorem 3.12. Let T : H — H be a fuzzy contractive mapping, and suppose that the
quadruple (H, F,<,0) forms a complete fuzzy supermetric space. Then T admits a unique
fixed point k in H such that Tk = k.

Proof. Consider kg € H and define an iterative k,, = T" kg for n € N. For each s > 0
and using Equation (3.2), we have

1 1 1
—1= 1<yl 1
F(“na“n-{—las) F(Tﬂn—lvT’{nvs) - M(F(Hn—laﬂnvs) )
1 1
< 1= (1
o u(M(F(Kn—27Kn—lah) )) s (F(Kn—Qa"{n—lvs) )
1
<py(—=——-1).
=H (F(I{ml{hs) )
By (FSMS-6), proceeding the limit as n goes to oo with the point lim,, ., p"(t) = 0,
where t = ——— — 1, we get limy, o0 F(Kn, knt1,$) = 1. Again, using Equations
F(K/Oa Ry S)
(3.1) and (3.2) for any positive n,m € N by means of n < m , we get

1 1 1
e Y
F(K‘na"im7s) o (F(K/nvﬂn-‘rlv ) + F(K’I’L-‘f-lvfim)S)

(F(Tnn 1,Tnn, 5 1)+ (F(Tﬁn,l{nm,l,s) -1)

! (Fomm ) V4 (s V)
oy ) G )]
.gm[(mflp(m*lﬂ

goes to 0 as n goes to infinity yields that lim,, oo F(kn, £m,s) = 1. As a result, the {x,}
sequence is Cauchy. Given the completeness of the specified fuzzy supermetric space, the
Cauchy sequence {x,} is guaranteed to converge. Let’s say it converges to a point x in

I A

IA

IN
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H such that k, — k. Using (FSMS-4) and all s,¢ > 0, we have

F(Tk,k,s+1t)) > F(Tk, Tk, $)OF (Knt1, K, t)
> F (K, bn, $)OF (Knt1, K, t)
>101 = 1.

as n goes to infinity. By (FSMS-2), Tk = k implies « is a fixed point of 7. To show
uniqueness, suppose that T'¢ = ¢ # k = T'k. For any positive s, we have

1 1
1= t<pu(—m 1
F(k,s,5) F(Tk,Ts,s) - 'u(F(/i,g7 s) )

§~-~§u”(

R T Y
F(k,s,8)

as n goes to infinity. Therefore, F'(k,¢,s) = 1 implies k = g.

Remark 3.13. The above theorem generalizes particular instances of the fuzzy Banach
contraction theorem presented in [30], Theorem 1 of [31], and Theorem 4.4 of [32], by
extending the framework from a fuzzy metric space to that of a fuzzy supermetric space.

Example 3.14. Let H = R, and define the mapping 7 : R — R by

K
T(k) = =.
() = &
Define a fuzzy supermetric F': R x R x (0,00) — [0,1] by

S
Floss) = ey

and < is the product t-norm: ab = ab,d = 1. Then (H, F, <, ) is a fuzzy supermetric
space.

To verify Theorem (3.12), first we verify that T is a fuzzy contractive mapping, that is,
inequality (3.2) satisfied. Thus, there exists u = 0.5 € (0,1) such that

1
R R G S
F(TK,TC,S) =h (F(vaas) >

Then taking s = 1, and sample values as follows

1 1
K S LHS: F(Tw, T<.1) 1| RHS: p (F(K,§, 0 1)
1.0| 2.0 ~ 0.500 0.5-1.0 =0.500
1.0 1.5 ~ 0.333 0.5-0.667 =~ 0.333
1.0 ] 1.25 ~ 0.200 0.5-0.400 = 0.200
1.0 | 1.125 ~0.111 0.5-0.222 =0.111

This confirms the contractive inequality is satisfied for all kK # ¢ € R, and T is fuzzy
contractive. Now, we illustrate the left-hand side (LHS) and right-hand side (RHS) of
the inequality (3.2) for k = 1,5 € [1,2], 4 = 0.5, and s = 1.
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I I I I
ol — LHS: 1/F(Tk,T¢,1) — 1] |
--- RHS: u(1/F(k,s,1) — 1)

2
£ —01f .
g
ey
E —02F |
o
(@]
R
—0.3 |

| | | | |
069 1 11 12 13 14 15 16 17 18 19 2 21
S

The blue curve (LHS) lies below or on the red curve (RHS), verifying the fuzzy contractive
condition.
Finally, we demonstrate the fixed point approximation using the iterative process by
Kn
2 b
starting with ko = 1, we generate the sequence
Ry = 1, K1 = 0.5, Ro = 0.25, K3 = 0.125,
I I I I I I I I I
—e— Iterates k,,

Kp41 = T(’in) =

Value &,

-
oo 2
Nel 2

10

Iteration n

Hence, all the assumptions of Theorem (3.12) are satisfied. Since (R, F}-,1) is a complete
fuzzy supermetric space, we conclude that 7T has a unique fixed point, i.e., k* = 0.

4. A (f—60)— CONTRACTIVE MAPPINGS FOR FUZZY SUPERMETRIC SPACE

The (8 — 6)— contractive mapping notion was announced by Samet et al. [33], who
subsequently developed fixed point theorems for it. Consider © to be the family of all non-
decreasing functions. A mapping from [0, +00) to [0, 4+0oc), where 6" is the n*" iteration
of 6 such that for every s > 0,37 ™(s) < +o0.

Bangmod Int. J. Math. & Comp. Sci., 2025
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Here, for each function 6 : [0,+00) — [0,+00), the next property holds: If 6 is non-
decreasing, then for each s > 0,

lim 60"(s) =0 implies 0(s) < s.

n—-+oo

Definition 4.1. [33] Consider (H,m) to represent a metric space. If there are two
functions 8 : H x H — [0,400) and 6 € O, then a mapping T : H — H is called
(8 — 0)-contractive if

Bk, )m(Tk, T<) < 0(m(x, <)), (4.1)
for all k,¢ € H.

Remark 4.2. Letting 6(s) = s and S(k,s) = 1, definition (4.1) reduces to Banach
Contraction for 0 < s < 1.

Definition 4.3. [33] Let 5 : H x H — [0,4+00) and a function T : H — H be given.
When k,¢ € H, then T is referred to as an S-admissible.

B(k,¢) > 1= B(Tk,Ts) > 1. (4.2)
Example 4.4. [33] Consider H = (0,+00). Define a functions: 7' : H — H and § :
H x H — [0,400) as Tk = lnk and B(k,s) = { (2): ii: i z: for each k,¢ in H. Then,
a mapping T is B-admissible.

Samet et al. [33] formulated and proved a fixed point theorem pertaining to the notion

of a (8 — 0)-contractive mapping, stated as follows:

Theorem 4.5. Consider a pair (H,m) be a complete metric space. A mapping T : H —
H be a (B — 0)-contractive function satisfying the next conditions:
(i) T is B-admissible;
(ii) there is one kg € H such that 5(ko, Tko) > 1;
(iti) T is continuous.

A mapping T has a fixed point, meaning that Tko = ko exists for all kg € H.

Karapnar [34] presented fixed point theorems for generalized metric spaces based on
(8, 0)-contractive mappings, as outlined below.

Theorem 4.6. Assume that a pair (H, m) represents a complete generalized metric space.
Assume that a function T : H — H is an (8 — 0)-contractive and
(i) T is B-admissible;
(ii) there exists ko € H so that B(ko, Tko) > 1 & B(ko, T?ko) > 1;
(iii) T is continuous.
Then, a function T admits a fized point in H.

Aydi et al. [35] extended the concept of (8 — 6)-contractive mappings within the
framework of generalized metric spaces.

Definition 4.7. [35] Let (H,m) be a pair representing a generalized metric space. For
every k,s € H, aself-mapping T is referred to as a generalized (3—6)-contractive mapping
of type 1, if two functions 8 : H x H — [0,00), 6 € O exist such that

B(k,s)m(Tk,Ts) < O(N(k,s)), (4.3)
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where
N(k,s) = max{m(k, <), m(k,Tk), m(s,T<)}. (4.4)

Definition 4.8. [35] Let (H,m) be a pair representing a generalized metric space. For
any k,s € H, a self-mapping T is referred to as a generalized (8 — §)-contractive mapping
of type II, if two functions 5 : H x H — [0,00),0 € © exist such that

Bk, )m(Tk, T<) < 6(D(k,<)), (4.5)
where
m(k, Tk) +m(s,Ts
D(k,s) = max{m(k,s), ( ) 5 ( >} (4.6)
Theorem 4.9. [35] Consider a pair (H,m) to be “a complete generalized metric space”

and T : H — H be a generalized type I (8 — 0)-contractive mapping. Suppose that
(i) T is B-admissible;
(ii) there exist ko € H such that B(ko, Tko) > 1, B(ko, T?ko) > 1;
(ii) T is continuous.
Then, T has a fixed point k € H.
By initiating with the works of Aydi et al. [35], Karapnar [34], and Samet et al. [33],

we defined the (8 — #)-contractive mappings for fuzzy supermetric space. Let © be the
set of all functions 6 : (0, 1] — (0, 1] satisfying the following properties:
(i) 0 is nondecreasing on (0, 1];
(i) () <t for all t € (0,1] (i.e., 0 is a generalized contraction);
(iil) limy oo 0™(t) =0 for all £ € (0,1) (i.e., the iterates 8™ (t) converge to zero);
(iv) 0(1) < 1.

Definition 4.10. Consider T': H — H to be a mapping and a quadruple (H, F,<,d) to
be a fuzzy supermetric space. If there are two functions S : H x H x (0,+00) — [0, 1]
and 6 € O, then T is called a (8 — #)-contractive mapping of the first type such that

B(k,s,s)F(Tk,Ts,s) > 0(M(k,s,s)), (4.7
where

M(k,s,s) = max{F(k,s,s), F(k,Tk,s), F(s,Ts,s)},
for each k,¢ € H and all s > 0.

Building on Definition 4.3 from [33, Definition 2.2], we introduce the notion of S-admissibility
in the context of fuzzy supermetric spaces as follows.

Definition 4.11. Consider T : H — H and 8 : H x H x [0,400) — [0,+00) to be
functions. For each k,¢ € H and s > 0, we say that T is S-admissible if

B(k,s,8) > 1= B(Tk,T<,s) > 1. (4.8)
Theorem 4.12. Let (H,F,{,0) be a complete fuzzy supermetric space. Consider T :
H — H be (8 — 0)-contractive mapping of the first type. Assume that

(a) T is a B-admissible;
(b) there is one ko € H such that B(ko, Tko,s) > 1 and B(kg, T?ko,s) > 1;
(¢) T is continuous.
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Then, for all k,¢ € Fix(T), a mapping T has a unique fized point such that B(k,s,s) > 1,
where the set of fized points of T is denoted by Fix(T).

Proof. By assumption (b), there exists ko € H such that 3(kg, Tko,s) > 1 and B(kg, T?Ko, ) >
1 for any s > 0, thereby satisfying the initial condition required to guarantee the existence
of a fixed point. Defining an iterative sequence {k,} in H by

Kns1 = Thy = T" kg, for any n in N.

If we have kn, = Kny,41 for some ng, then k,, = Ky, is a fixed point of T'. Therefore, in
the course of the proof, we consider that

Kn 7 Kntl- (4.9)
By assumption a), since T is a -admissible, we have
B(ko, k1,8) = B(ko, Tko,s) > 1 = B(Tko, T?ko, s) = B(k1, ka,s) > 1. (4.10)

Recursively, we obtain,

B(kn, Knt1,8) > 1 for each n =0,1,2,--- . (4.11)
And in parallel, we determines that

B(ko, Ko, 8) = B(ko, T?ko,8) > 1 = B(Tko, T?ko, s) = B(k1, k3, s) > 1. (4.12)
Iteratively, we obtain

B(kn, Knta,s) > 1 for each n=0,1,2,--- . (4.13)

Now, to prove the Cauchy sequences, we need to show the following cases to be valid.
These are
i) nl;néo F(Kn,y knt1,8) = 1.
As the given mapping is (8 — 6)-contractive mapping, with Equation (4.11), we realize
that
F(knybnt1,8) = F(Tkn-1,Tknp, )
> B(kn-1,6n, 8)F(Tkn—1,Tkn, ) (4.14)
> 0(M(Kn—1, kn, $S)),
for each n > 1, where
M (Kn—1, &n,s) = max{F(kn_1,kn,$S), F(kn-1,Tkn-1,8), F(kn, Tkn,s)}
= max{F (kn-1,kn, ), F(Kn-1,Kn,8), F(kn, int1,9)} (4.15)
= max{F(kn—1,kn, ), F(Kn, knt1,8)}
Now, if M(Kn—1,6n,8) = F(kn, kn+1,5)(# 0), then Equation (4.14) becomes
F(Knyknt1,8) = 0(M(Kp—1,kn, $)) = 0(F(kn, kn+1,5)) < F(Kn, Bnt1,8),

which is a contradiction. Hence, M (kn—1,Kn,8) = F(kn_1,kn,s) for each n € N and
Equation (4.14) becomes

F(Kny bnt1,8) > 0(F(kn—1,kn,$S)) = F(kn, bnt1,8) < F(kn—1, kn, S). (4.16)
Then, by Equation (4.14), we obtain that
F(kny knt1,8) > 0™ (F (Ko, k1, s)) for each n € N. (4.17)
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So that case (i) is proved by the property of 0, that is, lim F(k,,kn+1,$) = 1. In the
n—oo
same fashion, we can prove (ii). That is, lim F(kn, knt2,$) = 1.
n—oo

iii) We aim to show that lim F(ky,&m,s) = 1. Assume, for all n # m, that
n,Mm—00

Kn 7# K-

To proceed, we employ a proof by contradiction: Suppose there exist n,m in N with n # m
such that k,, = Ky,. Since F(ky, kq+1,5) > 0 for each ¢ € N, without loss of generality, we
suppose that m > n+ 1. Having m > n, we can derive k,, = T™ "(T" ko) = T" Ko = Kn.-
Now, we can consider that

F(knybnt1,8) = F(6n, Tk, $) = F(Kkm, Thm, $)
= F(TfimflvT"imv S) > ﬂ(ﬁmflv K, S)F(TnmflaTHm» 3) (418)
> 6)(]\4("@%717 Rm, 5))7
where
M(ﬁmflv Rm, S) = maX{F(’imfla R, 3)7 F(Hmflv T’imfh 5)7 F(K'ma T’imv 8)}
= maX{F(K}m,]J R, 8)7 F(Hmfla R, 8)7 F(Hma "im+1? S)}

= maX{F(an_l, Km, 8)7F(’%ma Km+1, S)}

(4.19)
If M(Km—1,Km,S) = F(Km—1,Km, s), then Equation (4.18) becomes
F(knybnt1,8) = F(kn, Tk, $) = F(Kkm, Tkm, $)
= F(Km, Km+1,8) = B(Emy Em+1,8)F(Thm—1,Tkm, $)
> (M (-1, i 8)) = OF (1 i, ) (4.20)
> 0" (F(Kny Bnt1, S))-
Using the property of 8, inequality (4.20) yields
F(kn, knt1,8) = 0" (F(kn, knt1, 8)) < F(Kn, Knt1,8), (4.21)

which is a contradiction. Again, if M(Km—1,5m,S) = F(Km,Em+1,$), then Equation
(4.18) becomes

F(kn,tnt1,8) = F(kn, Thn, 8) = F(Em, Thm, S)
F(T’Qm—la Tkm, 5) > B(Hm—la Km, S)F(T"Qm—ly Tk, 5)

> O(M (Kon—1 i 8)) = O(F (K i 5)) (4.22)
> 0™ " Y F(kin, kg1, 8))-
By the property of 6, inequality (4.22) gives that
F(Kny fing1,8) > 0™ " F(kn, kng1,8)) < Fkn, fni1, 8), (4.23)
which is a contradiction. So, lim F(kp,&m,s) = 1.
iv) Now, if we prove lim l? ’(Z:,szner, s) = 1, then we confirm that {x,} is a Cauchy

n,m— oo
sequence. We must consider two scenarios to achieve this.
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Case 1: Suppose that m = 2¢+1 where ¢ > 1,q € N. Then, using the triangle inequality
repeatedly and letting sg, s1,- - , 824 > 0 such that Z?io s; = s, we have
F(Kru Rn+m, S) = F(ﬁ'ru Rn+42q+15 S)

4.24
Z F(Kna Rn+1, SO)QF(Htha Rn+2, 51)<> .. OF<Kfn+2qa Kn+2q+17 82q)~ ( )

Each term in the product satisfies F'(k;, k;41,5;) — 1 as ¢ — oo. Hence, for large enough
n, we have

2q
F(Kn, Entm,S) > H F(&ntj,Kntjt1,85) = 1 (4.25)
§=0
Therefore,
lim F(Kn,Kntm,s) = 1.

n—oo

Case 2: Assume that m = 2¢q where ¢ > 1,¢q € N. Then, using the triangle inequality
repetitively and choose sq, 51, -, S24—1 > 0 such that Z?igl s; = 8. Then

F(Hna Rn+m, 5) = F(K:ny Rn+42q, 5)
(4.26)
2 F(/’/v'na Rn+41, SO)OF(HTH—M Rn42, 51)<> ‘e <>F(Hn+2q—17 ’in+2q7 52q—1)-

Again, as n — 00, each term tends to 1, and by the continuity of the t-norm <, we get

lim F(kn, Kntm,s) = L.
n—oo

Since both even and odd cases yield the same result, we conclude that

lim  F(&n, Kntm,s) = 1, for each s > 0,
n,Mm—00

which implies that {x,} is a Cauchy sequence. Since (H,F,<,d) is a complete fuzzy
supermetric space, there is a point x in H such that,

lim F(kn,k,s) = 1. (4.27)

n—oo
And, by assumption c), since T is continuous, we get from Equation (4.27)
lim F(kpy1,TR,s) = lim F(Tky,Tk,s) = 1. (4.28)
n—oo n—oo
That is, Tk = k indicates that & is a fixed point of T, as lim k,41 = K, suggests.
n—oo
To show uniqueness, consider Tk = k # ¢ = T's for each k,¢ € H. Then, we have
F(k,,8) 2 B(k,<,8)F(k,<,8) = B(Tk, T<,s)F(Tk, T, 5)
> 0(M(k,s,s)) = 0(max{F(k,s,s), F(k,Tk,s),F(s,Ts,s)}) (4.29)
= 9(F(l€,§, 5)) < F(I{,(, 5)7
which is a contradiction. Therefore, x = .

Remark 4.13. The foregoing theorem extends a particular case of Theorem 15 in [35] by
generalizing the framework from a generalized metric space to that of a fuzzy supermetric
spaces.
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Definition 4.14. Let T': H — H be a mapping and let (H, F, {,J) be a fuzzy superme-
tric space. Suppose there exist two functions 8 : H x H x (0,+00) — [0,1] and 6 € O,
then T is called a (8 — #)-contractive mapping of the second type such that

B(k,s,8)F(Tk,Ts,s) > 0(N(k,s,s)), (4.30)

where

F(k, T F(c. T
N(k,s,s) = max {F(n,g, 9), (r, Tk, s);> (s, Ts,s) }7
for each k,¢ € H. and all s > 0.

Theorem 4.15. Let (H, F,<,d) be a complete fuzzy supermetric space, and let T : H —
H be a (8 — 0)-contractive mapping of the second type. Suppose that the following condi-
tions hold:

(a) T is a B-admissible;
(b) there is one ko € H such that B(ko, Tko,s) > 1 and B(ko, T?ko,s) > 1;
(¢) T is continuous.

Then, for all ko, k1 € Fix(T), a mapping T has a unique fized point such that 5(ko, k1, $) >
1, where all the set of fixed points of T is denoted by Fix(T).
Proof. By utilizing assumption (b), we aim to establish the existence of a fixed point.
For any k¢ € H, this assumption guarantees that

B(ko, Tko,s) >1 and B(ko, T?ko,s) > 1 for all s > 0.
Define an iterative sequence {k,} in H by

Kny1 = Thy = T" kg, for each n > 0. (4.31)

The proof is complete if there exists some n € N such that x,, = k41, which implies that
Kn is a fixed point of T'. Suppose that k,, # k41 for each n =0,1,2,--- .
By assumption (a), since T is a S-admissible, it helps to obtain

B(ro, k1,8) = B(ko, Tk, s) > 1= B(Tko, T?ko, 5) = B(k1, k2, ) > 1. (4.32)
Inductively, we can drive

B(kn, kn+1,8) > 1 foreachn=0,1,2,---. (4.33)
Analogously, we realize that

B(ko, ko, 8) = B(ko, T?ko,8) > 1 = B(Tko, T?ko, s) = B(k1, k3, s) > 1. (4.34)
Iteratively, we obtain

B(Kn, knt+2,s) > 1 foreachn=0,1,2,---. (4.35)
To demonstrate that the sequence {x,} in H is Cauchy, we proceed with the following
steps.
Step 1: Show that lim F(ky,kny1,8) = 1.
Since T is (5 —9)-c01:1lt;;ztive of the second type, we apply the condition

B(kn—1,kn, $)F(Kn, knt1,8) > O(N(Kn-1,Kn, s)), (4.36)
where

F n—1» n»y F mnsy n b)
N(ﬁnl,mn,s):maX{F(/{n1,/<;n,s), (K1, 8)<2> (K, Fnp1 s)} (4.37)
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Since S(Kn—1, Kn,S) > 1, we obtain

F(Knybnt1,8) > O(N(Kn—1,Kn, S))- (4.38)
Now, suppose that N(k,—_1,kn,s) = F(kn, knt1,8), then we get

F(Kn,y bnt1,8) > 0(F(kn, Knt1, ), (4.39)
which contradicts the properties of 6 unless F(ky, knt1,8) = 0. Hence,

F(kny Ent1,8) = 0(F(Kn—1,kn,8)) < F(kn=1,kn,S). (4.40)

Therefore, the sequence {F(kn, kn+1,5)} is nondecreasing and bounded below, implying
the limit exists. Using iteration and the properties of € (i.e., 8™(s) — 0), we conclude

F(kn, fnt1,8) = 0" (F(ko,k1,8)) = 0= lim F(kn,knt1,5) = 1. (4.41)
n—roo

Step 2: Show that lim F'(ky, kni2,8) = 1.

n—oo

Similarly, we proceed as in Step 1 by employing

F mny 'vn ’ F n bl n bl
F(kn, fnt2,8) >0 (max{F(nn,mnH,s), (K, Fint1, 8) O F (i1, Kint2, 5) })

2

By contradiction, we deduce that

lim F(kn, Knta,s) = 1. (4.42)
n—oQ
Step 3: Show that lim F(kp,fntm,s) = 1.
n,m—00

Now, we consider two (odd and even) cases for m > 3:
Case 1: Suppose that m = 2¢ + 1 for ¢ € N. Let sg,..., 524 > 0 such that Zz —0Si = S.
Applying the triangle inequality, we obtain
2q
F(Kn,y Bntm,S) > HF(K%_H’, Kntit1,8;) — 1 as n — oo. (4.43)
i=0
Case 2: Suppose that m = 2q. Let sg,...,524—1 > 0 with ZZ 0 ls; =s. Utilizing the
triangle inequality, we deduce that

2g—1
F(Kn,y Bntm,S) > H F(Kptiybntit1,8i) — 1 as n — oc. (4.44)
i=0
From inequality (4.43) and (4.44), we get that lim F(kn, Kntm,S) = 1. Hence, {k,}
n,Mm—00
is Cauchy, and by completeness of (H, F, <, 0), there exists k € H such that
lim F(kn,k,s) = 1. (4.45)

n—oo

To show that « is a fixed point, from continuity of 7' (assumption c)), we get

lim F(Tky,Tk,s) = hm F(knt1,Tk,s) = 1. (4.46)

n—oo
Hence, Tk = k.
To show the uniqueness, assume that x,¢ € Fiz(T) with « # ¢ and B(k,s,s) > 1. Then,
we have

F(k,s,8) >0 (max {F(H,§, s),

F(r,Tr, 8)OF(s, Ts, s) }) . (4.47)

2
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Since Tk = k and T = ¢, inequality (4.47) becomes
F(k,<,8) 2 0(F(k,<,5)) < F(k,s, s), (4.48)
a contradiction. Hence, k = ¢.

Remark 4.16. The above theorem is an extension of a special case of Theorem 16 of
[35], where the generalized metric space is replaced by fuzzy supermetric spaces.

Example 4.17. Let H = R, and define the mapping 7' : R — R by

T(k) = g

Define a fuzzy supermetric F : R x R x (0,00) — [0, 1] by

S

F(k,¢,s) = m,

and ¢ is the product t-norm: ab = ab, with real number 6 = 1 and fix 6(s) =
;, B(k,s,s) = 1 for all k,¢ € R,;s > 0. Then (H,F,<{,0) is a fuzzy supermetric
space. Now, to verify Theorem 4.15 first we verify the contractive inequality (second
type) (4.30). Let k =1, ¢ = 1.5, s = 1. Then, we compute

T(k) =05, T(s)=0.75
1 1

F(Tk,T¢,s) = = =08

(TrT<9) = T o5 -075 ~ 125
F - —0.

(K<, 8) 1505 0.6667

1

F(k, Tk, s) = —0.6667, F(,T¢,s) = ——— ~0.5714

(kT 8) = 70705 P T s) =575

0.381

F(5, Tr, s)OF (s, T, 5) = 0.6667 - 0.5714 ~ 0.381 = ~7— ~ 0.190

where

~0.6667

N(k,s,s) = max{0.6667, 0.190} = 0.6667, 6(N) = 0.3333.

Hence, we obtain
LHS = 8(k,s,1) - F(Tk,Ts,1) =1-0.8 =0.8 > 0.3333 = RHS.

Thus, contractive inequality (4.30) is satisfied. Next, we illustrate the comparison of LHS
and RHS in the (8—6)-contractive inequality as

F(Tk,Ts,1) > 0 (N(k,s,1))

for fixed kK = 1,s = 1, and varying ¢ € [0.1, 2].
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[ [ [ [
1[ —LHS: F(Tk,Ts,1) |
--- RHS: 0(N(k,¢,1))
0.8 ]
()
=
06| .
0.4 | |
0'27 | | | | | | | | | | 1

|
0 02 04 06 08 1 1.2 14 16 1.8 2

As observed, the blue curve (LHS) lies above the red curve (RHS), verifying the (8—6)-
contractive condition (4.30). Then we verify conditions (a), (b), (c¢) of Theorem 4.15
(a) B =1 = B-admissibility holds trivially.
(b) Let rg = 1. Then B(ko, T (ko),1) =1, B(ko,T?(ko),1) = 1.
(c) T(k) = g is continuous on R.
Finally, we demonstrate the fixed point approximation using the iterative process numer-
ically by
Kn
5 -
Starting with k9 = 1, we generate the sequence

Fnt1 = T(kn) =

Ko
1
0.5
0.25
0.125
0.0625
0.03125
0.015625
0.0078125

Clearly, x, — 0 as n — oo, which is the unique fixed point of T'. So, we can illustrate the
convergence plot of the iteration as below.

O U R W~ O3
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T T T T T T T T
—e— Iterates k,,

0.9
0.8 -
0.7
0.6 -
0.5
0.4+
0.3
0.2
0.1

Value &,

Iteration n

Since all assumptions of Theorem 4.15 are satisfied, the mapping T'(k) = g has a unique

fixed point k* = 0, and the iterative sequence converges to it.

5. APPLICATIONS

Applications of a fixed point theory in fuzzy supermetric spaces can be found in fields
such as optimization, control theory, and mathematical modeling, where the presence
of uncertainty and imprecision in distance measurements necessitates a more flexible
approach to defining and analyzing fixed points. Here we demonstrate the existence
theorem for the Fredholm integral equation.

Consider H = C(]0,p],R) be the space containing all real-valued continuous functions
defined on [0,p] for 0 < p < 1 and define a function A : H x H — [1,+00) by A(k,¢) =
K + ¢ + 2. The fuzzy supermetric F) is defined on H by

1
|K(t) = <(1)]

SUP¢e(0,p] s

Fy(k,s,8) = JK, 6 € H s> 0. (5.1)
Then, (H, F),<,0) is a complete fuzzy supermetric space.

Theorem 5.1. Consider (H, Fy,{,d) a complete fuzzy supermetric space satisfying equa-
tion (5.1). Assume that a mapping T : H — H is an integral operator given as

Tr(a) = /OpF(mb,ﬁ((‘z))da—i—s(b), (5.2)

where p € H, and F(a,b,5(a)) : [0,p] x [0,p] = R is a function that is continuous.
Suppose there exists a function B : [0, p] x [0,p] — [0, +00) such that B € L*([0, P],R) for
any a,b € [0,p], and it satisfies the following:

(Z) |F(d’ b’ H(b» N F<d7 b,C(b))| < ﬁ<d7 b)l’%<b) - §(b)|,‘

(i1) the integral foa B(a,b)db is bounded, that is, there exists some q € (0,1) such that

0< sup / B(a,b)db < g < 1;
a€0,p] JO
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(iii) Assume

o ds@ @l (@) — (@)
e Pae(o.p) s > 2¢ Pae(o,p] S

Then, the integral equation (5.2) has a solution.

Proof. We know that (H, F),<,0) is a complete fuzzy supermetric space. Assume that
a mapping T : H — H is an integral operator given as

Tw(a) = /OPF(a,b,ﬂ(a))d& + s(b).

Further, letting that the following condition is satisfied:

|F(a,b, k(b)) — F(a,b,s(b))| < B(a,b)|x(b) — <(b)| for each a,b € [0,p] and k,¢ € H.
Utilizing that integral equation (5.2), present a solution, and T fulfills every requirement
of the theorem (3.12). For any k,¢ € H, then by equation (5.1), we obtain

Tr(a) — T(a)|

_ 1 T SUPago,p]
F\(Tk,Ts,s) = Tr(a) —T<(@)] =e s
SUPae(0,p) f
Jo | (a,b, k(b)) = F(a,b,5(b)|db
~ SUPae(o,p)
> s
o B, b)|k(b) — < (b)|db
— 8UPac(o,p) 5
z | (5.
15(8) — o(8) sup i (2, b)db
— SUPaglo,p]
> s
gk (b) —<(b)]
— SUP4e(o0,p] s
I OS]
2 % =HPaglo,p] s

= 2(Fx(k,5, ).

To demonstrate that T is a fuzzy contractive mapping, we must prove that equation (3.2)
is true for p € (0, 1), which yields that

1 1

(F,\(Tmn,TmnH,s) -b=< M(F)\(nn, Kntl,S) B 1)
1
SM(M(F)\(Hn—laﬁnas) _1)) (5 4)

" 1
sH (F,\(HO,HMS) -1

Equation (5.4) goes to 0 as n goes to oo, ensures that 7' is a fuzzy contractive mapping,
which confirms that all the requirements of Theorems (3.12) and (5.1) are satisfied. Hence,
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the operator T has a fixed point k* € C([0,1],R), which is a solution of the integral
Equation (5.2).

6. CONCLUSION

In this study, we introduced and developed the concept of fuzzy supermetric spaces
as an extension of classical supermetric spaces, thereby establishing a more generalized
and flexible mathematical framework. By constructing and analyzing various types of
contractive mappings, we established new fixed-point theorems within this framework.
These results significantly generalize several existing classical and contemporary theorems,
highlighting the strength and applicability of the fuzzy supermetric structure.

The theoretical contributions presented here offer a robust approach for addressing non-
linear and uncertain problems, particularly in areas where traditional metric structures
may fall short. Applications to real-world systems such as those in physics, engineering,
decision sciences, neural networks, robotics, control systems, and information theory un-
derscore the practical relevance of the proposed models. In particular, we demonstrated
the effectiveness of our findings by verifying the existence of a solution to the Fredholm
integral equation, emphasizing the utility of fuzzy supermetric spaces in solving complex
integral problems.

Future research will explore several promising directions. One potential avenue is the
development of multi-valued or hybrid contractive mappings in fuzzy supermetric spaces.
Another possibility is to expand the current findings to fuzzy supermetric-type spaces that
include probabilistic, intuitionistic, or interval-valued fuzzy elements. Moreover, studying
dynamical systems, optimization problems, or differential equations under the proposed
structure could lead to novel theoretical insights and impactful applications in science and
technology. Investigating computational methods and algorithms compatible with fuzzy
supermetric space frameworks is also a hopeful area that could further bridge theory with
practical implementation.
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