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1. INTRODUCTION

Fixed point theory is an interdisciplinary topic which can be applied in various disci-
plines of mathematics and mathematical sciences like mathematical economics, optimiza-
tion theory, game theory, variational inequalities and approximation theory. Poincare [21]
was the first to work in the field of fixed point theory in 1886. After that, Banach [0]
proved the existence of unique fixed point for a contractive mapping in a complete metric
space. The fixed point theory as well as Banach contraction theorem has been studied
and generalized in different spaces and various fixed point theorems were developed (e.g.,
see [9, 10, 20] and some references therein). Many authors have worked to find the fixed
point of several contractive mappings and have also introduced several new contractions.
In this regard, several fixed point theorems, common fixed point theorems and coincidence
point theorems for both single-valued and fuzzy mappings, satisfying certain contractive
conditions have been obtained. In 1968, Nadler [19] generalized the Banach contrac-
tion theorem to set valued mappings by using the Hausdorff distance. After that, many
authors have studied various fixed point results for multi-valued contraction mappings
[ ) ) ) ]

The concept of weak contraction was initiated by Alber and Gurre [2] in 1997. In
2004, Berinde [7] introduced the concept of (6, £)-weak contraction and studied fixed
point theorems for the related contraction. Then, Berinde and Berinde [8] extended the
concept of (6, £)-weak contraction from single-valued mappings to multi-valued mappings
and presented related fixed point theorems for the Picard iteration associated to a multi-
valued weak contraction.

Following the introduction of Banach contraction theorem, mathematicians have made
several attempts to generalize the ideas via new concepts of metric spaces. In this regard,
different authors have suggested various generalization of metric spaces. Along this line,
Mustafa and Sims [11, 18] presented the concept of generalized metric spaces, namely
G-metric spaces. After that, various fixed point results have been obtained using various
contractive conditions [1, 4, 22, 24].

In an effort to reduce uncertainties in dealing with practical problems for which clas-
sical mathematics cannot cope effectively, the evolvement of fuzzy mathematics came up
with the introduction of the concepts of fuzzy sets by Zadeh [24] in 1965. Fuzzy set theory
is now well-known as one of the mathematical tools for handling information with nonsta-
tistical uncertainty. As a result, the theory of fuzzy sets has gained greater applications in
diverse domains such as management sciences, engineering, environmental sciences, med-
ical sciences and in other emerging fields. Meanwhile, the basic notions of fuzzy sets have
been modified and improved in different directions; for example, see [5, 12—14, 23, 30]. In
1981, Heilpern [26] employed the concept of fuzzy set to initiate a class of fuzzy mappings
and established a fixed point theorem for fuzzy contraction mappings which is a fuzzy
analogue of fixed point theorems due to Nadler [19]. A very interesting extension of fuzzy
sets by replacing the interval [0,1] of range set by a complete distributive lattice was
introduced by Goguen [25] and called L-fuzzy sets.

Following the existing literature, we noticed that L-fuzzy fixed point results in G-
metric space are not sufficiently examined. Therefore, motivated by the basic ideas in
[11, 15, 18, 25], the aim of this paper is to establish new fixed point theorems for L-
fuzzy (0, L)-weak contraction mappings in G-metric space. The presented results herein
generalize and subsume some known ideas in the comparable literature.
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2. PRELIMINARIES

This section lists some preliminary notions and results relevant to the main ideas
following hereafter.

Definition 2.1. [I1] Let 7 # 0 and G : J x J x J — R* be a function such that the
following conditions are satisfied:

(G1) G(6,p,y)=0ifd=p=1;

(G2) G(6,0,p) > 0 for all §,p € J with 6 # p;
(G3) G(9,6,p) < G(6,p,7) for all 6,p,v € T with v # p;
(G4) G(6,p,7) = G(d,7,p) = G(p,v,d) = - - - (symmetric with respect to 4, p,);
(G5) G(6,p,7) < G(d,a,a)+ G(a,p,v) for all J, p,v,a € J (rectangular property).
Then G is called a generalized function (or G-metric ) and (7, G) is called a generalized
metric space (or G-metric space).

Definition 2.2. [11] Let (J,G) be a G-metric space. A sequence {d.} in J is called
G-Cauchy sequence if, for any ¢ > 0, there exists O(p) € N such that G(dc,de,d,) < o,
for each ¢, e, p > O(p), that is, G(dc, b, 0,) = 0 as ¢, e, p — oc.
Definition 2.3. [11] Let (J,G) be a G-metric space. A sequence {d.} in J is called G-
complete (or complete G-metric space) if every G-Cauchy sequence in (7, G) is convergent
in J.
Lemma 2.4. [11] Let (J,G) be a G-metric space and {0.} be a sequence in J. Then the
following statements are equivalent:

(i) {6} is G-convergent to §;

(ii) G(d¢,d,0) — 0, as e = oo;

(iii) G(de¢,d,9) = 0, as e = oo;

(iv) G(6¢,0p,0) = 0, as e, p — oo.
Definition 2.5. [25] A partially ordered set (L <1,) is called:

(i) alattice : if 6V p e L, 0 Ap € L for any 6,p € L;

(ii) a complete lattice : if VA€ L, AA € L for any A C L;

(iii) a distributive lattice : if V (pAY) = (JVP)A(BVY); dA(pVY) = (6Ap) V(I A7)

for any 4, p,v € L;
(iv) a complete distributive lattice : if § V (Ap;) = Ai(0 A pi), d A (Vips) = Vi(d A p;)
for any 6, p; € L.

Definition 2.6. An L fuzzy set A in J is a function whose domain is J and co-domain
is L , where L is a complete distributive lattice with top and bottom elements 1;, and Op,
respectively. In other words, an L fuzzy set in J is a function A : J — L.

We denote the family of all L-fuzzy sets in J by Fr.

Definition 2.7. The ay-level set of an L-fuzzy set A is denoted by [A],z and is defined
as follows:

, — [BETO=LABY, oy =0
“ {(BeJ:ap =L AB)}, ifapeL\{0L}.
Definition 2.8. Let J be a non-empty set. The mapping R: J—F(J) is called an

L-fuzzy set-valued map. A point Z € J is said to be an L-fuzzy fixed point of R if Z €
[RZ], , for some af € L\ {0}.
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Lemma 2.9. [11] Let (J,G) be a G-metric space, Then G(d,p,p) < 2G(p,4,6) for all
o,peJ.
Lemma 2.10. [11] Let (J,G) be a G-metric space and {d.} be a sequence in J. Then

the following statements are equivalent:

(i) {0} is G-Cauchy Sequence;
(ii) For every o > 0, there exists O(0) € N such that G(d¢,9,,0,) < o, for each
e,p > O(p);
(i) {6c} is a Cauchy sequence in the M space (J,&g).

Let J be a G-metric space and CB(J) be the family of all non empty closed and
bounded subsets of 7. Then, the Hausdorff G-distance is defined as:

HG(Zl,Zg723) = max{ sup (Gr(T7 ZQ, Zg), sup (G(T7 Zl, Zg), sup G(T7 Zl, ZQ)},

TEZ TE€Z; TE€Z;3
where
G(7, 29, Z3) =dg (1, Z2) + dg (22, Z3) + dg (1, Z3),
dg (1, 2Z9) = nf d((;,( o),
de (21, 22) = ezllncgezz dg(7,0),
G(r,0,23) = 7'62170'161’1;2,1)623 dg(r,0,v).
Lemma 2.11. [28] Let (J,G) be a G-metric space and M, N € CB(J). Then for each
6 € M, we have
G(O,N,N) < He(M,N,N).
Lemma 2.12. [28] Let (J,G) be a G-metric space. If M,N € CB(J) and, Then for

each € > 0, Ap € N such that
G, p,p) < Hoc(M,N,N) +e.

Definition 2.13. [2] Let (J,&) be a metric space. A map ¢ : J — J is called weak
contraction if there exist a constant 6 € (0,1) and some £ > 0 such that

§(9, gp) < 0£(0, p) + LE(p, ¢6) (2.1)
for all §,p € J.

Example 2.14. [7] Let ¢ : [0,1] — [0,1] be given by ¢§ = 2, for § € [0,1) and ¢1 = 0.
Then ¢ satisfies 2.1 with § > % and £ > 6. Here % is a unique fixed point of ¢.

Definition 2.15. [31] Let T be the family of nondecreasing functions ¢ : [0,400) —
[0,4+00) in such a way that for ¢ € T,> o0, ¥¢(¥) < oo and ¥(9) < ¢ for each ¥ > 0
and ¢ is the e-th iterate of ¥. Let (J,n) be a metric space. Then, ¢ : J — J is an
a-t-contractive mapping if for a pair functions « : J x J — [0, +00) and ¢ € 1, we have

(8, p)n(9d, ¢p) < Y(u(d,p)) forall é,p€ J.
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3. MAIN RESULTS

In this section, we extend the idea of (6, £)-weak contraction for L-fuzzy mappings
in G-metric space and obtain fixed point theorem for L-fuzzy mapping and common
fixed point theorem for a pair of L-fuzzy mappings satisfying (6, £)-weak contraction in
G-metric space.

Definition 3.1. [8] Let (J,€) be a metric space and ¢ : J — Fr(J) be an L-fuzzy
mapping. Then S will be called L-fuzzy (6, £) weak contraction if and only if there exist
two constants 6 € (0,1) and £ > 0 such that

He([¢0ay: [Splar) < 0608, p) + LD(p, [¢d]a,), for all 6,p € J.
Consistent with Definition 3.1, we have the next concept.

Definition 3.2. Let (J,G) be a G-metric space and ¢1,¢2 : J — Fr(J) be a pair of
L-fuzzy mappings. The pair ¢1, ¢2 is said to be L-fuzzy (6, £)-weak contraction if there
exist constants 6 € (0,1) and £y, L2 > 0 such that:

(1) HG([¢16]QL7 [¢2p]a1,7 [¢2’7](XL) < QG(& P 7) + ElgG(pa [¢16]QL) for all 6) P,V € F.
(11) HG([¢26]0L7 [élp]al,? [(él,y]OZL) < GG(& P, ’Y) + £2§G(pa [¢26]QL) for all 6; Py € F.

The following is our first principal result.

Theorem 3.3. Let (J,G) be a complete G-metric space and ¢ : J — Fr(J) be an
L-fuzzy (0, L£)-weak contraction mapping, that is, there exist two constants 6 € (0,1) and
L >0 such that:

He (w%, (Pl waL) < 0G(8, po) + L€c(p, [B0]a, ). (3.1)

Then there exists 6* € J such that 6* € [¢6*]a,, that is , §* is a fized point of ¢.

Proof. Consider 6y € J. Define 01 € [100]a, and da € [¢201]a, and so on. Generally,
6e+1 S [(bée]aL. e=0,1,2,...
For k > 0, let k6 = h. Then by condition 3.1 and Lemma 2.12, we have

G(61, 62, 62) SkHG<[¢5O]o¢La [#61]ay [¢51]aL>
<k |:9G((50, 617 (51) + ‘C&G((sl’ [¢60]QL):|

<kO(G ((50, 51,(51)>
=h(G(do,01,01)-
For k > 0, let k6 = h, Then by condition 3.1 and Lemma 2.12, we have
G((S% 637 53) SkHG([¢61]0L> [¢62]QL7 [¢62]QL)

<k [eG«sl, 52, 02) + LEc (8, [001]ar)
<k (G(51, 02, 52))
:h(G(él, 02, 52)‘
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Continuing in this way, we have:
G(be,0et1,0e11) < h(G(do, 61, 01)).
To show that the sequence {d.} is Cauchy, consider for p > e :
G(0e,05,05) <G(0e,0e41,0e41) + G(det1,0eq2,0e42) + -+ G(0p—1,0,,0,)
<h°G(bo, 61,061) + h* G (0o, 01,01) + - -+ + h? " G (8o, 61, 61)
<(h® 4+ Rt 4o+ BP1G(bo, 61, 61)
<hC (14 h®+ -+ h*~ G (00, 61,61)

1— hr—e!
— )60 81,0)

<h®G(dg,01,01) = 0 as e — oco.

<he(

This shows that {d.} is a Cauchy sequence in J. The completeness of this space yields
that there exists §* € J such that §. — §* as e — 0o. Now,

G(5€7 [¢5*]C¥L7 [d)d*]cu) SkHG([d)ée—l]au [¢5*]GL’ [¢5*}04L)
<[06(0.1,6°,0%) + L66(0", 100,110,

Applying lime — oo, we get

e— 00

lim G(de, [$07]ay, [667)a,) < k6 lim [9@(561,5*,5*) + LE(6, [¢5el]%)]

which gives G(de, [¢00*]a,, [0#0*]a,) = 0. This implies §* € [pd*],,. Hence §* is a fixed
point of 7. [ |

Example 3.4. Let J = [0,1] be a G-metric space and L = {wy,wy} with wy <, w,,
Therefore (L, <) is a complete distributive lattice. Let ¢ : J — FL(J) be an L-fuzzy
mapping defined as follows:

wy if 0 <p t <p 2
P(0)(t) = s 7
wo lf%thjL 1.

Therefore for ay = wi, [¢(0)]w, = {t : 0 ¢ t <L g} Thus, for § = 1 and £ > 0
all conditions of Theorem 3.3 are satisfied. Therefore, there exists 0 € J such that

0 € [¢(0)]uw, -

Theorem 3.5. Let (J,G) be a complete G-metric space and ¢1,¢2 : T — Fr(T) be
a pair of L-fuzzy (0, L)-weak contraction mappings such that for all 0,p,v € J and 0 €
(071): £17£2 2 07

He([010]ar s [#20)ar, [927]ar) < gmax Kij+ Li&c(p, [S10]a,) + L28Sij,  (3.2)

where
6G(6a P 7)7 G(éa [¢i5]aL7 [¢i6]aL)7
’Ci,j = max G(pv [¢jp]aL7 [d)jp]OtL)?
G(p[#ilay s[Piblar, ) +C(5,[B)plar s[Pjplay)
2
— i, © 2023 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2023.9.2
alS | o
cener ot ixetence. P 11D11CAt1ONS TaCS-CoE, KMUTT Bangmod J-MCS 2023


https://doi.org/10.58715/bangmodjmcs.2023.9.2

16 H.M. Zeeshan, A. Azam, M.S. Shagari,

S. Bibi

G(pv [¢i6]aL7 [qsi(ﬂou)a
G(8, [pjplar: [®iplar)
and i # j, i,j = 1,2. Then 3 6* such that 6* € [$10%]a, and 6* € [p20*]a, -

Proof. Let §p € J. Take §; € [S100]a; and d2 € [¢201], and so on. Generally

87;7]‘ = min

G(ﬂa [¢jp]0¢L? [qajp}OéL)) :|
] 7
[

02e41 € [P102¢]ay O2et2 € [P202e41]a;, €=0,1,2,...
For k > 0, let k6 = h, Then by condition 3.2 and Lemma 2.12, we have

G(61,62,02) <kHg <[¢160]o¢[,7 [$201]ay [¢251]aL)

0 ( 6G (90, 61, 61), G(d0, [#100]ay . [P100]aL ), )]
— max

G(d1, [#201]ar, [P201]ar),
G(61,[¢100]ar ,[S100]a ) +G(d0,[P201]a, [P261]a )
2

<k

G(élv [¢261]am [¢261]QL)7
G(do, [p201]ay, [P201]a, ),
G(61, [#160]ay > [P100]ar )
0 ( 6G(60761761)766(60761351)76(@(61’62762), >:|

<k [6 max 6G(31,01,01)+6G (30,92,52)
2

+ ﬁlf@((slv [¢150]O¢L) + »62 min

+ [:16((;(51, 51) + LQ min |:6G(51, 52, 52), 6G(60, 62, 62), 6@(51, 51, 51):| .

<k [Z max (6@(50, 81,61),6G(d1,82,82), W)]

2

+ [,2 min |:6(G((517 (52, (52), 0, 6@(507 (52, (52):| .

<k [Z {max <6G(50, 81,61),6G(d1,d2,52), W) ”

Since

6G(dg, 62, 02) < 6G(dg, 61,01) + 6G(d1, 02, d2)
2 - 2 ’
So we have
Bl00:02:02) < [G(ao,61,51),G<51,62,62)],
which gives,

G((Sl, 52,62) S k l:a max(G((So,él, 51),@(51,52, 52)>:| .

Suppose G(dg, d1,01) < G(d1,02,J2). By using properties 2.15 of 1), we get a contradiction.

Hence
G(01, 02,02) < kO [G(éo,él,él)}
As h = k@, then
G(d1, 02,02) < h(G(dg,d1,01))-
1 Q& © 2023 The authors. Published by https://doi.org/10458715/bangmodjmcs.2023.9.2
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Given that dy € [¢201]q, and d3 € [¢p102]a, , there exist k > 0 and k6 = h. So, again by
Lemma 2.12 and condition (3.2), we get

G(62,63,03) <kHg <[¢251]au [6101]ay [¢152]aL)

0 ( 6G (91,02, 02), G(01, [¢201]ay . [P201]a, ), )]
— max

G((SQa [¢152]O¢L7 [¢)162]O(L)?
G(92,[¢201]a; ,[S201]ar )+G(01,[d162]a; ,[#102]a; )
2

<k

G (02, [$102]ay , [#102]ar )
+ L3586 (02, [201]a, ) + Lamin | G(01, [p102]a, , [0102]a, )),

G(627 [¢261}@L ; [¢251]aL

6(G’(éla 527 62)7

0 6@((51,52,62),
S]f gmax 6G(52,53,53), +[’3§G(52562)

6G(02,02,02)+6G(d1,03,03)
2

+ £4 min |:6G(52, (53, (53), 6G((51, (53, (53)7 6@((52, 52, (52):|

0 GG(617§2752)u
<k gmax 6G (02, 03, d3),

66(61,82.03)
52753,53
51753,53 ]
(

<k [z max(ﬁ@((ﬁ, 82,02),6G (2,3, 93), 6G (01, 03, 53))] .

+ L4 min

2
Since
6G(31,05,03) _ 6G(31,02,05) + 6G (05, 83, Js)
2 = 2 ’
So we have
E0105:08) < pax(G (01,8, 02), G (6, 6],

which gives,
G((SQ, 53, (53) < k l:e maX(G(él, 52, 52), G((SQ, (53, 53)):| .

Suppose G(d1, d2,02) < G(d2, 03, J3). By using properties 2.15 of 1, we get a contradiction.
Hence,
G(d2,93,03) < kO(G(01, d2,92)).
As h = k6, then
G(d2, 03,03) < h(G(d1, 02, 02)).
Now using the above expresion, we can be write
G (62,63, 03) < h(G(31,62,62)) < h(h(G(o,61,61))) = h*(G(o, 61, 61)).
Continuing in this way, we get a sequence 6, in J for oy (de,0et1,0e+1) > 1 such that
G(be, Oet1,0e11) < h(G(d0, 61, 01)).

© 2023 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2023.9.2
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To show that the sequence J. is Cauchy, Consider for p > e :

G (e, 8p,85) <G (Be, 0011, 0041) + G(Oes1,0et2,6er2) + - +G(8p_1,6,,0,)
<h*G(80,61,81) + ' G(B0, 81,61) + - + h* "' G(80, 81,61)
<(h® 4 R 4+ RPTHG (60, 61, 61)
<h®(1+h®+-- + hp_e_l)G((so, d1,61)

1 — ot
She(ﬁ)@’((goa d1,01)

<h®G(dp,01,61) = 0 as e — oo.

This shows that {d.} is a Cauchy sequence in J. Since J is complete so, §* € J such
that d, — &* as e — oo. Using the fact that doct1 € [@102¢]ay, and doeio € [P202¢+1]ar,

now we show that ¢* € [¢10*],, and §* € [¢20%]4, . Now,

G(526+17 [¢25*]CYL’ [825*]CYL)
< kHg([9102e)ar s [020" oy, [#267 0, )

0 6G(92¢,0%,0%), G(d2¢, [S102e]ay s [0102¢]ar)s
— max

G(6*7 [¢)25*]04L ) [¢26*]O@)7

<k
G(6",[p102¢]ay, ) [S102e]ap ) +G(02¢,[020" oy ,[920" 0y )
2

G((S*, [¢152e]aLa [¢162e}o¢L)
G(52ea [¢25*]au [¢25*]aL)

0 GG(62€7 5*3 6*)7 6G(§26) 52e+l> 526-‘1—1)?
S]{? 6 max G(5*7 [825*]04L7 [¢25*]04L)’
6

G(a*a [¢26*]QL7 [¢25*]0@),
+£1£([;(6*, [¢152e]aL) + L2 min s

G(6™,02¢+1,02e+1)+G(02¢,[S26"]a; ,[$20"]a ;)

G(d*a [¢26*]aL7 [826*]aL)a
G(62ea [¢25*]Ozu [¢25*]C¥L)7

+ L4166 (6", 02¢41) + L2 min
GG((S*’ 525_},_1, 628—‘,—1)

Applying lim e — oo, we get

elig)lo G(52e+1a [¢26*]QL ) [¢)25*]0‘L)

GG(52€, 5*3 5*)7 GG(626; 52€+1, 526+1)7
— max G(6*7 [¢26*]QL7 [¢26*]0¢L)7
6G(07,02¢+1,02e+1)+G(02¢,[S20" o s [¢26"]a; )
2

G(5*7 [qﬁ?é*]au [825*}(XL)’ ]

< k lim

e— 00

6(6267 [¢26*](1Lv [¢26*]01L)?
GG(S*a 626—{-17 526—0—1))

+ lim Elfg((s*,(52€+1) + lim ,CQ min
e—00 e—00
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This implies:
G(6*7 [¢25*}(¥L? [¢26*]QL)

; 6G(5*, 5%, 6%), 6G(6*, 5%, 5%),
S ki 6 max G((S*, [826*]QL7 [¢26*]0¢L)7

6G(6*,0%,6")+G(6",[826"]a, 020" ]a )
2

+ L16c(0%,6%) + Lomin | G(0%, [#20%]a,, [P20"]ar)

6G(5*,0*,6%)

G((S*v [¢25*]0tu [¢25*]0‘L)? ]

< e (00 020 [6a87], ), T e o) )
+ Lo min[G(, [920%] s [9267)a,), O]
g | (606", 1020 0207, F 2 e 2 o) )

2
9 G(6*7[826*]QL7[¢26*]01L> .

<k
kg[S

Therefore, {1 - ’“69} G(6*, [920%) L, [#20%]a,) = 0. Hence G(6*, [¢20*]a,, [020%]a,) = O.
This implies that 6* € [¢20*]4, . Now,

G(526+2’ [¢15*]0¢L7 [¢15*]0¢L)
< kHG([(b?é?eJrl]aLv [¢15*}0@7 [¢1§*]QL)

9 GG(626+27 5*7 5*)a G(62e+17 [¢2526+1]04La [¢2626+1]CEL)7
— max

G(5*7 [¢15*]au [¢15*]QL)?
G(6",[p202e+1]ap [P202e+1]as ) HG(02e+1,[¢107 |af  [016%]ay )
2

G((S*v [92516*]0%7 [¢16*]QL)’ ]

<k

L3866 (0", [p202¢41]ar) + Lamin | G(6%, [p202e+1]ay s [P202e+1]ar ),

G(626+1a [¢16*]04L ) [¢16*]GL)

p 6G(02e+1,0%,0%),6G(02e+1, 02425 02¢42),
<k 6 max G(é*a [¢26*]0¢L? [¢16*]QL)7

6G(0",02¢+2,02¢+2)+G(02e+1,[020" oy ,[20 0y )
2

+ L386(0%, 62e42) + Lamin | G(d2e41, (010 ]y, [0107]ay ),

6G(0*, 02¢+2, 02e+2)

G(5*7 [¢15*]0¢L’ [¢15*]0L)7 ]

Similarly, applying lime — oo, we get G(6*, [¢10%]a,, [¢10%]a,) = 0. This implies that
8% € [¢10*]a, - Hence, 6* is the common fixed point of the mappings ¢; and ¢s. [ |

Example 3.6. Let J = [0,1], G(d,p,7) =10 — p| + |p — |+ |0 — ~]| for all 6,p,v € J.
Let L = {wy,wa, w3, ws} with w1 =g wy <1, wy , w; <y w3 =<1 wy where wy and w3
are not comparable, Therefore (L, <) is a complete distributive lattice. Suppose that
— © 2023 The authors. Published by https://doi.org/10.58715/bangmodjmcs.2023.9.2
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51,82 : J = Fr(J) are L-fuzzy mappings defined as follows:

wy if 0 =2t < &,

. 5
we if g5 2Lt 2L 55
51(6)(t) = 5 K
ws if 35 20t =21 55

Wy lf%thle
and

w if 0=t =1 &,
e s 5
we if 55 20t 21 155
Sa(y)(t) = . % 0
wy if 555 2ot =1 300

300

uu@f%j,;th 1.
Therefore, for af = wi, [S1(8)]w, = {t : 0 = t =¢ &} and [S2(y)]w, = {t €[0,1]: 0 =,
t XL go}» we have He ([S1(0)]wy, [S2(9)]ws, [S2(2)]uwy) = He ([S2(8)]wr, [S1()]ws [S1(2)]w,)
< k(|6 —yl+ |y — 2| +16 — z|) for g5 < k < 1.Thus, all conditions of Theorem 3.5 are
satisfied. There exist a 0 € J such that 0 € [S1(0)]w, N [S2(0)]w, -

4. APPLICATION

Consider the integral equation

z
s(t) = /0 J(t,u) f(u,s(uw))du, t€[0,Z7], (4.1)

where Z >0, f:]0,Z] xR— Rand J : [0, Z] x [0, Z] — R are continuous function. Let
F = (0, Z] be the set of all continuous functions on [0, Z] with
G(6,p,7) = sup |6(6) = p(d)|+ sup [p(6) —(d)[+ sup [6(6) —~(d)].
6€0,Z] 6€(0,Z] 0€(0,2]
This section’s goal is to provide an existence theorem for a solution to the integral equation
mentioned above.

Theorem 4.1. Consider the mapping F : C[0, Z] — C|0, Z] defined by

F%&:ié T8, u) f(u, 5(u))du. (4.2)

Clearly s* is a solution of (4.1) if and only if s* is fized point of F.
Suppose that the following hypotheses are hold:
(A) [f(w, 6) = f(u, )| + | f(u, 6) = f(u, M+ | f(w,7) = f(u, p)| 10— p[+16 = [+ |7 — pl
for allu € [0, Z] and 6, p,v € R.
(B) sup fOZ J(tu)du =1 < 1.
te[0,2]
Then, the integral equation (4.1) has a solution.
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Proof.
G(Fo,Fp, Fy)
— sup |F3(8) — Fp(0)| + sup |Fp(6) — F(0)]
6€[0,2] 5€[0,Z2]
+ sup [F§(5) — Fy(9)]
6€[0,2]
z
= sup | [ J(0,u)(f(u,6(w)) = f(u, Fé(u)))dul
6€[0,Z] JO
z
+ sup | [ T(6,u)(f(u, p(u) — f(u, Fp(u)))dul
6€[0,Z] JO
z
+ sup | ‘_7((5, u)(f(”?W(u)) - f(u7 FV(“’)))du|
5€l0,2] Jo
z
< s [ 717001090 ~ o]+ lpw) = P + 15000 ~ P ()
€0,2] Jo
z
< G(4, p,7y) sup / | T (6, u)|du
§€l0,2]J0
<rG(d,p,7).
Hence, all the conditions of Theorem 3.3 are satisfied, so F has a fixed point in J. [ |

5. CONCLUSION

In this paper, the notion of L-fuzzy contractions in G-metric space is presented. Suffi-
cient conditions for the existence of L-fuzzy fixed points for such mappings are established.
It is noted that the main ideas proposed herein improve and include some known results
in the related literature.
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