
 

 

Volume 11 (2025)
Pages 1–22

The Hybrid Steepest Descent Method with Implicit

Double Midpoint for Solving Variational Inequality

over Triple Hierarchical Problems

 

 

Sangkhae Suwansoontorn1, Winate Sanhan1, Thanyarat Jitpeera2,∗, Chirasak Mongkolkeha1,∗
1Department of Computational Science and Digital Technology, Faculty of Liberal Arts and Sciences,
Kasetsart University, Kamphaeng-Saen Campus, Nakhonpathom 73140, Thailand
E-mails: faassky@ku.ac.th; faaswns@ku.ac.th; faascsm@ku.ac.th
2Department of Science, Faculty of Science and Agricultural Technology,
Rajamangala University of Technology Lanna, Chiangrai Campus, Chiangrai 57120, Thailand
E-mails: thanyarat@rmutl.ac.th

*Corresponding author.

Received: 26 November 2024 / Accepted: 10 January 2025

Abstract Because of the importance of the variational inequality problem that related to many other

problems in various branches of science and engineering, it becomes one of the most popular topics which

many researchers pay deeply attention to study on the way to solve and the way to apply. In this

research, we study the monotone variational inequality over triple hierarchical problem. We propose a

new implicit algorithm to find the solution with the strong convergence theorem which is proved and

applied to guarantee its solution under some weak assumptions. Our results enhance those of Xu et al.,

Ke and Ma, Dhakal and Wutiphol and many other authors.

MSC: 46C05, 47H06, 47H09, 47H10, 47J20, 47J25, 65J15

Keywords: nonexpansive mapping; strongly monotone mapping; strongly positive linear bounded

operator; Lipchitz continuous; variational inequality; hierarchical fixed point

Published online: 25 January 2025
c⃝ 2025 By TaCS-CoE, All rights reserve.

 

 

Published by Center of Excellence in Theoretical and Computational Science (TaCS-CoE)

Please cite this article as: S. Suwansoontorn et al., The Hybrid Steepest Descent Method with
Implicit Double Midpoint for Solving Variational Inequality over Triple Hierarchical Problems, Bang-
mod Int. J. Math. & Comp. Sci., Vol. 11 (2025), 1–22. https://doi.org/10.58715/bangmodjmcs.2025.
11.1

https://bangmodjmcs.com/index.php/bangmodmcs
http://crossmark.crossref.org/dialog/?doi=10.58715/bangmodjmcs.2025.11.1&domain=pdf
https://doi.org/10.58715/bangmodjmcs.2025.11.1
https://doi.org/10.58715/bangmodjmcs.2025.11.1


2 S. Suwansoontorn et al.

1. Introduction

The theory of variational inequalities develop rapidly and its applications are highly
productive. In this research, we study the monotone variational inequality over triple
hierarchical problem. Throughout this paper, let C be a closed convex subset of a real
Hilbert space H with the inner product ⟨·, ·⟩ and the norm ∥ · ∥. The weak convergence
and strong convergence are denoted by ⇀ and →, respectively.

Before we mention on problems in this research, we recall some mapping definitions.
A mapping f : C → C is called ρ-contraction if there exists a constant ρ ∈ [0, 1) such
that

∥f(x)− f(y)∥ ≤ ρ∥x− y∥, ∀x, y ∈ C.

A mapping T : C → C is said to be nonexpansive if

∥Tx− Ty∥ ≤ ∥x− y∥, ∀x, y ∈ C.

A mapping T : C → C is said to be firmly nonexpansive if

∥Tx− Ty∥2 ≤ ⟨x− y, Tx− Ty⟩ .

A point x ∈ C is a fixed point of T provided Tx = x. Denote by F (T ) the set of fixed
points of T ; that is, F (T ) = {x ∈ C : Tx = x}. If C is bounded closed convex and T is a
nonexpansive mapping of C into itself, then F (T ) is nonempty [15].

One of the most interesting problems is the variational inequality which has been
extensively studied by many researchers due to its applications in various disciplines such
as engineering, economics and many others. Exactly, the well-known problem Hartmann-
Stampacchia variational inequality [7] was introduced in 1966, its aim is to find x ∈ C
such that

⟨Ax, y − x⟩ ≥ 0, ∀y ∈ C, (1.1)

where A is a nonlinear mapping. The set of solutions of (1.1) is denoted by V I(C,A).
That is, V I(C,A) = {x ∈ C : ⟨Ax, y − x⟩ ≥ 0, ∀y ∈ C}. The methodologies for solving
this problem has been widely used and improved as shown in the literature [3, 5, 20–
23, 27, 29].

Later, the more complicated problem, that is the variational inequality problem over
the fixed point set of a nonexpansive mapping, was introduced and it is well-known in
the name of hierarchical problem. Since it has been discovered, there are many extended
results which have been published continuously (see [2, 6, 10, 25, 26, 30–33]). This problem
was state as follow:

For a continuous monotone mapping A : H → H and a nonexpansive mapping T :

H → H, find x∗ ∈ V I(F (T ), A) =
{
x∗ ∈ F (T ) : ⟨Ax∗, x − x∗⟩ ≥ 0, ∀x ∈ F (T )

}
, where

F (T ) ̸= ∅. The solution set of the hierarchical problem is denoted by S.
Moreover, there is the variational inequality problem over the solution set of the

variational inequality problem over the fixed point set of a nonexpansive mapping (see
[8, 9, 11–13, 28]), which is called triple-hierarchical problem. Let A : H → H be an
inverse-strongly monotone, B : H → H a strongly monotone and Lipschitz continuous
and T : H → H a nonexpansive mapping. The triple hierarchical problem is to find

x∗ ∈ V I(S,B) =
{
x∗ ∈ S : ⟨Bx∗, x− x∗⟩ ≥ 0, ∀x ∈ S

}
, where S := V I(F (T ), A) ̸= ∅.
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A mapping A : H → H is said to be monotone if

⟨Ax−Ay, x− y⟩ ≥ 0, ∀x, y ∈ H.

A mapping A : H → H is said to be α-strongly monotone if there exists a positive real
number α such that

⟨Ax−Ay, x− y⟩ ≥ α∥x− y∥2, ∀x, y ∈ H.

A mapping A : H → H is said to be β-inverse-strongly monotone if there exists a
positive real number β such that

⟨Ax−Ay, x− y⟩ ≥ β∥Ax−Ay∥2, ∀x, y ∈ H.

A mapping A : H → H is said to be L-Lipschitz continuous if there exists a positive
real number L such that

∥Ax−Ay∥ ≤ L∥x− y∥, ∀x, y ∈ H.

A linear bounded operator A is said to be strongly positive on H if there exists a
constant γ̄ > 0 such that

⟨Ax, x⟩ ≥ γ̄∥x∥2, ∀x ∈ H.

The various methods for solving the triple hierarchical problem were widely proposed.
In 2000, Moudafi [18] introduced the viscosity approximation method to solve the fixed
point problems by both implicit and explicit methods, which are stated as follows:

xn =
εn

1 + εn
f(xn) +

1

1 + εn
Txn, ∀n ∈ N, (1.2)

and {
x1 ∈ C,
xn+1 = εn

1+εn
f(xn) +

1
1+εn

Txn, ∀n ∈ N, (1.3)

where a self mapping T : C → C is nonexpansive, f : C → C is a contraction and
εn ∈ (0, 1) for all n ∈ N.

Later in 2015, Xu et.al [35] considered the following the viscosity method to the implicit
midpoint rule, {

x1 ∈ C,

xn+1 = αnf(xn) + (1− αn)T
(

xn+xn+1

2

)
, ∀n ∈ N, (1.4)

where αn ∈ (0, 1) satisfies certain assumptions and f is a contraction. They verified that
the above iterative sequence {xn} converges to a unique fixed point.

Next, Ke and Ma [14] introduced the following generalized viscosity implicit rule{
x1 ∈ C,
xn+1 = αnf(xn)− (1− αn)T (snxn + (1− sn)xn+1), ∀n ≥ 0,

(1.5)

where αn, sn ∈ (0, 1) satisfy some certain conditions, f : C → C is a contraction. They
proved the sequence converges to a unique fixed point.

Moreover, in 2011, Dhakal and Sintunavarat [4] extended the previous idea by propos-
ing the viscosity method to the implicit double midpoint rule for a nonexpansive mapping.
They constructed the algorithm by generating the sequence {xn} by the following:{

x1 ∈ C,

xn+1 = αnf
(

xn+xn+1

2

)
− (1− αn)T

(
xn+xn+1

2

)
, ∀n ≥ 0,

(1.6)
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where αn ∈ (0, 1), f : C → H be a contraction satisfying some conditions. Their strong
convergence theorem is proved under some control condition to gaurantee the solution of
the mentioned problem.

Owing to the motivation from the previous studies, in this paper, we establish an
algorithm for solving the variational inequality over the triple hierarchical problem as
shown below.

Let B : C → C be a β-strongly monotone and L-Lipschitz continuous. Find x∗ ∈
Ω such that

⟨Bx∗, x− x∗⟩ ≥ 0, ∀x ∈ Ω, (1.7)

where Ω := V I(F (T ), A−γf) ̸= ∅, T is a nonexpansive mapping, A : C → H is a strongly
positive linear bounded operator and f : C → H is a ρ-contraction. This solution set of
(1.7) is denoted by Υ := V I(Ω, B). The strong convergence result is also proved under
some weak assumptions.

2. Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Recall
that the projection PC from H onto C, mapping each x ∈ H to the unique point in C,
satisfies the following property

∥x− PCx∥ = min
y∈C

∥x− y∥.

We sometimes call this projection as the nearest point of x in C and denote it by PCx.
Next, we state some lemmas which will be used in the rest of this paper.

Lemma 2.1. The function u ∈ C is a solution of the variational inequality (1.1) if and
only if u ∈ C satisfies the relation u = PC(u− λAu) for all λ > 0.

Lemma 2.2. For a given z ∈ H, u ∈ C, u = PCz ⇔ ⟨u− z, v − u⟩ ≥ 0, ∀v ∈ C.
It is well known that PC is a firmly nonexpansive mapping of H onto C and satisfies

∥PCx− PCy∥2 ≤ ⟨PCx− PCy, x− y⟩, ∀x, y ∈ H. (2.1)

Moreover, PCx is characterized by the following properties: PCx ∈ C and for all x ∈
H, y ∈ C,

⟨x− PCx, y − PCx⟩ ≤ 0. (2.2)

Lemma 2.3. [3]There holds the following inequality in an inner product space H

∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩, ∀x, y ∈ H.

Lemma 2.4. [1]Let C be a closed convex subset of a real Hilbert space H and let T :
C → C be a nonexpansive mapping. Then I − T is demiclosed at zero, that is, xn ⇀ x
and xn − Txn → 0 implies x = Tx.

Lemma 2.5. [16]Assume A be a strongly positive linear bounded operator on a Hilbert
space H with coefficient γ̄ > 0 and 0 < ρ ≤ ∥A∥−1, then ∥I − ρA∥ ≤ 1− ργ̄.

Lemma 2.6. [19]Each Hilbert space H satisfies Opial’s condition, that is, for any se-
quence {xn} ⊂ H with xn ⇀ x, the inequality

lim inf
n→∞

∥xn − x∥ < lim inf
n→∞

∥xn − y∥,

hold for all y ∈ H with y ̸= x.
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Lemma 2.7. [24]Let {xn} and {yn} be bounded sequences in a Banach space X and
let {βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Suppose
xn+1 = (1− βn)yn + βnxn for all integers n ≥ 0 and lim supn→∞(∥yn+1 − yn∥− ∥xn+1 −
xn∥) ≤ 0. Then, limn→∞ ∥yn − xn∥ = 0.

Lemma 2.8. [31]Let B : H → H be β-strongly monotone and L-Lipschitz continuous

and let µ ∈ (0, 2β
L2 ). For λ ∈ [0, 1], define Tλ : H → H by Tλ(x) := x − λµB(x) for all

x ∈ H. Then, for all x, y ∈ H,

∥Tλ(x)− Tλ(y)∥ ≤ (1− λτ)∥x− y∥

hold, where τ is defined by 1−
√
1− µ(2β − µL2) which is in the interval (0, 1].

Lemma 2.9. [16, 34]Assume {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− γn)an + δn, ∀n ≥ 0,

where {γn} ⊂ (0, 1) and {δn} is a sequence in R such that
(i)
∑∞

n=1 γn = ∞,

(ii) lim supn→∞
δn
γn

≤ 0 or
∑∞

n=1 |δn| < ∞.

Then limn→∞ an = 0.

3. Main result

In this section, we introduce our new iterative algorithm which is generated to solve the
monotone variational inequality over triple hierarchical problem and exactly proved its
convergence theorem that can gaurantee the convergence to the solution of the problem.

Theorem 3.1. Let H be a real Hilbert space, C be a closed convex subset of H. Let
A : C → H be a strongly positive linear bounded operator, f : C → H be a ρ-contraction, γ
be a positive real number such that γ̄−1

ρ < γ < γ̄
ρ < 1

ρ where γ̄ ∈ (0,∞). Let T : C → C be a

nonexpansive mapping, B : C → C be a β-strongly monotone and L-Lipschitz continuous.
Let ϕ : C → C be a k-contraction mapping with k ∈ [0, 1). Suppose {xn} is a sequence
generated by the following algorithm, for an arbitrary x0 ∈ C,{

zn = TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1),
xn+1 = αnϕ(rnxn + (1− rn)xn+1) + (1− αn)(I − µβnB)zn, ∀n ≥ 0,

(3.1)

where {αn}, {δn} ⊂ [0, 1]. If µ ∈ (0, 2β
L2 ) is used and if {βn} ⊂ (0, 1] satisfy the following

conditions:
(C1): Σ∞

n=1|δn+1 − δn| < ∞, Σ∞
n=1δn = ∞;

(C2): Σ∞
n=1|βn+1 − βn| < ∞;

(C3): Σ∞
n=1|αn+1 − αn| < ∞, limn→∞ αn = 0;

(C4): δn ≤ βn and βn ≤ αn.

Then {xn} converges strongly to x∗ ∈ Υ, which is the unique solution of the variational
inequality:

Find x∗ ∈ Υ such that ⟨(I − ϕ)x∗, x− x∗⟩ ≥ 0, ∀x ∈ Υ, (3.2)

where Υ is the set V I(Ω, B) which is V I
(
V I(F (T ), A− γf), B

)
.
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Proof. First, we aim to show the existence of a sequence {xn} defined by (3.1). Consider
the mapping Sn : C → C by

Snx = αnϕ(rnv+(1−rn)x)+(1−αn)(I−µβnB)TPC [I−δn+1(A−γf)](wnv+(1−wn)x)

for all x ∈ C. We can verify that the mapping Sn is a contraction for all n ∈ N and
x, y ∈ C as shown below.

∥Snx− Sny∥

=
∥∥∥αnϕ(rnv + (1− rn)x)

+(1− αn)(I − µβnB)TPC [I − δn+1(A− γf)](wnv + (1− wn)x)

−αnϕ(rnv + (1− rn)y)

−(1− αn)(I − µβnB)TPC [I − δn+1(A− γf)](wnv + (1− wn)y)
∥∥∥

≤ αn∥ϕ(1− rn)x− ϕ(1− rn)y∥
+(1− αn)

∥∥(I − µβnB)TPC [I − δn+1(A− γf)](1− wn)x

−(I − µβnB)TPC [I − δn+1(A− γf)](1− wn)y
∥∥

≤ αn(1− rn)k∥x− y∥+ (1− αn)(1− βnτ) ∗∥∥TPC [I − δn+1(A− γf)](1− wn)x− TPC [I − δn+1(A− γf)](1− wn)y
∥∥

≤ αn(1− rn)k∥x− y∥
+(1− αn)(1− βnτ)(1− wn)

∥∥δn+1(γfx− γfy) + (I − δn+1A)(x− y)
∥∥

≤ αn(1− rn)k∥x− y∥
+(1− αn)(1− βnτ)(1− wn)

(
δn+1γρ∥x− y∥+ (1− δn+1γ̄)∥x− y∥

)
=

(
αn(1− rn)k + (1− αn)(1− βnτ)(1− wn)

(
1− (γ̄ − γρ)δn+1

))
∥x− y∥

where ά = αn(1 − rn)k + (1 − αn)(1 − βnτ)(1 − wn)
(
1 − (γ̄ − γρ)δn+1

)
∈ [0, 1) for all

n ∈ N. This shows that the mapping Sn is a contraction for all n ∈ N. According to the
Banach contraction principle, we can conclude that Sn has a unique fixed point for all
n ∈ N. Thus we can verify the existence of a sequence {xn} defined by (3.1). To make an
easy description of the proof, we will divide into the following four steps.

Step 1. We will prove that {xn} is bounded. For any q ∈ F (T ), we have

∥xn+1 − q∥ = ∥αnϕ(rnxn + (1− rn)xn+1) + (1− αn)(I − µβnB)zn − q∥
= ∥αnϕ(rnxn + (1− rn)xn+1)

+(1− αn)(I − µβnB)TPC [I − δn+1(A− γf)]

(wnxn + (1− wn)xn+1)− q∥
≤ αn∥ϕ(rnxn + (1− rn)xn+1)− q∥

+(1− αn)∥(I − µβnB)TPC [I − δn+1(A− γf)]

(wnxn + (1− wn)xn+1)− q∥
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≤ αn∥ϕ(rnxn + (1− rn)xn+1)− ϕq∥+ αn∥ϕq − q∥

+(1− αn)
∥∥∥(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−(I − µβnB)TPC [I − δn+1(A− γf)]q
∥∥∥

≤ αnk∥(rnxn + (1− rn)xn+1)− q∥+ αn∥ϕq − q∥
+(1− αn)(1− βnτ) ∗∥∥∥TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− TPC [I − δn+1(A− γf)]q

∥∥∥
≤ αnk

(
rn∥xn − q∥+ (1− rn)∥xn+1 − q∥

)
+ αn∥ϕq − q∥

+(1− αn)(1− βnτ) ∗∥∥∥[I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− [I − δn+1(A− γf)]q
∥∥∥

≤ αnkrn∥xn − q∥+ αnk(1− rn)∥xn+1 − q∥+ αn∥ϕq − q∥

+(1− αn)(1− βnτ)
(
δn+1∥γf(wnxn + (1− wn)xn+1)− γfq∥

+(1− δn+1γ̄)∥(wnxn + (1− wn)xn+1)− q∥
)

≤ αnkrn∥xn − q∥+ αnk(1− rn)∥xn+1 − q∥+ αn∥ϕq − q∥

+(1− αn)(1− βnτ)
(
δn+1γρ∥wnxn + (1− wn)xn+1 − q∥

+(1− δn+1γ̄)∥wnxn + (1− wn)xn+1 − q∥
)

= αnkrn∥xn − q∥+ αnk(1− rn)∥xn+1 − q∥+ αn∥ϕq − q∥
+(1− αn)(1− βnτ)

(
1− (γ̄ − γρ)δn+1

)
∥wnxn + (1− wn)xn+1 − q∥

= αnkrn∥xn − q∥+ αnk(1− rn)∥xn+1 − q∥+ αn∥ϕq − q∥
+(1− αn)(1− βnτ)

(
1− (γ̄ − γρ)δn+1

)(
wn∥xn − q∥+ (1− wn)∥xn+1 − q∥

)
= αnkrn∥xn − q∥+ αnk(1− rn)∥xn+1 − q∥+ αn∥ϕq − q∥

+(1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
wn∥xn − q∥

+(1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
(1− wn)∥xn+1 − q∥

=
(
αnkrn + (1− αn)(1− βnτ)

(
1− (γ̄ − γρ)δn+1

)
wn

)
∥xn − q∥+ αn∥ϕq − q∥

+
(
αnk(1− rn) + (1− αn)(1− βnτ)

(
1− (γ̄ − γρ)δn+1

)
(1− wn)

)
∥xn+1 − q∥

=
(
αnkrn + (1− αn)(1− βnτ)

(
1− (γ̄ − γρ)δn+1

)
wn

)
∥xn − q∥+ αn∥ϕq − q∥

+
(
αnk − αnkrn + (1− αn)(1− βnτ)

(
1− (γ̄ − γρ)δn+1

)
(1− wn)

)
∥xn+1 − q∥.

It implies that

∥xn+1 − q∥

≤
αnkrn + (1− αn)(1− βnτ)

(
1− (γ̄ − γρ)δn+1

)
wn

1− αnk + αnkrn − (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
(1− wn)

∥xn − q∥
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+
αn

1− αnk + αnkrn − (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
(1− wn)

∥ϕq − q∥.

Since

αnk + (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
− αnk(1− rn)

−(1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
(1− wn)

= αnk + (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
− αnk + αnkrn

−(1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
(1− wn)

= αnkrn + (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
(1− (1− wn))

= αnkrn + (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
wn

> 0,

and 1− αnk(1− rn)− (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
(1−wn)− αn > 0. Then, we

have

1− αnk − (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
1− αnk(1− rn)− (1− αn)(1− βnτ)

(
1− (γ̄ − γρ)δn+1

)
(1− wn)

∈ (0, 1)

and

αn

1− αnk(1− rn)− (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
(1− wn)

∈ (0, 1).

Hence

∥xn+1 − q∥

=

(
1−

1− αnk − (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
1− αnk(1− rn)− (1− αn)(1− βnτ)

(
1− (γ̄ − γρ)δn+1

)
(1− wn)

)
∥xn − q∥

+
αn

1− αnk(1− rn)− (1− αn)(1− βnτ)
(
1− (γ̄ − γρ)δn+1

)
(1− wn)

∥ϕq − q∥

= (1− λn)∥xn − q∥+ dn∥ϕq − q∥,

where λn is definded by
1−αnk−(1−αn)(1−βnτ)

(
1−(γ̄−γρ)δn+1

)
1−αnk(1−rn)−(1−αn)(1−βnτ)

(
1−(γ̄−γρ)δn+1

)
(1−wn)

and dn is defined

by αn

1−αnk(1−rn)−(1−αn)(1−βnτ)
(
1−(γ̄−γρ)δn+1

)
(1−wn)

. Then, by mathematical induction im-

plies that

∥xn − q∥ ≤ ∥x0 − q∥, ∀n ≥ 0.

Therefore {xn} is bounded. Consequently, we also obtain {ϕ(rnxn + (1− rn)xn+1)} and
{TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)} are bounded.
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Step 2. We claim that limn→∞

∥∥∥xn+1 − xn∥ = 0 and limn→∞ ∥xn − Txn∥ = 0. From

(3.1), we have, for each n > 1,

∥xn+1 − xn∥

=
∥∥∥αnϕ(rnxn + (1− rn)xn+1)

+(1− αn)(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−αn−1ϕ(rn−1xn−1 + (1− rn−1)xn)

−(1− αn−1)(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)
∥∥∥

≤ αn∥ϕ(rnxn + (1− rn)xn+1)− ϕ(rn−1xn−1 + (1− rn−1)xn)∥

+(1− αn)
∥∥∥(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)
∥∥∥

+|αn − αn−1|∥ϕ(rn−1xn−1 + (1− rn−1)xn)∥
+|αn − αn−1|∥(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥

≤ αnk∥(rnxn + (1− rn)xn+1)− (rn−1xn−1 + (1− rn−1)xn)∥
+|αn − αn−1|∥ϕ(rn−1xn−1 + (1− rn−1)xn)∥
+|αn − αn−1|∥(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥

+(1− αn)
(∥∥(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−(I − µβnB)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)
∥∥

+
∥∥(I − µβnB)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)

−(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)
∥∥)

≤ αnk(1− rn)∥xn+1 − xn∥+ αnkrn−1∥xn − xn−1∥
+|αn − αn−1|∥ϕ(rn−1xn−1 + (1− rn−1)xn)∥
+|αn − αn−1|∥(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)(1− βnτ)

∥∥[I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−[I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)
∥∥

+(1− αn)µ|βn − βn−1|∥BTPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥
= αnk(1− rn)∥xn+1 − xn∥+ αnkrn−1∥xn − xn−1∥

+|αn − αn−1|∥ϕ(rn−1xn−1 + (1− rn−1)xn)∥
+|αn − αn−1|∥(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)(1− βnτ) ∗∥∥∥δn+1

(
γf(wnxn + (1− wn)xn+1)− γf(wn−1xn−1 + (1− wn−1)xn)

)
+(I − δn+1A)(wnxn + (1− wn)xn+1 − wn−1xn−1 − (1− wn−1)xn)

+(δn+1 − δn)γf(wn−1xn−1 + (1− wn−1)xn)

+(δn+1 − δn)A(wn−1xn−1 + (1− wn−1)xn)
∥∥∥

+(1− αn)µ|βn − βn−1|∥BTPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥
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≤ αnk(1− rn)∥xn+1 − xn∥+ αnkrn−1∥xn − xn−1∥
+|αn − αn−1|∥ϕ(rn−1xn−1 + (1− rn−1)xn)∥
+|αn − αn−1|∥(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥

+(1− αn)(1− βnτ)
(
δn+1γρ∥wnxn + (1− wn)xn+1 − wn−1xn−1 − (1− wn−1)xn∥

+(1− δn+1γ̄)∥wnxn + (1− wn)xn+1 − wn−1xn−1 − (1− wn−1)xn∥
+|δn+1 − δn|∥γf(wn−1xn−1 + (1− wn−1)xn)∥

+|δn+1 − δn|∥A(wn−1xn−1 + (1− wn−1)xn)∥
)

+(1− αn)µ|βn − βn−1|∥BTPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥
≤ αnk(1− rn)∥xn+1 − xn∥+ αnkrn−1∥xn − xn−1∥

+|αn − αn−1|∥ϕ(rn−1xn−1 + (1− rn−1)xn)∥
+|αn − αn−1|∥(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ)) ∗
∥wnxn + (1− wn)xn+1 − wn−1xn−1 − (1− wn−1)xn∥
+(1− αn)(1− βnτ)|δn+1 − δn|∥γf(wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)(1− βnτ)|δn+1 − δn|∥A(wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)µ|βn − βn−1|∥BTPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥

= αnk(1− rn)∥xn+1 − xn∥+ αnkrn−1∥xn − xn−1∥
+|αn − αn−1|∥ϕ(rn−1xn−1 + (1− rn−1)xn)∥
+|αn − αn−1|∥(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))∥(1− wn)(xn+1 − xn) + wn−1(xn − xn−1)∥
+(1− αn)(1− βnτ)|δn+1 − δn|∥γf(wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)(1− βnτ)|δn+1 − δn|∥A(wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)µ|βn − βn−1|∥BTPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥

≤ αnk(1− rn)∥xn+1 − xn∥+ αnkrn−1∥xn − xn−1∥
+|αn − αn−1|∥ϕ(rn−1xn−1 + (1− rn−1)xn)∥
+|αn − αn−1|∥(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))(1− wn)∥xn+1 − xn∥
+(1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn−1∥xn − xn−1∥
+(1− αn)(1− βnτ)|δn+1 − δn|∥γf(wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)(1− βnτ)|δn+1 − δn|∥A(wn−1xn−1 + (1− wn−1)xn)∥
+(1− αn)µ|βn − βn−1|∥BTPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥.

It implies that, for each n > 1,

∥xn+1 − xn∥

≤ αnkrn−1 + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn−1

1− αnk(1− rn)− (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))(1− wn)
∥xn − xn−1∥

+
|αn − αn−1|∥ϕ(rn−1xn−1 + (1− rn−1)xn)∥

1− αnk(1− rn)− (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))(1− wn)
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+
|αn − αn−1|∥(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥

1− αnk(1− rn)− (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))(1− wn)

+
(1− αn)(1− βnτ)|δn+1 − δn|∥γf(wn−1xn−1 + (1− wn−1)xn)∥
1− αnk(1− rn)− (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))(1− wn)

+
(1− αn)(1− βnτ)|δn+1 − δn|∥A(wn−1xn−1 + (1− wn−1)xn)∥

1− αnk(1− rn)− (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))(1− wn)

+
(1− αn)µ|βn − βn−1|∥BTPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥

1− αnk(1− rn)− (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))(1− wn)
.

Then, we have

∥xn+1 − xn∥

≤

(
1− αnk(rn − rn−1) + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))(wn − wn−1) + ξn

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn

)
∗∥xn − xn−1∥

+
|αn − αn−1|∥ϕ(rn−1xn−1 + (1− rn−1)xn)∥

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn

+
|αn − αn−1|∥(I − µβn−1B)TPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn

+
(1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn

∗

(
|δn+1 − δn|∥γf(wn−1xn−1 + (1− wn−1)xn)∥

(1− δn+1(γ̄ − γρ))wn

)

+
(1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn

∗

(
|δn+1 − δn|∥A(wn−1xn−1 + (1− wn−1)xn)∥

(1− δn+1(γ̄ − γρ))wn

)

+
(1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn

∗

(
µ|βn − βn−1|∥BTPC [I − δn(A− γf)](wn−1xn−1 + (1− wn−1)xn)∥

(1− βnτ)(1− δn+1(γ̄ − γρ))wn

)
,

where ξn is defined by 1− αnk − (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ)). This yields that,
for n > 1,

∥xn+1 − xn∥

≤

(
1− αnk(rn − rn−1) + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))(wn − wn−1) + ξn

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn

)
∗∥xn − xn−1∥
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+
|αn − αn−1|

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn
M1

+
(1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn
∗

(
|δn+1 − δn|M2

(1− δn+1(γ̄ − γρ))wn

)

+
(1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn
∗

(
|δn+1 − δn|M3

(1− δn+1(γ̄ − γρ))wn

)

+
(1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn

αnkrn + (1− αn)(1− βnτ)(1− δn+1(γ̄ − γρ))wn + ξn

∗

(
µ|βn − βn−1|M4

(1− βnτ)(1− δn+1(γ̄ − γρ))wn

)
,

where M1 = supn≥0

{
∥ϕ(rn−1xn−1 + (1 − rn−1)xn)∥ + ∥(I − µβn−1B)TPC [I − δn(A −

γf)](wn−1xn−1 + (1 − wn−1)xn)∥
}
, M2 = ∥γf(wn−1xn−1 + (1 − wn−1)xn)∥, M3 =

∥A(wn−1xn−1 + (1 − wn−1)xn)∥ and M4 = ∥BTPC [I − δn(A − γf)](wn−1xn−1 + (1 −
wn−1)xn)∥. From (C1)-(C3) and the boundedness of {xn}, {yn}, {Axn}, {Bzn}, {ϕ(xn)}
and {f(xn)}. By Lemma 2.9, then we have

lim
n→∞

∥xn+1 − xn∥ = 0. (3.3)

Later, we need to show that limn→∞ ∥xn − Txn∥ = 0. For each n ∈ N, we obtain

∥xn − Txn∥
≤ ∥xn − xn+1∥+

∥∥xn+1 − TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)
∥∥

+
∥∥TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− Txn

∥∥
≤ ∥xn − xn+1∥+

∥∥αnϕ(rnxn + (1− rn)xn+1) + (1− αn)(I − µβnB)zn

−TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)
∥∥

+
∥∥PC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− PC [I − δn+1(A− γf)]xn

∥∥
≤ ∥xn − xn+1∥+

∥∥∥αnϕ(rnxn + (1− rn)xn+1)

+(1− αn)(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)
∥∥∥

+
∥∥[I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− [I − δn+1(A− γf)]xn

∥∥
≤ ∥xn − xn+1∥+

∥∥∥αnϕ(rnxn + (1− rn)xn+1)

+(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−αn(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)
∥∥∥

+
∥∥δn+1

(
γf(wnxn + (1− wn)xn+1)− γfxn

)
+(1− δn+1γ̄)(wnxn + (1− wn)xn+1 − xn)

∥∥
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≤ ∥xn − xn+1∥+
∥∥∥αnϕ(rnxn + (1− rn)xn+1)

−µβnBTPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−αn(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)
∥∥∥

+δn+1∥γf(wnxn + (1− wn)xn+1)− γfxn∥
+(1− δn+1γ̄)∥wnxn + (1− wn)xn+1 − xn∥

≤ ∥xn − xn+1∥ − βn∥µBTPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)∥
+αn

∥∥ϕ(rnxn + (1− rn)xn+1)

−(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)
∥∥

+δn+1γρ∥(wnxn + (1− wn)xn+1)− xn∥
+(1− δn+1γ̄)∥wnxn + (1− wn)xn+1 − xn∥

≤ ∥xn − xn+1∥ − βn∥µBTPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)∥
+αn

∥∥ϕ(rnxn + (1− rn)xn+1)

−(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)
∥∥

+(1− (γ̄ − γρ)δn+1)∥wnxn + (1− wn)xn+1 − xn∥
≤ ∥xn − xn+1∥ − βn∥µBTPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)∥

+αn

∥∥ϕ(rnxn + (1− rn)xn+1)

−(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)
∥∥

+(1− (γ̄ − γρ)δn+1)(1− wn)∥xn+1 − xn∥.

By (C3)-(C4), limn→∞ ∥xn+1 − xn∥ = 0 and it follows that

lim
n→∞

∥xn − Txn∥ = 0. (3.4)

Step 3. First, lim supn→∞⟨un−x∗, γf(x∗)−Ax∗⟩ ≤ 0 is proved. Choose a subsequence
{xni

} of {xn} such that

lim sup
n→∞

⟨xn − x∗, γf(x∗)−Ax∗⟩ = lim
i→∞

⟨xni − x∗, γf(x∗)−Ax∗⟩.

The boundedness of {xni} implies the existences of a subsequence {xnij
} of {xni} and

a point x̂ ∈ H such that {xnij
} converges weakly to x̂. We may assume without loss of

generality that limi→∞⟨xni
, w⟩ = ⟨x̂, w⟩, w ∈ H. Assume x̂ ̸= T (x̂). By limn→∞ ∥xn −

Txn∥ = 0 with F (T ) ̸= ∅ guarantee that

lim inf
i→∞

∥xni
− x̂∥ < lim inf

i→∞
∥xni

− T (x̂)∥

= lim inf
i→∞

∥xni − T (xni) + T (xni)− T (x̂)∥

= lim inf
i→∞

∥T (xni
)− T (x̂)∥

≤ lim inf
i→∞

∥xni
− x̂∥,
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which is a contradiction. Therefore x̂ ∈ F (T ). From x∗ ∈ V I(F (T ), A− γf), we find

lim sup
n→∞

⟨xn − x∗, γf(x∗)−Ax∗⟩ = lim
i→∞

⟨xni
− x∗, γf(x∗)−Ax∗⟩

= ⟨x̂− x∗, γf(x∗)−Ax∗⟩
≤ 0.

Setting un = [I − δn(A− γf)]xn and by (C3)-(C4), we notice that

∥un − xn∥ ≤ δn∥(A− γf)∥ → 0.

Hence,we get

lim sup
n→∞

⟨un − x∗, γf(x∗)−Ax∗⟩ ≤ 0. (3.5)

Second, the proof of lim supn→∞⟨x∗−xn+1, Bx∗⟩ ≤ 0 is shown. From limn→∞ ∥xn+1−
xn∥ = 0 guarantees the existences of a subsequence {xnk+1} of {xnk

} and a point x̄ ∈ H
such that lim supn→∞⟨x∗−xn+1, Bx∗⟩ = limk→∞⟨x∗−xnk+1, Bx∗⟩ and limk→∞⟨xnk

, w⟩ =
limk→∞⟨xnk+1, w⟩ = ⟨x̄, w⟩, w ∈ H. By the same discussion as in the proof of x̂ ∈ F (T ),
we have x̄ ∈ F (T ). Let y be an arbitary fixed point in F (T ). Then, it follows from
T : C → C is a nonexpansive mappings with F (T ) ̸= ∅, A : C → H be a strongly positive
linear bounded operator and f : C → H be a contraction that, for all n ∈ N. From (3.1)

∥zn − y∥ = ∥TPCun − TPCy∥
≤ ∥un − y∥. (3.6)

By (C3)-(C4), it follows that

∥un − y∥ = ∥[I − δn(A− γf)]xn − y∥
≤ ∥xn − y∥+ δn∥(A− γf)xn∥
≤ ∥xn − y∥. (3.7)

Using (3.6) and (3.7)

∥un − y∥2 = ∥[I − δn(A− γf)]xn − y∥2

=
∥∥∥δn(γf(xn)−Ay) + (I − δnA)(xn − y)

∥∥∥2
≤ (1− δnγ̄)

2∥xn − y∥2 + 2δn⟨γf(xn)−Ay, un − y⟩
≤ (1− 2δnγ̄ + δ2nγ̄

2)∥xn − y∥2 + 2δnγρ∥xn − y∥∥un − y∥
+2δn⟨γf(y)−Ay, un − y⟩

≤ (1− 2δnγ̄ + δ2nγ̄
2)∥xn − y∥2

+2δnγρ∥xn − y∥2 + 2δn⟨γf(y)−Ay, un − y⟩
= [1− 2δn(γ̄ − γρ)]∥xn − y∥2 + δ2nγ̄

2∥xn − y∥2 + 2δn⟨γf(y)−Ay, un − y⟩,
which implies that

0 ≤
(
∥xn − y∥2 − ∥un − y∥2

)
− 2δn(γ̄ − γρ)∥xn − y∥2 + δ2nγ̄

2∥xn − y∥2

+2δn⟨γf(y)−Ay, un − y⟩
= (∥xn − y∥+ ∥un − y∥)(∥xn − y∥ − ∥un − y∥)− 2δn(γ̄ − γρ)∥xn − y∥2

+δ2nγ̄
2∥xn − y∥2 + 2δn⟨γf(y)−Ay, un − y⟩

≤ M5∥xn − un∥ − 2δn(γ̄ − γρ)∥xn − y∥2 + δ2nγ̄
2∥xn − y∥2 + 2δn⟨γf(y)−Ay, un − y⟩,
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where M5 = sup{∥xn − y∥ + ∥un − y∥ : n ∈ N} < ∞, for every n ∈ N. By the weak
convergence of {uni

} to x̄ ∈ F (T ), limn→∞ ∥un − xn∥ = 0 and (C3)-(C4), we get ⟨(γf −
A)y, x̄ − y⟩ ≤ 0 for all y ∈ F (T ). A mapping A be a strongly positive linear bounded
operator and f be a contraction ensures ⟨(γf −A)y, x̄− y⟩ ≤ 0 for all y ∈ F (T ), that is,
x̄ ∈ V I(F (T ), A− γf). Thus x∗ ∈ V I(V I(F (T ), A− γf), B), we have

lim sup
n→∞

⟨x∗ − xn, Bx∗⟩ = lim sup
i→∞

⟨x∗ − xni , Bx∗⟩

= ⟨x∗ − x̄, Bx∗⟩
≤ 0. (3.8)

From (3.8), we notice that

lim sup
n→∞

⟨x∗ − yn, Bx∗⟩ ≤ 0. (3.9)

Thus, lim supn→∞⟨xn − x∗, ϕ(x∗) − x∗⟩ ≤ 0 is proved. Choose a subsequence {xng
} of

{xn} such that

lim sup
n→∞

⟨xn − x∗, ϕ(x∗)− x∗⟩ = lim
g→∞

⟨xng
− x∗, ϕ(x∗)− x∗⟩.

The boundedness of {xng
} implies the existences of a subsequence {xngh

} of {xng
} and

a point x̃ ∈ H such that {xngh
} converges weakly to x̃. By limn→∞ ∥xn+1 − xn∥ = 0,

we have limh→∞⟨xngh
+1, w⟩ = ⟨x̃, w⟩, w ∈ H. We may assume without loss of generality

that limi→∞⟨xng
, w⟩ = ⟨x̃, w⟩, w ∈ H. Assume x̃ ̸= T (x̃). By limn→∞ ∥xn − Txn∥ = 0

with F (T ) ̸= ∅, it guarantees that

lim inf
g→∞

∥xng
− x̃∥ < lim inf

g→∞
∥xng

− T (x̃)∥

= lim inf
g→∞

∥xng
− T (xng

) + T (xng
)− T (x̃)∥

= lim inf
g→∞

∥T (xng
)− T (x̃)∥

≤ lim inf
g→∞

∥xng
− x̃∥.

This is a contradiction, that is, x̃ ∈ F (T ). From x∗ ∈ V I
(
V I(V I(F (T ), A−γf), B), I−ϕ

)
,

we find

lim sup
n→∞

⟨xn − x∗, ϕ(x∗)− x∗⟩ = lim
g→∞

⟨xng − x∗, ϕ(x∗)− x∗⟩

= ⟨x̃− x∗, ϕ(x∗)− x∗⟩
≤ 0. (3.10)
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Step 4. Finally, we prove limn→∞ ∥xn − x∗∥ = 0. By Lemma 2.8, we compute

∥xn+1 − x∗∥2

= ∥αnϕ(rnxn + (1− rn)xn+1) + (1− αn)(I − µβnB)zn − x∗∥2

= ∥αnϕ(rnxn + (1− rn)xn+1)

+(1− αn)(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− x∗∥2

=
∥∥∥αn

(
ϕ(rnxn + (1− rn)xn+1)− x∗

)
+(1− αn)(I − µβnB)

(
TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− x∗

)∥∥∥2
≤ α2

n∥ϕ(rnxn + (1− rn)xn+1)− x∗∥2

+(1− αn)
2∥(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− x∗∥2

+2αn(1− αn)
⟨
ϕ(rnxn + (1− rn)xn+1)− x∗,

(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− x∗
⟩

≤ α2
n∥ϕ(rnxn + (1− rn)xn+1)− x∗∥2

+(1− αn)
2∥(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−(I − µβnB)TPC [I − δn+1(A− γf)]x∗∥2

+2αn(1− αn)
⟨
ϕ(rnxn + (1− rn)xn+1)− ϕx∗,

(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− x∗
⟩

+2αn(1− αn)
⟨
ϕx∗ − x∗,

(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− x∗
⟩

≤ (1− αn)
2∥(wnxn + (1− wn)xn+1)− x∗∥2

+2αn(1− αn)∥ϕ(rnxn + (1− rn)xn+1)− ϕx∗∥
∗∥(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)− x∗∥+ ηn

≤ (1− αn)
2∥wn(xn − x∗) + (1− wn)(xn+1 − x∗)∥2

+2kαn(1− αn)∥rnxn + (1− rn)xn+1 − x∗∥

∗
∥∥∥(I − µβnB)TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1)

−(I − µβnB)TPC [I − δn+1(A− γf)]x∗
∥∥∥+ ηn

≤ (1− αn)
2
{
w2

n∥xn − x∗∥2 + 2wn(1− wn)∥xn − x∗∥∥xn+1 − x∗∥

+(1− wn)
2∥xn+1 − x∗∥2

}
+ 2kαn(1− αn){rn∥xn − x∗∥+ (1− rn)∥xn+1 − x∗∥}

∗(1− βnτ)(1− (γ̄ − γρ)δn+1){∥wnxn + (1− wn)xn+1 − x∗∥}+ ηn

≤ (1− αn)
2
{
w2

n∥xn − x∗∥2 + wn(1− wn){∥xn − x∗∥2 + ∥xn+1 − x∗∥2}

+(1− wn)
2∥xn+1 − x∗∥2

}
+2kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1){rn∥xn − x∗∥
+(1− rn)∥xn+1 − x∗∥} · {wn∥xn + x∗∥+ (1− wn)∥xn+1 − x∗∥}+ ηn
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≤ (1− αn)
2
{
w2

n∥xn − x∗∥2 + wn(1− wn)∥xn − x∗∥2 + wn(1− wn)∥xn+1 − x∗∥2

+(1− wn)
2∥xn+1 − x∗∥2

}
+2kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)

{
rnwn∥xn − x∗∥2

+(1− rn)wn∥xn+1 − x∗∥∥xn − x∗∥+ rn(1− wn)∥xn − x∗∥∥xn+1 − x∗∥

+(1− rn)(1− wn)∥xn+1 − x∗
}
+ ηn

≤ (1− αn)
2{(w2

n + wn − w2
n)∥xn − x∗∥2 + (1− wn)(wn + 1− wn)∥xn+1 − x∗∥2}

+2kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)rnwn∥xn − x∗∥2

+2kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(1− rn)(1− wn)∥xn+1 − x∗∥2

+2kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)

∗((1− rn)wn + rn(1− wn))∥xn+1 − x∗∥∥xn − x∗∥+ ηn

≤ (1− αn)
2wn∥xn − x∗∥2 + (1− αn)

2(1− wn)∥xn+1 − x∗∥2

+2kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)rnwn∥xn − x∗∥2

+2kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(1− rn)(1− wn)∥xn+1 − x∗∥2

+kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)((1− rn)wn + rn(1− wn))

∗{∥xn+1 − x∗∥2 + ∥xn − x∗∥2}+ ηn

≤ (1− αn)
2wn∥xn − x∗∥2 + (1− αn)

2(1− wn)∥xn+1 − x∗∥2

+kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(2rnwn + (1− rn)wn + rn(1− wn))

∗∥xn − x∗∥2 + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)

∗(2(1− rn)(1− wn) + (1− rn)wn + rn(1− wn))∥xn+1 − x∗∥2 + ηn

≤ (1− αn)
2wn∥xn − x∗∥2 + (1− αn)

2(1− wn)∥xn+1 − x∗∥2

+kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(wn + rn)∥xn − x∗∥2

+kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(2− rn − wn)∥xn+1 − x∗∥2 + ηn

≤ {(1− αn)
2wn + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(wn + rn)}∥xn − x∗∥2

+{(1− αn)
2(1− wn) + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(2− rn − wn)}

∗∥xn+1 − x∗∥2 + ηn,

where ηn = α2
n∥ϕ(rnxn+(1−rn)xn+1)−x∗∥2+2αn(1−αn)

⟨
ϕx∗−x∗, (I−µβnB)TPC [I−

δn+1(A− γf)](wnxn + (1− wn)xn+1)− x∗⟩ which implies that

∥xn+1 − x∗∥2

≤ (1− αn)
2wn + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(wn + rn)

1− {(1− αn)2(1− wn) + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(2− rn − wn)}
∗∥xn − x∗∥2

+
ηn

1− {(1− αn)2(1− wn) + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(2− rn − wn)}

≤ (1− αn)
2wn + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(wn + rn)

1− (1− αn)2(1− wn)− kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(2− rn − wn)
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∗∥xn − x∗∥2

+
ηn

1− (1− αn)2(1− wn)− kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(2− rn − wn)

≤ (1− αn)
2wn + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(wn + rn)

(1− αn)2wn + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(wn + rn) + ζn
∥xn − x∗∥2

+
ηn

(1− αn)2wn + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(wn + rn) + ζn

≤

(
1− αn(2− αn)− 2kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)

(1− αn)2wn + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(wn + rn) + ζn

)
∗∥xn − x∗∥2

+
ηn

(1− αn)2wn + kαn(1− αn)(1− βnτ)(1− (γ̄ − γρ)δn+1)(wn + rn) + ζn
,

where ζn = αn(2−αn)− 2kαn(1−αn)(1−βnτ)(1− (γ̄− γρ)δn+1). Applying Lemma 2.9,
we can conclude that xn → x∗. This completes the proof.

4. An Example

Next, the following example shows that all conditions of Theorem 3.1 are satisfied.

Example 4.1. For instance, let αn = 1
n , βn = 1

2n and δn = 1
3n . We will show that the

condition (C1) is achieves. Then, clearly, the sequences {δn}

Σ∞
n=1δn = Σ∞

n=1

1

3n
= ∞

and

Σ∞
n=1|δn+1 − δn| = Σ∞

n=1| 1
3(n+1) −

1
3n |

≤ | 1
3·1 − 1

3·2 |+ | 1
3·2 − 1

3·3 |+ | 1
3·3 − 1

3·4 |+ . . .
= 1

3 .

The sequence {δn} satisfies the condition (C1).
Later, we will show that the condition (C2) is achieved. We compute

Σ∞
n=1|βn+1 − βn| = Σ∞

n=1| 1
2(n+1) −

1
2n |

≤ | 1
2·1 − 1

2·2 |+ | 1
2·2 − 1

2·3 |+ | 1
2·3 − 1

2·4 |+ . . .
= 1

2 .

The sequence {βn} satisfies the condition (C2).
Next, we will show that the condition (C3) is achieved. We compute

Σ∞
n=1|αn+1 − αn| = Σ∞

n=1| 1
n+1 − 1

n |
≤ | 11 − 1

2 |+ | 12 − 1
3 |+ | 13 − 1

4 |+ . . .
= 1

and

lim
n→∞

αn = lim
n→∞

1

n
= 0,
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The sequence {αn} satisfies the condition (C3).
Finally, we will show that the condition (C4) is achieved.

1

3n
<

1

2n
and

1

2n
<

1

n
.

Corollary 4.2. Let H be a real Hilbert space, C be a closed convex subset of H. Let
A : C → H be an inverse-strongly monotone. Let T : C → C be a nonexpansive mapping.
Let B : C → C be a β-strongly monotone and L-Lipschitz continuous. Suppose {xn} is a
sequence generated by the following algorithm, for any x0 ∈ C,{

zn = T (I − δn+1A)(wnxn + (1− wn)xn+1),
xn+1 = (1− αn)(I − µβnB)zn, ∀n ≥ 0,

(4.1)

{αn}, {δn} ⊂ [0, 1]. If µ ∈ (0, 2β
L2 ) is used and if {βn} ⊂ (0, 1] satisfy the following

conditions:
(C1): Σ∞

n=1|δn+1 − δn| < ∞, Σ∞
n=1δn = ∞;

(C2): Σ∞
n=1|βn+1 − βn| < ∞;

(C3): Σ∞
n=1|αn+1 − αn| < ∞, limn→∞ αn = 0;

(C4): δn ≤ βn and βn ≤ αn.
Then {xn} converges strongly to x∗ ∈ V I(F (T ), A), which is the unique solution of the
variational inequality:

Find x∗ ∈ V I(F (T ), A) such that ⟨Bx∗, x− x∗⟩ ≥ 0, ∀x ∈ V I(F (T ), A). (4.2)

Proof. Setting PC as an identity mapping and f, ϕ ≡ 0 in Theorem 3.1, we can obtain
the desired conclusion immediately.

Remark 4.3. Corollary 4.2 generalizes and improves the results of Iiduka [8].

Corollary 4.4. Let H be a real Hilbert space, C be a closed convex subset of H. Let
A : C → H be a strongly positive linear bounded operator, f : C → H be a ρ-contraction,
γ be a positive real number such that γ̄−1

ρ < γ < γ̄
ρ where γ̄ is a positive constant number

and ρ ∈ [0, 1). Let T : C → C be a nonexpansive mapping. Suppose {xn} is a sequence
generated by the following algorithm x0 ∈ C arbitrarily{

zn = TPC [I − δn+1(A− γf)](wnxn + (1− wn)xn+1),
xn+1 = αn(rnxn + (1− rn)xn+1) + (1− αn)(I − µβnB)zn, ∀n ≥ 0,

(4.3)

where {αn}, {δn} ⊂ [0, 1]. If µ ∈ (0, 2β
L2 ) is used and if {βn} ⊂ (0, 1] satisfy the following

conditions:
(C1): Σ∞

n=1|δn+1 − δn| < ∞, Σ∞
n=1δn = ∞;

(C2): Σ∞
n=1|βn+1 − βn| < ∞;

(C3): Σ∞
n=1|αn+1 − αn| < ∞, limn→∞ αn = 0;

(C4): δn ≤ βn and βn ≤ αn.
Then {xn} converges strongly to x∗ ∈ Ω, which is the unique solution of the variational
inequality:

Find x∗ ∈ Ω such that ⟨Bx∗, x− x∗⟩ ≥ 0, ∀x ∈ Ω. (4.4)

Proof. Putting ϕ as an identity mapping in Theorem 3.1, we can obtain the desired
conclusion immediately.

Remark 4.5. Corollary 4.4 generalizes and improves the results of Marino and Xu [17].

 

 

Bangmod Int. J. Math. & Comp. Sci., 2025



20 S. Suwansoontorn et al.

Acknowledgements

This research has received funding supported by Faculty of Liberal Arts and Sciences,
Kasetsart University, Kamphaeng-Saen Campus.

References

[1] F.E. Browder, Nonlinear operators and nonlinear equations of evolution in Banach
spaces, Proceedings of Symposia in Pure Mathematics, 18 (1976) 78–81.

[2] P.L. Combettes, A block-itrative surrogate constraint splitting method for quadratic
signal recovery, IEEE Transactions on Signal Processing, 51(7) (2003) 1771–1782.
https://doi.org/10.1109/TSP.2003.812846.

[3] F. Cianciaruso, G. Marino, L. Muglia, Y. Yao, On a two-step algorithm for hierar-
chical fixed point problems and variational inequalities. Journal of Inequalities and
Applications, (2009), Article ID 208692, 13 pages. https://doi.org/10.1155/2009/
208692.

[4] S. Dhakal, W. Sintunavarat, The viscosity method for the implicit double midpoint
rule with numerical results and its applications, Computational and Applied Math-
ematics, 38(2) (2019) 40. https://doi.org/10.1007/s40314-019-0811-y.

[5] U. Deepan, P. Kumam, J.K. Kim, New splitting algorithm for mixed equilibrium
problems on Hilbert spaces, Thai Journal of Mathematics, 18(3) (2020) 1199–1211.

[6] S.A. Hirstoaga, Iterative selection method for common fixed point problems, Journal
of Mathematical Analysis and Applications, 324 (2006) 1020–1035. https://doi.org/
10.1016/j.jmaa.2005.12.064.

[7] P. Hartman, G. Stampacchia, On some nonlinear elliptic differential functional equa-
tions, Acta Mathematica, 115 (1966) 271–310. https://doi.org/10.1007/BF02392210.

[8] H. Iiduka, Strong convergence for an iterative method for the triple-hierarchical
constrained optimization problem, Nonlinear Analysis, 71 (2009) e1292–e1297.
https://doi.org/10.1016/j.na.2009.01.133.

[9] H. Iiduka, Iterative algorithm for solving triple-hierarchical constrained optimization
problem, Journal of Optimization Theory and Applications, 148(3) (2011) 580–592.
https://doi.org/10.1007/s10957-010-9769-z.

[10] H. Iiduka, I. Yamada, A subgradient-type method for the equilibrium problem
over the fixed point set and its applications, Optimization, 58(2) (2009) 251–261.
https://doi.org/10.1080/02331930701762829.

[11] T. Jitpeera, P. Kumam, A new explicit triple hierarchical problem over the set of
fixed point and generalized mixed equilibrium problem, Journal of Inequalities and
Applications, 82(2012). https://doi.org/10.1186/1029-242X-2012-82.

[12] T. Jitpeera, P. Kumam, Algorithms for solving the variational inequality prob-
lem over the triple hierarchical problem, Abstract and Applied Analysis, (2012).
https://doi.org/10.1155/2012/827156.

[13] T. Jitpeera, T. Tanaka, P. Kumam, Triple-hierarchical problems with varia-
tional inequality, Numerical Algebra Control and Optimization, 12(4) (2022).
https://doi.org/10.3934/naco.2021038.

[14] Y. Ke, C. Ma, The generalized viscosity implicit rules of nonexpansive mappings in
Hilbert spaces, Journal of Fixed Point Theory and Applications, 190 (2015).

 

 

Bangmod Int. J. Math. & Comp. Sci., 2025

https://doi.org/10.1109/TSP.2003.812846
https://doi.org/10.1155/2009/208692
https://doi.org/10.1155/2009/208692
https://doi.org/10.1007/s40314-019-0811-y
https://doi.org/10.1016/j.jmaa.2005.12.064
https://doi.org/10.1016/j.jmaa.2005.12.064
https://doi.org/10.1007/BF02392210
https://doi.org/10.1016/j.na.2009.01.133
https://doi.org/10.1007/s10957-010-9769-z
https://doi.org/10.1080/02331930701762829
https://doi.org/10.1186/1029-242X-2012-82
https://doi.org/10.1155/2012/827156
https://doi.org/10.3934/naco.2021038


The Hybrid Steepest Descent Method with Implicit Double Midpoint 21

[15] W.A. Kirk, Fixed point theorem for mappings which do not increase distance, The
American Mathematical Monthly, 72 (1965) 1004–1006. https://doi.org/10.2307/
2313345.

[16] G. Marino, H.K. Xu, A general iterative method for nonexpansive mapping in
Hilbert space, Journal of Mathematical Analysis and Applications, 318 (2006) 43–52.
https://doi.org/10.1080/07293682.2006.9982469.

[17] G. Marino, H.K. Xu, Explicit hierarchical fixed point approach to variatinal in-
equalities, Journal of Optimization Theory and Applications, 149(1) (2011) 61–78.
https://doi.org/10.1007/s10957-010-9775-1.

[18] A. Moudafi, Viscosity approximation methods for fixed-points problems, Journal of
Mathematical Analysis and Applications, 241 (2000) 46–55. https://doi.org/10.1006/
jmaa.1999.6615.

[19] Z. Opial, Weak convergence of the sequence of successive approximations for nonex-
pansive mappings, Bulletin of the American Mathematical Society, 73 (1967) 595–
597.

[20] N. Pakdeerat, K. Sitthithakerngkiet, Approximating methods for monotone inclusion
and two variational inequality, Bangmod International Journal of Mathematical and
Computational Science, 6(1&2) (2020) 71–89.

[21] P. Phairatchatniyom, H. ur Rehman, J. Abubakar, J. Martiner-Moreno, An inertial
iterative scheme for solving split variational inclusion problems in real Hilbert spaces,
Bangmod International Journal of Mathematical and Computational Science, 7(1&2)
(2021) 35–52.

[22] H. ur Rehman, P. Kumam, K. Sitthithakerngkiet, Viscosity-type method for solv-
ing pseudomonotone equilibrium problems in a real Hilbert space with applications,
AIMS Mathematics, 6(2) (2021) 1538–1560. https//doi.org/10.3934/math.2021093.

[23] H. ur Rehman, W. Kumam, P. Kumam, M. Shutaywi, A new weak convergence non-
monotonic self-adaptive iterative scheme for solving equilibrium problems, AIMS
Mathematics, 6(6) (2021), 5612–5638. https//doi.org/10.3934/math.2021332.

[24] T. Suzuki, Strong convergence of Krasnoselskii and Mann’s type sequences for one-
parameter nonexpansive semigroups without Bochner integrals, Journal of Mathe-
matical Analysis and Applications, 305(1) (2005) 227–239. https://doi.org/10.1016/
j.jmaa.2004.11.017.

[25] K. Slavakis, I. Yamada, Robust wideband beamforming by the hybrid steepest de-
scent method, IEEE Transactions on Signal Processing, 55(9) (2007) 4511–4522.
https://doi.org/10.1109/TSP.2007.896252.

[26] K. Slavakis, I. Yamada, K. Sakaniwa, Computation of symmetric positive definite
Toeplitz matrices by the hybrid steepest descent method, Signal Processing, 83 (2003)
1135–1140. https://doi.org/10.1016/S0165-1684(03)00002-1.

[27] G.H. Taddele, A.G. Gebrie, J. Abubakar, An iterative method with inertial effect
for solving multiple-set split feasibility problem, Bangmod International Journal of
Mathematical and Computational Science, 7(1&2) (2021) 53–73.

[28] N. Wairojjana, P. Kumam, General iterative algorithms for hierarchical fixed points
approach to variational inequalities, Journal of Applied Mathematics, (2012), Article
ID 174318, 19 pages. https://doi.org/10.1155/2012/174318.

[29] J.C. Yao, O. Chadli, Pseudomonotone complementarity problems and variational in-
equalities, in: J.P. Crouzeix, N. Haddjissas, S. Schaible (Eds.), Handbook of General-
ized Convexity and Monotonicity, (2005) 501–558. https://doi.org/10.1007/b101428.

 

 

Bangmod Int. J. Math. & Comp. Sci., 2025

https://doi.org/10.2307/2313345
https://doi.org/10.2307/2313345
https://doi.org/10.1080/07293682.2006.9982469
https://doi.org/10.1007/s10957-010-9775-1
https://doi.org/10.1006/jmaa.1999.6615
https://doi.org/10.1006/jmaa.1999.6615
https//doi.org/10.3934/math.2021093
https//doi.org/10.3934/math.2021332
https://doi.org/10.1016/ j.jmaa.2004.11.017
https://doi.org/10.1016/ j.jmaa.2004.11.017
https://doi.org/10.1109/TSP.2007.896252
https://doi.org/10.1016/S0165-1684(03)00002-1
https://doi.org/10.1155/2012/174318
https://doi.org/10.1007/b101428


22 S. Suwansoontorn et al.

[30] Y. Yao, Y.J. Cho, Y.C. Liou, Iterative algorithms for hierarcical fixed points problems
and variational inequalities, Mathematical and Computer Modelling, 52 (2010) 1697–
1705. https://doi.org/10.1016/j.mcm.2010.06.038.

[31] I. Yamada, The hybrid steepest descent method for the variational inequality prob-
lems over the intersection of fixed point sets of nonexpansive mappings., In: D.
Butnariu, Y. Censor, S. Reich, (Eds.), Inherently Paralle Algorithms for Feasibllity
and Optimization and Their Applications, 473–504. Elsevier Amsterdam (2001)

[32] I. Yamada, N. Ogura, N. Shirakawa, A numerically robust hybrid steepest de-
scent method for the convexly constrained generalized inverse problems, In: Z.
Nashed, O. Scherzer(Eds.), Inverse Problems, Image Analysis and Medical Imaging,
In: Contemp. Math., Vol. 313, 269–305. American Mathematical Society, (2002).
https://doi.org/10.1090/conm/313/05379.

[33] I. Yamada, N. Ogura, Hybrid steepest descent method for variational inequality prob-
lem over the fixed point set of certain quasi-nonexpansive mapping, Numerical Func-
tional Analysis and Optimization, 25 (2004) 619–655. https://doi.org/10.1081/NFA-
200045815.

[34] H.K. Xu, Iterative algorithms for nonlinear operators, Journal of the London Math-
ematical Society, 66 (2002) 240–256. https://doi.org/10.1112/S0024610702003332.

[35] H.K. Xu, M.A. Alghamadi, N. Shahzad, The viscosity technique for the implicit
midpoint rule of nonexpansive mappings in Hilbert spaces, Journal of Fixed Point
Theory and Applications, 41 (2015). https://doi.org/10.1186/s13663-015-0329-y.

 

 

Bangmod Int. J. Math. & Comp. Sci., 2025

https://doi.org/10.1016/j.mcm.2010.06.038
https://doi.org/10.1090/conm/313/05379
https://doi.org/10.1081/NFA-200045815
https://doi.org/10.1081/NFA-200045815
https://doi.org/10.1112/S0024610702003332
https://doi.org/10.1186/s13663-015-0329-y

	Introduction
	Preliminaries
	Main result
	An Example

